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Introduction

The advent of modern vaccination has allowed control and even eradication of many
harmful diseases that have resulted in epidemics. However, traditional vaccination methods
are not always sufficient for disease eradication. Stone, et. al,, study a pulsed vaccination
method in their work which may prove more efficient at defeating certain diseases. Using their
approach, we analyze the principles of pulsed vaccination in the SIR model. With measles as
a case study, we compare a pulsed vaccination strategy with traditional vaccination methods.
Matlab is used to duplicate numerical results, using a fourth-order Runge Kutta differential
equation solver. It is shown that by applying vaccination pulses with a time period greater
than a critical value, the epidemic eventually dies out from the entire population. We
calculate the maximum pulse time Tmax for total disease eradication using several different
approximation methods. Finally, we discuss methods for extending the pulsed vaccination
method into a system of two infectious species and for introducing a term allowing species
to lose immunity.

Sources and Background Material

Before choosing to study our paper of choice, Theoretical Examination of the Pulse
Vaccination Policy in the SIR Epidemic Model by Stone, et. al., we read a number of other
sources. The details of these sources, as well as our motivations for choosing the paper, are
outlined below.

In a paper by Cox, et. al., a simple dynamical model is developed and analyzed
for tuberculosis (TB) epidemics in populations of cattle and badgers. Because badgers carry
bovine TB, farmers in Great Britain cull (kill) badger populations. This paper investigates
culling effectiveness for disease control using a two-dimensional set of linear differential equa-
tions for the density of infected cattle and badgers. Badger culling is induced when TB is
detected in a cattle herd. From the model, the authors calculate the reproductive number
of TB to be only slightly greater than 1. This suggests that small changes in culling or TB
testing sensitivity may bring the epidemic under control. The paper’s simple yet descriptive
model of disease dynamics with interesting conclusions based on stability analysis is inter-
esting. However, we did not choose this paper due to the lack of scholarly references, as
most references were agricultural proceedings.
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Wilkinson, et. al., study the badger-cattle TB system using a different approach.
They develop a discrete stochastic model using Monte Carlo simulations with badger vac-
cination instead of culling. Badger colonies are randomly distributed over a spatial grid,
with density-dependent transmission rates for TB. Detection of TB in cattle induces badger
vaccination. Each badger is classified as one of five states: healthy, exposed, infectious,
super-excretor (can infect cattle), and vaccinated. The paper outlines advantages and dis-
advantages of reactive and proactive badger vaccinations. Vaccinating before a cattle herd
breakdown is discovered is more effective when a large population of badgers is vaccinated
with a low rate of success than when a small population around a herd with TB is vacci-
nated with a high rate of success. We chose not to simulate this paper because we found the
cattle-badger topic to be less interesting than disease in humans.

To move into human disease study, we read a review by Anderson, et. al.. The
review provides background information on the SIR model, a common model for disease
spread. It lists assumptions of the SIR model and proposes strategies to make the model
more realistic, including compartment structure or network structure for transmission. The
authors also discuss what ’effectiveness’ means in disease control. For most diseases, opti-
mality is the minimization of death and infection. But in some cases, an epidemic’s duration
may be an equally important factor due to economic and political costs. The most interest-
ing part of the paper is the discussion of control measures. They list quarantine, movement
restrictions, ’ring’ vaccination, targeted vaccination, mass vaccination, and prophylactic vac-
cination, examining the benefits and drawbacks of each strategy. However, the paper lacks
sufficient results to duplicate.

We next read a set of papers regarding specific human disease models. Bjornstad, et.
al. use an SIR model to study measles infections in England. Using Morlet functions, damped
complex exponential functions, to capture local cyclical fluctuations in infection over time,
they determine the major periods of the infection ”signal” and the phase differences of every
measured community relative to London. When infections occur, smaller communities lag in
time behind infection of larger ones. They hypothesize that infections are endemic in large
cities but die off in towns not large enough to support the disease. When random fluctuations
in the infected population of a large city reach a certain threshold, the fluctuations set off
spatiotemporal waves of infection across the country. A phase map averaged over time reveals
that infections tend to travel from large communities, especially London, to surrounding
”satellite” towns. The authors conclude that the coupling of large and small communities
is likely the critical feature that generates waves in these periodic infection systems. While
the analysis is intriguing, we did not have access to the historical measles data and chose
not to duplicate this paper.
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A similarly interesting paper by Ajelli, et. al., investigates hepatitis A virus (HAV)
dynamics in Italy, using a metapopulation model where the Italian population is subdivided
into groups defined by the Italian regions. The SIR model is used to model disease spread.
The paper adds direct and indirect forces of infection because HAV is spread through con-
taminated seafood and by human contact. Simulations are performed by creating a spatial
contact matrix, which varies the force of infection as a function of which two Italian regions
are interacting. The spatial contact matrix considers per capita GDP, population, and the
distance between the two regions’ capitals. By using large amounts of statistical data on
Italian population dynamics, the paper simulates HAV spread and also its control by adding
vaccination. The paper is rigorous, but it was not a good candidate to duplicate because
the large amounts of Italian population data are not readily available. It is also outside of
the scope of our available computing power.

Because many papers were too complex to duplicate, we chose a paper that did not
require access to large amounts of statistical data. Our choice focuses on the SIR model
in the specific case of measles, and it considers an alternate method of disease control to
eradicate measles.

The SIR Model

Our analysis is based on the SIR model, which studies the dynamics of a population by
classifying individuals in one of three groups: susceptible individuals (S), infectious individ-
uals (I), and recovered individuals (R). The system governing our population is presented
as

dS

dt
= m− (βI +m)S (1)

dI

dt
= βIS − (m+ g)I (2)

dR

dt
= gI −mR (3)

where m is the birth and death rate, β is the contact rate, and g is the recovering rate. The
population is normalized such that S(t) + I(t) +R(t) = 1. It is also assumed that infectious
individuals either remain infected, die at the natural rate, or recover, i. e. the disease does
not cause death. Recovered individuals have lifetime immunity and do not return to the
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susceptible group. The model assumes that the population is constant and homogeneously
mixed, such that the contact rate of disease spread is constant. In the specific case of measles,
typical parameters are

m = 0.02, β = 1800, g = 100

The dynamical system has two equilibrium points: the infection-free equilibrium,

S∗
0 = 1 I∗0 = 0,

and the epidemic equilibrium,

S∗
1 = m+g

β
I∗1 = m(R0−1)

β
− m

m+g
p,

where R0 = 1
S∗
0

is the reproductive rate of the disease. The stability of these fixed points

depends on the value of R0, as can be determined by a Jacobian analysis. If R0 > 1,
the epidemic equilibrium is locally stable while the infection-free equilibrium is unstable.
Likewise, if R0 < 1, the infection-free equilibrium is stable and the epidemic equilibrium is
unstable.

Now consider a system where constant vaccination is applied. Let p be a parameter
representing the fraction of newborn susceptible individuals receiving vaccination upon birth.
The model can be adjusted such that the equation governing the susceptible individuals is:

dS

dt
= (1 − p)m− (βI +m)S (4)

The infection-free equilibrium becomes:

S∗
0 = 1 − p I∗0 = 0

and the epidemic equilibrium is:

S∗
1 = m+g

β
I∗1 = m(R0−1)

β
− m

m+g
p

There exists a critical vaccination proportion pc = 1 − 1
R0

such that if p < pc, then the
epidemic equilibrium is stable, while if p > pc, the infection-free equilibrium is stable and
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Figure 1: Constant vaccination: Time evolution of the proportion of infection individuals before and
after initiation of constant vaccination at t = 80. System relaxes to new equilibrium point after constant
vaccination is applied.

the disease will die out. Thus, by applying vaccination, one can change the stability of
the equilibrium points. Figure 1 shows our duplicated results for a case where constant
vaccination is applied to a system at the epidemic equilibrium. The system then relaxes to
an epidemic equilibrium that is lower in value compared to the unvaccinated equilibrium.
This is because p is not great enough to make the epidemic equilibrium unstable. In the case
of measles, pc ≈ 0.95. Because this value is so high, it is not a realistic or economic method
for defeating measles.

A pulsed vaccination strategy is a more effective way to eradicate diseases which can
be modeled by the SIR model. In this case, vaccinations are applied to the entire susceptible
population every T years. Following each vaccination pulse, the system evolves by the
standard SIR model until next pulse is applied: S(tn) = (1 − p)S(t−n ), where tn+1 = tn + T .

An example is shown in Figure 2. The system, originally at the epidemic equilibrium,
evolves when pulsed vaccination is applied to the system. It is clear that the infected
population reaches a value that is effectively zero.

To use pulsed vaccination, the appropriate pulse period must be determined. There
exists some critical Tmax such that the epidemic will eventually die out. Assume the infected
population remains unperturbed in the infection-free state I∗0 = 0 and analyze the behavior
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Figure 2: (a) The proportion of S when pulse vaccination is applied (p=0.5, and T=2). S is attracted to
a periodic ”infection free” solution. (b) The corresponding rapidly decreasing infectious population I as a
function of time. Note the logarithmic scale.
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of S(t) subject to pulsed vaccination. Thus our model simplifies to

dS

dt
= m(1 − S) (5)

at times between pulses tn < t < tn+1. We have the following solution (S̃(t), Ĩ(t)):

S̃(t) =

{
1 + pemT

1−emT−pe
−m(t−tn) tn ≤ t < tn+1

S∗ t = tn+1

Ĩ(t) = 0

The stability condition is

(p−mT )(1 − emT ) +mpT

mT (p− 1 + emT )
≤ m+ g

β
(6)

This equation can be obtained by solving for I(t) near the infection-free equilibrium point.
The solution is an exponential function of time. When the exponent is less than zero, I(t)
approaches zero, and this gives the stability condition above. Since the left hand side of this
equation is an increasing function, the maximum value for T occurs when there is equality
in (2.6). After applying a Taylor expansion and neglecting higher order terms, we obtain the
following approximation

Tmax ≈
qp

βm

1

(1 − p/2 − g/β)
(7)

Figures 3 and 4 show various approximations compared to the exact result.
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Figure 3: The maximum inter-pulse interval Tmax as a function of vaccination proportion, p. Curves 1 and
3 are approximations. Curve 2 is the exact result given in the text.

Figure 4: The maximum inter-pulse interval Tmax as a function of vaccination proportion, p. Each curve
represents a different approximation method
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Future Work

The SIR model, while providing a fairly simple model of epidemic dynamics, is not a
sufficiently realistic model for many situations. To make the system more realistic, we will
consider a system where individuals who reach the recovered group have some probability of
returning to the susceptible state. A model with this characteristic would introduce a new
rate parameter, ζ, that represents the rate at which recovered individuals lose immunity and
return to the susceptible population.

dS

dt
= m− (βI +m)S + ζR (8)

dI

dt
= βIS − (m+ g)I (9)

dR

dt
= gI −mR− ζR (10)

In addition to this new parameter we will consider a two species system, where disease is
transmittable between humans and another animal species. This model is relevant because
diseases such as swine flu or avian flu have become global concerns. We would like to study
the effects of applying pulsed vaccination to humans in one of these epidemics.
We now have two separate systems:

dSH
dt

= mH − (βIH +mH)SH + ζHRH − γIASH (11)

dIH
dt

= βIHSH − (mH + gH)IH (12)

dRH

dt
= gHIH −mHRH − ζHRH (13)

dSA
dt

= mA − (βIA +mA)SA + ζARA − γIHSA (14)

dIA
dt

= βIASA − (mA + gA)IA (15)

dRA

dt
= gAIA −mARA − ζARA (16)

SH(tn) = (1 − p)SH(t−n ), where tn+1 = tn + T .
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where the sub-indices H and A stand for humans and animals, respectively. We plan to
numerically examine this system to determine maximum time intervals for pulses of vaccina-
tion. One challenging step will be determining the loss of immunity rate ζ because a value
is not present in the literature. However, this model should give interesting insights into
disease control when a reservoir of the disease exists in another species.

Conclusion

This paper analyzes the rationale of the pulsed vaccination strategy in the SIR model.
We demonstrated that constant vaccination applied to a system changes the infection-free
and epidemic equilibria, and it also changes their stability conditions. However, pulsed
vaccination allows disease eradication for fewer vaccines, thus proving to be more cost ef-
fective. By applying vaccination pulses to the entire susceptible population, the system can
be perturbed to an infection-free state. It is possible to estimate a maximal period of pulse
vaccination which still ensures an ”infection free” state. After duplicating Stone, et. al.’s
work and numerically simulating their results, we have chosen to expand upon their model
to make it more realistic. We have added a parameter ζ that allows a loss of immunity
by recovered or vaccinated individuals. We have also expanded the system to include two
species, one that undergoes pulsed vaccination and one that remains unperturbed. This
system allows us to investigate pulsed vaccination strategies for cases like avian and swine
flu epidemics.
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