
Asst. Prof. Hottovy
SM212-Section 3.1.

Section 3.1 Linear Models

Name:
Purpose: To investigate different applications of differential equations introduced in Section
3.1.
Procedure: Work on the following activity with 2-3 other students during class (but be
sure to complete your own copy) and finish the exploration outside of class. Due 8/31/2017.

Growth and Decay: We say that the rate of growth for x(t) is proportional to the amount
x(t) present at time t if x obeys the IVP

dx

dt
= kx, x(t0) = x0,

for some proportionality constant k.

1. Review:

(a) Classify this differential equation (order, ODE/PDE, and linearity).

(b) Find the general solution to the above ODE using any method you would like.

(c) Solve the equation,
2R0 = R0e

2.71a

for a.

a =

ln

( )
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2. For this section, we will use the differential equation to model exponential growth and
exponential decay. These words are used depending on on the sign of k.

(a) Given an example where k is positive. Draw a graph of the solution.

t

x

(b) Given an example where k is negative. Draw a graph of the solution.

t

x

(c) From the graphs above, if k > 0 we say that there is exponential

and for k < 0 there is exponential .
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3. In many of the problems we encounter, the initial value of x will not be given. For
example: A culture initially has P0 number of bacteria. At t = 1 hour the number of
bacteria is measured to be 3

2
P0. If the rate of growth is proportional to the number

of bacteria P (t) present at time t, determine the time necessary for the number of
bacteria to triple.

(a) Write the IVP

dP

dt
= kP, P (0) = P0

(b) Solve the IVP. Your answer should have P0 in it.

(c) Use the solution and the phrase “At t = 1 hour the number of bacteria is measured
to be 3

2
P0.” to solve for k. Again, math is writing the same thing in two different

ways. One way to write the sentence above is P (1) = 3
2
P0. Use your solution

from part b) to write it another way. Set the two equal and solve for k.

(d) Now we use the formula from part b) and c) to “determine the time necessary for
the number of bacteria to triple. That is find t when P (t) = 3P0.
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4. Now we will work a decay problem. A breeder reactor converts relatively stable
uranium-238 into the isotope plutonium-239. After 15 years it is determined that
0.043% of the initial amount A0 of plutonium has disintegrated. Find the half-life of
this isotope if the rate of disintegration is proportional to the amount remaining.

(a) Write the IVP

(b) Solve the IVP.

(c) Solve for k using the sentence ”After 15 years it is determined that 0.043% of the
initial amount A0 of plutonium has disintegrated” Careful about the wording. If
0.043% has degraded, how much is left?

(d) Find the half-life of this isotope if the rate of disintegration is proportional to the
amount remaining. Or how much time until 50% of the initial has degraded.

4



Newton’s Law of Cooling: Newton noted after some mathematical manipulation that
the rate of temperature change of a body is proportional to the difference in temperatures
between the body and its surroundings. Let Tm be the temperature of the surroundings.
Then the temperature of the body at time t, T (t), obeys the IVP

dT

dt
= k(T − Tm), T (t0) = T0,

for some proportionality constant k.

1. Review:

(a) Classify this differential equation (order, ODE/PDE, and linearity).

(b) Find the general solution to the above ODE using any method you would like.

(c) Using pure intuition (no mathematical formulas) what condition leads to the
function having exponential growth? What about exponential decay?

5



2. When a cake is removed from an oven, its temperature is measured at 300◦ F. Three
minutes later its temperature is 200◦ F. How long will it take for the cake to cool off
to a room temperature of 70◦ F.

(a) Notice that there are no units in the general formula of the previous page. That’s
because we can use whatever time/temperature unit we want as long as we are
consistent. Write the IVP problem for the delicious cake situation.

Solution: Note that the ambient temperature is the room temperature. So
Tm = 70 F. The initial temperature is 300, so T (0) = 300. Thus the IVP is

dT

dt
= k(T − 70), T (0) = 300 F.

(b) Solve the IVP. Your answer should include a k.

(c) To solve for k we write the information “Three minutes later its temperature is
200◦ F.” in two ways. One way is T (3) = 200. Write this information another
way by using your solution from part b). Set the two equal to each other and
solve for k.

(d) Now we want to find the time t such that T (t) = 70. Note that this is a trick ques-
tion. Try plotting your solution into Wolfram Alapha. Otherwise, try evaluating
your solution at bigger and bigger t.

Solution: The temperature will never reach 70◦ F in finite time. Because

lim
t→∞

T (t) =
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Mixtures: For the mixing of two fluids we calculate the amount of part of the solution
A(t) (example: salt) using the differential equation

dA

dt
= (input rate of salt) − (output rate of salt) = Rin −Rout.

Note that the “salt” in the equation can be replaced with anything (chlorine, dirt,
sand).

3. A large tank holds 300 gallons of a brine solution (water mixed with salt). Salt is
entering and leaving the tank. A brine solution is being pumped into the tank at the
rate of 3 gal/min. The concentration of the inflow is 2 lbs salt/ gal water. The mixture
is being pumped out at a rate of 3 gal/min. If 50 lbs of salt is dissolved initially in the
300 gallons of water, how much salt is in the tank after a long time?

(a) Wow that was a mouthful and there’s a lot to unpack! To write the IVP we need
to find Rin and Rout. To figure out what Rin/out is we need to define A.

A(t) = amount of SALT, in lbs, after time t, in minutes.

(b) For the DE above, the units of the left must match the units on the right. What
are the units of dA/dt?

units

(
dA

dt

)
=

units(A)

units(t)
=

(c) So the units of Rin and Rout must match. For Rin we use the sentences, “A brine
solution is being pumped into the tank at the rate of 3 gal/min. The concentration
of the inflow is 2 lbs salt/ gal water. ” Find Rin,

Rin = amount of salt per water × amount of water per time

= lbs salt/gal water× gal water/ min = 6 lbs salt/ min
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(d) For Rout we calculate in a similar way. Except we break up the amount of salt
per water leaving.

Rout =
amount of salt in tank

amount of water in tank
× amount of water per time

The amount of water per time is given in the problem statement: “The mixture
is being pumped out at a rate of 3 gal/min.” But how much salt is in the water?
The precise question is, ”What is the amount of salt in the tank at time t?
We have a variable for this! (Review the answer to part a) if stuck). Don’t forget
units!

Rout = lbs salt/gal water × gal water/ min

= lbs salt/ min

(e) Write the IVP for the problem,

Solution: The IVP is

dA

dt
= 6 − 3A

300
, A(0) = 50

(f) Solve the IVP using any method.

(g) Using the solution above, find “how much salt is in the tank after a long time”
by taking limt→∞A(t).
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4. Now we go through another example of the mixture where you will do more of the
work.

A tank contains 200 liters of fluid in which 30 grams of salt is dissolved. Brine con-
taining 1 gram of salt per liter is then pumped into the tank at a rate of 4 L/min; the
well-mixed solution is pumped out at the same rate of 4 L/min. Find the number A(t)
of grams of salt in the tank at time t minutes.

(a) Calculate Rin using the statement “Brine containing 1 gram of salt per liter is
then pumped into the tank at a rate of 4 L/min.”

Rin = amount of salt per water × amount of water per time

=

(b) Calculate Rout using the statement “the well-mixed solution is pumped out at the
same rate of 4 L/min” and using the variable A(t) as the grams of salt in the
tank at time t.

Rout =
amount of salt in tank

amount of water in tank
× amount of water per time

=

(c) Write the IVP.

(d) Solve the IVP.
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5. Solve the following problems.

(a) The population of a town grows at a rate proportional to the population present
time t. The initial population of 500 increases by 15% in 10 years. What will
be the population in 30 years? How fast is the population growing at t = 30 (in
people per/year)?

(b) A thermometer is removed from a room where the temperature is 70◦ F and
is taken outside, where the air temperature is 10◦ F. After one-half minute the
thermometer reads 50◦ F. What is the reading of the thermometer at t = 1 min?
How long will it take for the thermometer to reach 15◦ F?

(c) The population of a community is known to increase at a rate proportional to the
number of people present at time t. If an initial population of P0 has doubled in
5 years, how long will it take to triple? To quadruple?
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(d) A large tank is ?lled to capacity with 500 gallons of pure water. Brine containing
2 pounds of salt per gallon is pumped into the tank at a rate of 5 gal/min. The
well-mixed solution is pumped out at the same rate. Find the number A(t) of
pounds of salt in the tank at time t.

(e) Find A(t) if the solution is pumped out at a faster rate of 10 gal/min. When is
the tank empty?
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(f) The radioactive isotope of lead, Pb-209, decays at a rate proportional to the
amount present at time t and has a half-life of 3.3 hours. If 1 gram of this isotope
is present initially, how long will it take for 90% of the lead to decay?
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