
SM261-Matrix Theory
Lab 3: Google Page Rank
Due: Monday November 21, 2016 beginning of class.

Instructions: Complete the following exercises. Group work is encouraged, but each
person must turn in a project in their own words. You may write directly on this handout.

In this project we’ll look at the linear algebra behind Google’s wildly successful search
engine. I just googled the phrase “matrix theory.” Google tells me that it knows of
27,100,000 pages that contain those two words. So how does it determine which ones
to list first? Google assigns to each page a rating of its importance, called PageRank. The
page, out of the 27,100,000, with the highest PageRank is listed first, the second highest is
listed next, and so forth.

In this lab, we’ll learn how Google uses a stochastic matrix and its steady-state vector
to determine the PageRank of each page on the web. But first, some background:

Google’s IPO in August 2004 raised $1.6 billion—the second highest to date. The
shares were priced at $85 each, slightly less than the 108 to 135 bucks they originally
thought they would fetch. Interestingly, the company made a few mathematical refer-
ences in the offering: They wanted to raise about $2,718,281,828 (e = 2.7182 . . .) and
they offered up 14,142,135 shares (

√
2 = 1.4142 . . .).

Not bad for two math geeks.
One way to determine a web page’s importance would be simply to ask people to rate

it. However, Google wanted their ratings to be free of human bias; instead, the Google
algorithm asks the web itself to rate pages. The idea is that pages will link to other pages
that they think have good content. So a page’s PageRank will be determined in part by
the number of pages that link to it. However, Google also incorporates the importance of
the pages that link to a given page. For instance, if lots of important pages link to your
site, you must be pretty important yourself.

Suppose that the web is composed of only three web pages and the web pages contain
links to one another as shown below.
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The PageRank of page i will be denoted by xi. If web page i links to m other pages,
then its PageRank is divided into m equal units of xi/m. It then gives xi/m to each of the



pages it links to. The PageRank of another page is the sum of all the PageRank it collects
from the pages that link to it. For instance, in the figure above,

x1 = x2 +
1

2
x3.

1. Write the equations for x2 and x3 for the web above.

2. Now write them in matrix form ~x = G~x where ~x =

 x1
x2
x3

.

3. You may notice that G, the “Google” matrix, is a stochastic matrix (i.e. the columns
always sum to 1). Explain why this will always be the case.

4. By looking at the web, which do you think is the most important page? Explain
your response.

5. Now find the steady-state vector ~x. This vector is typically called the “PageRank
vector” since the entries in it are the PageRanks of the various pages. Does your
result agree with your prediction? (Of course, any scalar multiple of ~x is also a
stationary vector. When dealing with stochastic matrices, we usually require that
the entries in ~x add up to 1 since we think of them as probabilities. In this case,
there is really no need to impose that restriction. What’s important is the relative



size of the numbers.)

As of this morning, Google says it ranks 30 trillion pages, which means that the real
Google matrix is 30 trillion× 30 trillion. This means it is not feasible to compute the
steady-state vector by finding the null space ofG−I . (Would you like to row reduce
a 30 trillion × 30 trillion matrix?) Instead, it creates a Markov chain. For instance,
begin with any initial guess for the PageRank, say,

~x0 =


1
0
...
0


and create ~x1 = G~x0, ~x2 = G~x1 and ~xk+1 = G~xk. These vectors should converge to
the PageRank vector: ~xk → ~x.

6. Look at the web below. Which pages do you think are most important? Now deter-
mine the PageRank for each of the pages by creating a Markov chain as described
above. Show a few steps in the Markov chain as well as your approximation to the
steady-state vector.
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7. What happens when you look at the following web and construct a Markov chain
to find the PageRank vector? How does this example relate to the Perron-Frobenius
theorem?
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What do you think the actual PageRank vector should be? Verify that your guess is
correct by showing that G~x = ~x for your guess.

8. Here’s another example where things go poorly. This is closely related to the earlier
example and you should be able to make a small modification of that Google matrix
to obtain this one. Find the PageRank vector for this web.
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You should be able to explain why the calculation fails if you look carefully at the
web. If not, consider how the PageRank flows from one page to another as we create
the Markov chain and how it all ends up in the shaded box.
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9. Extra Credit: Clearly, finding the PageRank vector as a Markov chain will not al-
ways work. The Perron-Frobenius theorem says this can only happen if the Google
matrix G is not regular. (You should be able to explain why the Google matrices in
the two troublesome webs above are not regular.)

To get around this complication, Google introduces a slight modification to the
Google matrix. Suppose that there are m web pages in our web (in the real world,
m = 3 · 1013). If we consider the matrix 1

m
1, where 1 is the m × m matrix whose

entries are all 1, as a Google matrix, this would say that each web page has a link to
every other web page, including itself. This would be a very democratic web, and
since every entry in this matrix is positive, the matrix is regular.

Google mixes the Google matrix G together with the matrix 1
m
1 by choosing a pa-

rameter α, which is relatively close to 1, and defining

G′ = αG+ (1− α) 1
m
1.

You can check thatG′ is a stochastic matrix. In addition, the entries ofG′ are positive
if α < 1 so that G′ is regular. This means that we can use a Markov chain to find its
steady-state vector. Also, notice that G′ = G when α = 1 and G′ = 1

n
I when α = 0.

This means that when G′ is close to 1, it should be very similar to G. Google chooses
the value α = 0.85, which is reasonably close to 1 so that G′ ≈ G, but also small
enough to make sure that Markov chains converges reasonably quickly.

You may imagine the Google matrix in the following way. Suppose we surf the
web randomly: we visit a first page, follow a random link from that page, follow
a random link from the next page and so on for a very long time. The PageRank
is the fraction of our time that we spend on a given page. In the modified Google
matrix G′, we start at a first page. With probability α, we follow a random link from
that page and with probability 1− α, we move to any other random page. We then



repeat this process over and over. The PageRank obtained in this way measures the
fraction of time we spend on a particular page.

Now what do you find for the PageRank of the various pages?

Would you like to know the PageRank of a given web page? Go here
http://www.prchecker.info/check page rank.php

and type in the URL of your web page. This site will report an approximation to your
PageRank, since Google does not actually publish a page’s true PageRank. The approxi-
mation is on a scale from 0 to 10, and it is thought that when your approximate PageRank
goes up by one, your actual PageRank goes up by around 10.

Want to know more? Go here:
http://www.ams.org/featurecolumn/archive/pagerank.html


