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Let G be a simple undirected graph G = (V| E) with vertex set V' and edge set E. The
open neighborhood of a vertex v € V(G) is denoted by Ng(v), and the closed neighborhood
A dominating set D of a graph G is a subset of V(G) such that
for all v € V(G), Ng[v] N D # (0, and the size of a minimum dominating set is denoted
The Cartesian product of two graphs G' and H, denoted GLIH, is the graph with
vertex set V(G) x V(H), where vertices gh, ¢'h’ € V(GOH) are adjacent whenever g = ¢’ and

of v is denoted by Ng[v].

by 7(G).
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Abstract

Given a graph G, a dominating set D is a set of vertices such that any vertex in G has
at least one neighbor (or possibly itself) in D. A {k}-dominating multiset Dy, is a multiset
of vertices such that any vertex in G has at least k vertices from its closed neighborhood
in Dy, when counted with multiplicity. In this paper, we utilize the approach developed by
Clark and Suen (2000) and properties of binary matrices to prove a “Vizing-like” inequality
on minimum {k}-dominating multisets of graphs G, H and the Cartesian product graph
GOH. Specifically, denoting the size of a minimum {k}-dominating multiset as v} (G),
we demonstrate that v (G) vy (H) < 2k vy (GOH) .

Introduction

(h,h') € E(H), or h="h" and (g,¢') € E(G) (see Example 1).

In 1963, and again more formally in 1968, V. Vizing proposed a simple and elegant conjecture
that has subsequently become one of the most famous open questions in domination theory.

Conjecture (Vizing [11], 1968). Given graphs G and H, v(G)y(H) < v(GOH).



Although easy to state, a definitive proof of Vizing’s conjecture (or a counter-example) has
remained elusive. Over the past forty years (see [1] and references therein), Vizing’s conjec-
ture has been shown to hold on certain restricted classes of graphs, and furthermore, upper
and lower bounds on the inequality have been gradually tightened. Additionally, as numerous
direct attempts on the conjecture have failed, research approaches expanded to include explo-
rations of similar inequalities for total, paired, and fractional domination [6]. However, the
most significant breakthrough occurred in 2000, when Clark and Suen [4] demonstrated that
Y(G)y(H) < 2y(GOH). This “Vizing-like” inequality immediately suggested similar inequali-
ties for total [8] and paired [9] domination (2008 and 2010, respectively). In 2011, Choudhary,
Margulies and Hicks [3] improved the inequalities from [8, 9] for total and paired domination by
applying techniques similar to those of Clark and Suen, and also specific properties of binary
matrices. In this paper, we explore integer domination (or {k}-domination), and again generate
an improved inequality with this combined technique.

A multiset is a set in which elements are allowed to appear more than once, e.g. {1,2,2}.
All graphs and multisets in this paper are finite. A {k}-dominating multiset Dy, of a graph G
is a multiset of vertices of V(G) such that, for each v € V(G), the number of vertices of N¢|v]
contained in Dj (counted with multiplicity) is at least k. A yg-set of G is a minimum {k}-
dominating multiset, and the size of a minimum {k}-dominating multiset is denoted by vz (G).
Additionally, note that a {1}-dominating multiset is equivalent to the standard dominating set.

The notion of a {k}-dominating multiset is equivalent to the more familiar notion of a {k}-
dominating function. The study of {k}-dominating functions was first introduced by Domke,
Hedetniemi, Laskar, and Fricke [5] (see also [7], pg. 90), and further explored by Bresar, Henning
and Klavzar in [2]. In [10], the authors investigate integer domination in terms of graphs
with specific packing numbers, and in [2], various applications of {k}-dominating functions are
described, such as physical locations (stores, buildings, etc.) serviced by up to k fire stations
(as opposed to the single required fire station in the canonical application of dominating sets).
Finally, in [2], the authors prove the following “Vizing”-like inequality:

Theorem ([2]). Given graphs G and H, vy (G)ypey(H) < k(k+ 1)y (GOH) .

Observe that for k = 1, the Bresar-Henning-Klavzar theorem is equivalent to the bound proven
by Clark and Suen. In this paper, we improve this upper bound from O(k?) to O(k), and prove
the following theorem:

Theorem. Given graphs G and H, vy (G)vgey(H) < 2k vy (GOH) .

Again, observe that for £k = 1, this theorem is equivalent to the bound proven by Clark and
Suen. In the next section, we develop the necessary background and present the proof.

2 Background, Notation and Proof of Theorem

In this section, we introduce the necessary background and notation used throughout the paper,
and prove several propositions to streamline the proof of Theorem 1.

For gh € V(GOH), the G-neighborhood (denoted by NQDH(gh)) and the H-neighborhood
(denoted by Neom(gh)) are defined as follows:

Naou(gh) ={g'h € V(GOH) | ¢’ € Na(9)}



Thus, Ngou(gh) and Ngom(gh) are both subsets of V(GOH). Additionally, the edge set
E(GOH) can be partitioned into two sets (G-edges and H-edges) where

G-edges = {(gh,g'h) € E(GOH) | h€ V(H) and (g,¢') € E(G)} ,
H-edges = {(gh,gh’) € E(GOH) | g € V(G) and (h,h') € E(H)} .

Given a dominating set D of a graph G and a vertex v € V(G), we say that the vertices in
Nglv] N D are the v-dominators in D.

A union of multisets is denoted by W, e.g. {1,2,2} W {1,2,3} = {1,1,2,2,2,3}. The union
of a multiset with itself ¢ times is denoted by W, e.g. W?{1,2,2} = {1,2,2} w{1,2,2} =
{1,1,2,2,2,2}. The cardinality of a multiset is equal to the summation over the number of
occurrences of each of its elements, e.g. |{1,2, 2}’ = 3, and given a multiset A, we denote
the number of occurrences of a particular element a in A as |Al,, e.g. [{1,2, 2}‘2 = 2, and
|{1, 2, 2}‘4 = 0. A multiset B is a sub-multiset of multiset A if each element b € B is present
in A, and |B|, < |Aly, e.g. {1,2,2} C{1,2,2,2} ¢ {1,2}. Finally, let A be a multiset and B a
set. Then, [Alp = >, 5 |Alp. For example, {1,1,2,5,6,6}(1 46y = 4.

Given graphs G and H, let A C W' V(GUH), where t is any positive integer. When defining
a multiset, we must not only describe the elements contained in the multiset, but also define
the number of times a specific element appears in the multiset. Thus, the @-projection and
U-projection of A on graphs G and H are multisets defined as

@G(A):{gEVG) A)|, = max {[Alg, : hGV(H>}},

g
), = max {[ Al = g€ V(@)}}
W (A) = {g € V(G) : 3heV(H) with gh € A, where [Fs(A)|, = zhev(mmbh} ,

(G) : 3 heV(H) with gh € A, where |D¢(

Dy(A) = {h € V(H) : 3 g€ V(G) with gh € A, where |&(
( (H)
)

Wi (A) = {h € V(H) : 3 g € V(G) with gh € A, where |F4(A)|, dev(G)|A|gh} .

Note that multisets @¢(A) and ¥ (A) contain identical elements, but the number of occurrences
of a given g in P(A) is defined by a maz, whereas the number of occurrences of the same ¢ in
Ws(A) is defined by a sum. This max/sum distinction in these multiset definitions will play a
critical role of our proof of Theorem 1. We now present an example of @¢(A) and ¥ (A).

Example 1. Consider graphs G, H and GUH :

3
IAZ
G

o
aAb
H

(a) G, H and GOH

Let A = {1b, 1c, 1¢,2a,2a,2a,2b} C WPV (GOH). Note |Aly = 1,]Al1e = 2,|A|sa = 3, and
|Aloy = 1. Then max {|A|, : h € V(H)} = 2,max {|Al, : h € V(H)} =3, > nevim |Alin =3
and 3 ey gy |Alon = 4. Therefore, @a(A) = {1,1,2,2,2} and ¥o(A) ={1,1,1,2,2,2,2}. [



Let {Py, Py,..., P} be a multiset of subsets of a set A. Then P4 = {P,,P,,..., P} is a
k-partition of A if each element of A is present in exactly k of the sets P, ..., P,. For example,
given A = {1,2,3,4,5,6,7}, then P* = {{1,2,3},{1,2,3},{4,5,6},{6,7}, {5,7},{4}} is a
2-partition of A. We observe that the subset {1,2,3} is present twice in P4, demonstrating
that a k-partition can be a multiset.

Example 2. Consider the following graph G:
°O

10\0_0/04
2 3

Here, a 2-partition of V(G) is P% = {{1},{1,2,3},{2,3,4}, {4}, {6}, {5}} = {PC,..., P{'}.
Observe that each v € V(G) appears in exactly two sets in P¢. Also, note that each PS is a
set (i.e., it contains no duplicated elements), but PY itself is a multiset. Finally, observe that
a minimum 2-dominating multiset of G is {1,2,3,4,5,5}, and thus v (G) = 6. O

Given a graph G, we will now define the concept of domination among multisets of V' (G).
Given a positive integer ¢ and multisets A, B C W'V(G), we say that A dominates B if, for
cach b € B, the number of vertices of Ng[b] present in A (counted with multiplicity) is at least
the number of occurrences of b € B. In other words,

|Alngip = |Bls for each b € B .
The following proposition can now be verified.
Proposition 1. Given graphs G, H, and positive integers t, k, with t > k, then

1. A multiset A C W'V (G) is a {k}-dominating multiset for G if and only if A dominates
WV (G).

2. Given multisets A, B,A’", B" C W'V (Q), if A dominates A', and B dominates B', then
AW B dominates A’ ¢ B'.

3. Given multisets A, A’ C W'V (GOH), if A dominates A’, then Wy (A) dominates Wy (A').

The proof of Prop. 1 is a straight forward application of the definitions. Thus, we skip the
proof for space considerations.

Proposition 2. Given graphs G, H, let {uq,... ,uv{k}(c)} and {ty, ... 7H'Y{k}(H)} be minimum
{k}-dominating multisets of G, H, respectively, and let P% = {PF, .. .,Pﬁk}(a)} and P71 =

{PHE ..., Pﬁk}(H)}be a k-partitions of V(G),V (H) respectively, such that u; € PS¢ and PF C
Nglw] (andu; € PJH and PjH C Nylu;], respectively) for 1 <i < vy (G) and 1 < j <y (H).
1. Let I C {1,...,93 (@)}, A = Wier{w;}, and C = Wi, PE. Then A dominates C.
Furthermore, given an integer k' > k, let B C W* V(G) be any other multiset dominating

C. Then |B|> |A].
2. Let J C {1,....yuy(H)}, A = W {u;}, and C = Wies P Then A dominates C.

Furthermore, given an integer k' > k, let B C w¥ V(H) be any other multiset dominating
C. Then |B|> |A].



Proof of Prop. 2.1: We will first prove A dominates C. Since P% C Nglu;], u; dominates PE.
Therefore, Wier{u;} dominates W;c; P, i.e. A dominates C. Now let multiset W = Wigr{us}.

Since B is any multiset dominating C', B&W dominates <Lﬂie1 Pf) W (H‘Jig_t[ Pf) (by Prop. 1.2).

Since PY is a k-partition, (L{diel Pf) G (H‘Ji¢[ PZG> =W V(G). Since AW = {uy, ..., uy )}

is a ygpy-set of G, AW W dominates W*V(G) (by Prop. 1.1). Therefore |[BWW|> |AWW|, and
|B|> | A|. The proof of Prop. 2.2 follows similarly. O

In the introduction, we stated that the proof of Theorem 1 relies on the double-projection
technique of Clark and Suen, and also a particular property of binary matrices. Specifically,
we have the following proposition:

Proposition 3. Let M be a matriz containing only 0/1 entries. Then one (or both) of the
following two statements are true:

(a) each column contains a 1,
(b) each row contains a 0 .

Proof. For a proof by contradiction, assume there exists a row (say ) which does not contain
a 0, and a column (say j) which does not contain a 1. Then, the entry M|i, j] is neither 0 nor
1, which is a contradiction. O

We are now ready to state and prove the main theorem of the paper.

Theorem 1. For graphs G and H, vy (G) vy (H) < 2k vy (GOH) .

Proof. We begin with the same notation as in Prop. 2. Let {uq, ... ,Uv{k}(g)} and {1, . .. 7E'Y{k}(H)}
be minimum {k}-dominating multisets of G, H, respectively, and let P% = {PF, ... ,Pf{’k}(G)}

and P? ={PH ..., Pf{[k}(m}be a k-partitions of V(G), V(H) respectively, such that u; € P
and P? C Nglu;] (and w; € PJ' and P! C Ny[u,], respectively) for 1 < i < 73(G) and
1 < j < vuy(H). Recall from Example 2 that P and P]-G may be completely distinct, equal,
or overlap in parts. Finally, observe that since P and P are k-partitions of V(G),V (H),
respectively, PY x P is a k?-partition of V(GOH).

We now describe a notation for uniquely identifying different occurrences of the same vertex
gh € V(GUOH) in the k*-partition PY x PH. Let I = {1,..., v (@)}, J = {1, ...,y (H)},
and V = W V(GOH) = Wie; Wies (P x PH). Since PY is a k-partition of V(G) and P is a
k-partition of V(H), for each gh € V(GOH), let f, : {1,...,k} = T and f, : {1,...k} = J
be one-to-one functions that identify the k blocks where vertex g appears in the k-partition
P¢ (and similarly for P). Thus, the k copies of g in P appear in blocks Pg(l), cee Pg(k),
and similarly for P7. Let (gh), (for 1 < s,r < k) indicate the sr-th copy of vertex gh in the
k?-partition V that occurs due to block Pg(s) x P{! ()

Let Dy be a minimum {k}-dominating multiset of GOOH and gh € V(GOH). Since Dy
is a yg-set of GLH, there are at least k dominators d, ...,dx_; of gh in Dy (when counted
with multiplicity, thus dy,...,d;_1 are not necessarily distinct dominators). We now create a
function to assign a specific dominator in Dy, (not necessarily unique) to each of the k? copies
of gh € V. Specifically, let d : (gh)s — {do,...,dx_1} (for 1 < s,7 < k) be defined as
d((gh)s,,) = d(s4r) mod k- Note that for s fixed and 1 < <k, the k copies of vertex (gh),, are
assigned dominators {d(s;1) mod k» - - - » d(s+k) mod &} = {do, ..., dp—1} in Dy (and similarly for r
fixed).



We now define a binary matrix corresponding to each of P& x P/’ block (for i € I, j € J)
based on the “type” of dominator assigned to a particular vertex gh. For g € PY and h € P]-H ,
let s = f1(i) and r = f,'(j). Then, we define the binary |PF| x |P/| matrix Fj; such that:

0 ifd((gh)s) € Noog(gh) ,
Fy(g,my = {0 1 oMr) & Noonlgh)
1 otherwise .

Observe that for each i € I and g € PY, even though the function f, is not onto, the inverse
Iy 1(i) is always defined since one of the k copies of g in the k-partition P appears in block P&
(and similarly for f, '(j)). Furthermore, observe that Fj;(g, h) = 1 in two cases: 1) if d((gh)s)
is vertex gh itself, or if d((gh)s,) dominates (gh), via an H-edge.

By Prop. 3, each of the binary matrices Fj; satisfies one or both of the statements in Prop.

3. We will now define a series of multisets based on which of the properties Fj; satisfies.
Z; = { W (PF x PJH) : Fyj satisfies Prop. 3.a, 1 <j <~uy(H)}, for1 <i<vuy(G),
Zj={w (P x P/} : Fyj satisfies Prop. 3.b,1<i <~;3(G)}, for 1 <j <vyu(H),
N; = {u; : Fj; satisfies Prop. 3.a, 1 <j <vguy(H)}, for 1 <i<~puy(G),

N; = {uZ : F}j satisfies Prop. 3.b , 1 <i < fy{k}(G)} , for1<j< fy{k}(H) ,
Vi =@y (Z;) = { & P : Fj; satisfies Prop. 3.a, 1 <j < (H)}, forl<i<~u(G),
Y; =9¢(Z;) = { WP : F; satisfies Prop. 3.b, 1 <i < yyy(G)}, for 1 < j < ~ypy(H) ,

S; = DN (Lﬂ’“ (PE x V(H))> , for 1 <0 <y (G)
(H_Jk (V(G) x PjH)> . for 1< j < yuy(H) .

To clarify the definition of S;, observe that the intersection of two multisets {1,1,1,2,2,3} N
{1,1,2,4} = {1,1,2}. We will now prove the following claim.

Claim 1. Fori = 1,...,vx}(G), Yu(S:) dominates Y;, and for j = 1,...,vuy(H), s (S;)
dominates Y ;.

Proof. In order to show that ¥y (.S;) dominates Y;, we must show that 1) every vertex y € Y;
is dominated by some vertex h € S;, and 2) the number of occurrences of y-dominators in the
multiset ¥y (.9;) is greater than or equal to the number of occurrences of y in multiset Y;.

In order to prove (1), consider y € Y;. By definition, there exists a j such that y € PjH and
F}; satisfies Prop. 3.a. Since column P¢ x y of Fj; contains a “1”, there exists a g € P such
that vertex gy is dominated by an H-edge (or itself). Let gh be a dominator of gy. Thus, there
exists an h € ¥y (S;) such that h dominates y.

In order to prove (2), consider y € Y. Let [Yi|, = t. Recall that V; C W;c; P/ = w"V(H).
Since P is a k-partition of V (H), y appears in exactly k blocks of P¥. Thus, t < k.

Let {j1,...,J:} be such that matrices Fj;,, ..., F};, satisfy Prop. 3.a, and y is contained in
Pll,. .., P/, Furthermore, let gy,..., g € P be such that Fjj, (guw,y) = 1 (for 1 < w < t).
Then, each of g,y is dominated by an H-edge (or itself), and given g,, # ¢,v with 1 < w,w’ <,
vertices g,y and g,y are dominated by distinct vertices in Dy (and by extension, S;). However,
we must now show that two identical vertices g,¥, gy (i.e., w = w') have dominators with
distinct indices in Dy,.

Recall that different occurrences of vertex gh in the multiset V are denoted as (gh)s,
indicating that the sr-th copy of gh is due to the PE(S) X P]fi r) block. In this case, two identical



vertices g, guy occur due to the same P block, but different PJH blocks. Furthermore, recall
that the dominators dy, .. ., d;_1 are assigned to the different occurrences of gh via the function
d((gh)sr) = d(s4r) mod k, and that for s fixed and 1 < r < k, the k copies of vertex (gh)s, are
assigned dominators {d(s+1) mod k» - - - » A(s+k) mod k} = {dos - - -, dk—1} C Dy. Therefore, the two
identical vertices g,y and g,y will map to dominators with distinct indices in Dy.

Finally, recall that the number of occurrences of a given h € Wy(S;) is determined due
to the sum (as opposed to the mazimum). Given a vertex y € Y; where |Y;|, = t, we have
demonstrated that there are at least t vertices in S; = Dy Nk (PZG x V(H )) (when counted
with multiplicity) whose projection on H dominates y, and therefore, there are at least ¢ y-
dominators appearing in ¥y (S;) (when counted with multiplicity).

To conclude, we have demonstrated that 1) every vertex y € Y; is dominated by some vertex
h € S;, and 2) the number of occurrences of y-dominators in the multiset ¥y (S;) is greater
than or equal to the number of occurrences of y in multiset Y;. Therefore, Y; is dominated by
Uy (S;). B B

Similarly, we can demonstrate that Y'; is dominated by ¥ (S;). O

We will now carefully bound the sizes of the sets N;, N;,S;, S}, etc., in relation to each
other. We observe that the total number of P& x P! blocks in the k*-partition of V/(GOH) is
y{k}(G)v{k} (H). Since the binary matrix F;; associated with each these blocks satisfies at least
one of the two conditions of Prop. 3, we see that

'Y{k}(G) Yiry (H)

Ve (G) vy (H Z | Ni|+ Z NS .

Since Pg is a k-partition of V(G), every g appears in exactly k blocks of PY. Thus, every
gh € V(GOH) appears in exactly k “strips” of P% x V(H). Thus, if gh € (DN (PF x V(H)),
then gh appears in “strip” Dy N (W* PY x V(H)) exactly |Dy|g, times. Therefore, when we
iterate over all the “strips”, we see

Yk} (G) Yix3 (G) iy (H)
> 1Silgn = k| Dklgn , > ISil= Y ISi|= k|Dx| = kypy(GOH) .
= i=1 =1

Since N; dominates Y; (Prop. 2.2), and since ¥g(S;) is another multiset dominating Y;
(Claim 1), we see by Prop. 2.2 that

Wa(S)] > [N, for 1< i < 9(G) . and [#6(S)|> [N,] for 1< j < yuy(H) .

Furthermore, since the number of occurrences of a given vertex in the ¥-projection is determined
by the sum (as opposed to the mazimum), |S;|= |¥x(S;)|, and |S;|= |¥c(S;)|. Therefore,

1Si| > |Ny|, for 1 <i<yp(G), and |S;|>|Ny|, for1<j<~vyuy(H).
Combining all of these inequalities together, we finally see

'Y{k}(G) Yy (H) Yy (G) Yy (H)

Vi Gy (H Z | N[+ Z |V;]< Z |Si|+ Z |S;|= 2k vy (GOH) .

This concludes our proof. O
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