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ABSTRACT

We consider a well-known family of polynomial ideals encod-
ing the problem of graph-k-colorability. Our paper describes
how the inherent combinatorial structure of the ideals im-
plies several interesting algebraic properties. Specifically, we
provide lower bounds on the difficulty of computing Grob-
ner bases and Nullstellensatz certificates for the coloring
ideals of general graphs. We revisit the fact that comput-
ing a Grobner basis is NP-hard and prove a robust notion
of hardness derived from the inapproximability of coloring
problems. For chordal graphs, however, we explicitly de-
scribe a Grobner basis for the coloring ideal and provide a
polynomial-time algorithm to construct it.
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1. INTRODUCTION

Many authors in computer algebra and complexity theory
have studied the complexity of Groébner bases (see e.g., [19,
23, 34, 35, 39] and references therein) and the difficulty of
Hilbert’s Nullstellensatz (see [5, 6, 7, 12, 28, 29, 33]). With
few exceptions authors have concentrated on proving worst-
case upper bounds. In this paper we look instead at the
behavior of Grobner bases and Hilbert Nullstellenséitze in a
concrete combinatorial family of polynomials. Our key point
is to study how the structure of graph coloring problems pro-
vides lower bounds on the difficulty of finding Grobner bases
and Nullstellensatz certificates, providing a counterpart to
lower and upper bound theorems for general polynomial sys-
tems.

Many authors have studied the rich connection between
graphs and polynomials (see e.g., [2, 3, 13, 26, 30, 32, 37]).
Our starting point is Bayer’s theorem for 3-colorings [4], fur-
ther generalized in [15, 17] to k-coloring over a finite field.
Suppose we wish to check whether a graph G = (V, E) is
k-colorable, and set n = |V/|. For fields K of characteris-
tic not dividing k, we define the k-coloring ideal Iy(G) C
K[z1,...,xn] (also denoted by Zg if the number of colors
is clear) to be the ideal generated by the vertex polynomi-
als vy == 2k — 1, for 1 < i < n, and the edge polynomials
Nij 1= Zf;ol xéxf_l_l, for {i,j} € E. The set of all vertex
and edge polynomials of a graph G is denoted by Fg.

THEOREM 1.1  (SEE [15, 17]). The graph G is k-colorable
if and only if I, (G) has a common root in the algebraic clo-
sure of K. In other words, G is not k-colorable if and only
if T (G) = (1) = K[z1,...,2n]. Moreover, the dimension
of the vector space K[z1,...,zn]/Ii(G) equals k! times the
number of distinct k-colorings of G.

The ideal Z;(G) has been used for interesting applications
to graph theory (see [26] and references there). From the
well-known Hilbert Nullstellensatz [10], one can derive cer-
tificates that a system of polynomials has no solution (i.e.,
in our case, that a graph does not have a k-coloring).



THEOREM 1.2  (HILBERT’S NULLSTELLENSATZ [10]).
Suppose that fi,..., fm € K[z1,...,2s]. Then, there are no
solutions to the system {f; = 0} in the algebraic closure of
K, if and only if there exist a; € K[z1,...,xn] such that

a1f1++amfm:1

We refer to the set {«; } as a Nullstellensatz certificate, and
measure the complexity of a certificate by its degree, defined
as the maximum degree of any «;. If a system is known
to have a Nullstellensatz certificate of small constant degree
(over a finite field), one can simply find this certificate by a
series of linear algebra computations [14, 15, 16]. There are
well-known upper bounds for the degrees of the coefficients
«; in the Nullstellensatz certificate for general systems of
polynomials that grow with the number of variables [28].
Furthermore, these bounds turn out to be sharp for some
pathological instances.

Connections between complexity theory and the Grob-
ner bases and Nullstellensitze of coloring ideals have been
made in [5, 30, 31]. These include the result that unless
NP = coNP, there must exist an infinite family of non-3-
colorable graphs for which the minimum degree of a Hilbert
Nullstellensatz certificate grows arbitrarily large [16, 31].
We remark that for an ideal I for which the set of ze-
roes is finite, the vector space dimension of the quotient
ring obtained from [ is finite, too (see §2.2 of [11]). Zero-
dimensional ideals admit special algorithms (see e.g. [20]).
Cifuentes and Parrilo [9] identify graph structure within an
arbitrary polynomial system and show that this yields faster
algorithms for solving systems of polynomials. Our coloring
ideals are quite unique as they both have unique structure
inherent from the graph relating the polynomials and are
zero-dimensional.

This article offers three new contributions in the struc-
ture and complexity of Grobner bases and Nullstellenséitze
of coloring ideals.

(1) In Section 2.1, we show that the minimal degree of
Nullstellensatz certificates of coloring ideals satisfies certain
modular constraints and that it grows at least linearly in
the number of colors (similar results were observed for other
ideals in [8]). We indicate that the field of coefficients has
some intriguing influence upon the complexity and propose
a conjecture.

(2) It is well-known that many combinatorial problems are
hard to solve even approximately. For instance, Khanna et
al. [27] have shown it is NP-hard to 4-color a 3-colorable
graph. More strongly, even if one is allowed to ignore a
particular small (but non-zero) fraction of nodes, it is NP-
hard to properly 4-color the remaining nodes.

In Section 2.2, we demonstrate how one can transfer inap-
proximability results for graphs to inapproximability results
for polynomial rings. We prove that it is hard to compute
a Grobner basis for an ideal even if we are allowed to ig-
nore a large subset of the generators for our ideal. Thus the
coloring ideal provides a sense of “robust” hardness for the
computation of Grébner bases.

(3) Despite hardness in the general case of computing a
Grobner basis, we might hope that some algorithm could
find Grobner bases efficiently, particularly if we restrict our
focus to some special class of systems of polynomials. In Sec-
tion 3, we prove that computing a Grobner basis can be done
in polynomial time when the associated graph is chordal. We
describe explicitly the structure of such a Grébner basis.

For background on the material presented in this paper,
we direct the interested reader to the books [1, 10, 11, 22].

2. LOWER BOUNDS ON HARDNESS: GROB-
NER BASES & NULLSTELLENSATZE

Deciding whether a graph is k-colorable is an NP-complete
problem, and we encoded it as the solution of a multivariate
polynomial system (see e.g., [4, 17, 13]). It is clear that if
the system of equations in the coloring ideal can be solved
in polynomial time (in the input size) for 3-coloring ideals,
then P = NP. What makes this very interesting is that
one can see (or at least try to see) algebraic phenomena
that are produced by the separation of complexity classes.
For example, assuming that P # NP then the degree of
Nullstellensatz certificates for systems of equations coming
from non-3-colorable graphs must show some growth in the
degree. Now we discuss two ways in which the hardness of
solving the coloring problem algebraically is made concrete.
We note that in [8], prior similar work was done on a different
family of zero-dimensional ideals.

2.1 Nullstellensiitze

In this section, we consider Ny k(G), the minimal Null-
stellensatz degree for the k-coloring ideal of a graph G over
the field K. We show that Ny x(G) grows at least linearly
with respect to k, and provide evidence that the growth is,
in fact, faster. Note that Ny x(G) is defined for all graphs
G that are not k-colorable, and for all fields K for which
the characteristic does not divide k. Our main result is the
following:

THEOREM 2.1. Ny k(G) =1 (mod k), for all k, K, G.
Furthermore Ny x(G) > k+1 if k > 3.

PROOF. Let G = (V, E), and let Zg denote the k-coloring
ideal of G. Then, Zg is generated by vertex polynomials
v = 2Ff — 1 (for i € V(G)) and edge polynomials 7;; =
(zF — %) /(xi — x;) (for (i, ) € E(G)). We note that Z¢ has
a Nullstellensatz certificate over K[z1, . .., z,] if and only if it
has such a certificate over K[z, ... ,mn}/(x’f —1,...,zh —1).
Therefore, we may consider only the edge polynomials 7;;
and assume that degrees of variables are taken modulo k,
that is, ¥ = 1 for every i.

Suppose that {a;;} is a Nullstellensatz certificate of degree
d, so that ZijeE QM5 = 1. We write Q5 = Zt [eTRERS where
ai,;; is homogeneous of degree t. Equating terms of like
degree, we conclude:

Z Q555 = 1 and

ijeE,t=1

Z ou,ijMi; =0, foreveryt#1 (mod k)

ijeE
Hence, letting Bi; = Y ,_; o,45, observe that {3;;} is a Null-
stellensatz certificate with degree congruent to 1 modulo k.
We conclude that Nix(G) =1 (mod k).

Now consider k > 3 and suppose towards a contradiction
that there exists a Nullstellensatz certificate {c;;} of degree
at most 1. By our logic above, we need only consider terms
in a; for which the degree is 1 modulo k. Suppose therefore
that a;; = Zh Ch,ijTh, SO that

E Ch,ijThMij; = 1.

heV,ijeE



Notice that cp i;zrn:; can contain a constant term only when
h equals i or 7, in which case zp,(z*™!) or xh(a:?*l) equals
1. We conclude that
1= Z (ciig + ¢j,i5)- (1)
ijEE
Observe that c¢;ijzin;; contains a term of the form
Ci,ij$7{-€72x?. Since k > 3, the monomial xffzx? occurs for

only one other choice of A’ and i’j’, namely i = i and
h' = j° = j. In order for this term to cancel in the final
sum, therefore, we must have c;;; = —c;,i; for all ij € E.

However, this contradicts (1). We conclude that for £ > 3,
no Nullstellensatz certificate exists of degree 1, and therefore
that Nkﬁ]K(G) >k+1. O

We observe that Theorem 2.1 is a generalization of Lem-
mas 4.0.48 and 4.0.49 of [31], which only deals with the
graph-3-colorability case.

EXAMPLE 2.2. Consider the following incomplete degree
four certificate for non-3-colorability over Fo. Observe that
the coefficient for the vertex polynomial (x3 + 1) contains
only monomials of degree zero and degree three, whereas the
coefficient for the edge polynomial (x5 + x123 4+ x3) contains
only monomials of degree one or degree four. This certificate
demonstrates the modular degree grouping of the monomials
in the certificates, as described by Theorem 2.1. We do not
display the full certificate here due to space considerations.

1= (1+zix3x5 + T12327 + T1T4T5 + T1T4T6 + T1T5T6
+ z1z5207 + :cgws + wgm + XoTaTs5 + X2T4Te + T2X6T7
+ T3T4T5 + T3T4T7 + TaT6T7 + 1’5956967)(1’? +1)
+ (@2 + T4 + T5 + TIToTs 4+ TiT2T7 + TiX3TS + T T3TY
+ TiTaTs + TITAT6 + TITeTT + T1T2TATS + T1T2TATT
+ T12324T5 + T1T3T4T7 + T1T3T5L6 + T1L3L5L7
+ T123T6X7 + T1T4T5L6 + T1T4T5L7 + T1LaTeL7
+ T1T5T6X7 + T2L4T5L6 + T2L4T5L7 + T2L5L6L7

2 2
+ 3240576 + T3xaxrsT7)(T] + T1T2 + X3) + -+

2.1.1 Experiments on change of coefficient field

In Table 1, we display experimental data on minimum-
degree Nullstellensatz certificates for various cases of graph-
k-colorability and various finite fields. This data was found
via the high-performance computing cluster at the US Naval
Academy (and the NulLa software [15]). Observe that the
Nullstellensatz certificate computed by testing the complete
graph K7 for non-6-colorability is not the minimum degree
seven, instead the minimum-degree certificate is the next
higher residue class (degree thirteen). Additionally we per-
formed many more experiments not presented in Table 1.
We tested non-3-colorability for K4 for the first 1,000 prime
finite fields. The certificate degree was degree one for finite
fields F2 and Fs, changed to the next highest degree (degree
four) at F7, and then remained degree four for the next 997
primes (up to Frg919). We also tested non-4-colorability for
K5 for the first 1,000 primes: the minimum-degree remained
five for the entire series of computations. In general, Table
1 suggests that the bound N x(G) > k + 1 for k > 4 is not
tight for large k. We propose the following conjecture:

CONJECTURE 2.3. For every field K and for every posi-
tive integer m, there exists a constant ko with the following

property. For each k > ko and G a non-k-colorable graph,
every Nullstellensatz certificate of the k-coloring ideal of G
has degree at least mk + 1.

Theorem 2.1

Graph | k | Possible degrees Fo F3 Fs Fr
Ky 3 1,4,7,10,... 1 — 4 4
Ks 4 5,9,13,... — 5 5 5
Ks 5 6,11,16,... 6 6 — 11
K 6 7,13,19,... — — 13 13
Ks 7 8,15,22,... 8 >15(>15 —
Ky 8 9,17,25,... — >17 | > 17| > 17
Ko 9 10,19,28,... > 19 — >19 | >19
K1 10 11,21,31,... — > 21 — > 21

Table 1: The minimum degree of Nullstellensatz cer-
tificates for complete graphs over [,,. Note that com-
putations are only possible when k£ and p are rela-
tively prime (incompatible pairs (k,p) are denoted

by —).

2.2 The robust Hardness of Colorful Grobner
bases

We know it is NP-hard to compute Grébner bases. It is
even known the problem is EXPSPACE-complete (see [23,
33]), and the maximum degree of the basis can become very
large. In [24, 36, 35] the authors presented bounds for the
degree of a reduced Grobner basis for an ideal whose gen-
erators have degree bounded by d. E.g., the authors of [35]
show that a Grobner basis of an r-dimensional ideal has de-
gree at most 2 (%d”fr + d)2 . For the case of general zero-
dimensional ideals, this bound reduces to 2 (%d" + d). In
[39], a lower bound of d" for zero-dimensional ideals is given
by a suitable example. Finally from the work of Lazard and
Brownawell [6, 29] it follows an n(d — 1) bound on zero-
dimensional ideals with generators having no common zeros
at infinity. These include our coloring ideals, Z (G).

On the other hand, it is well-known that some combina-
torial problems are even hard to approximate or it is hard
to find partial solutions. Here we discuss how the hardness
of finding suboptimal or approximate solutions to graph k-
coloring can be translated into similar results for the com-
putation of Grobner bases, therefore showing some kind of
“robust hardness” for Grobner bases computation. We will
use the following theorem.

THEOREM 2.4  (SEE [27]). It is NP-hard to color a 3-
colorable graph with 4 colors. More generally, for every k >
3 it is NP-hard to color a k-chromatic graph with at most
k+2 LgJ — 1 colors.

We now translate this theorem into a statement about
Grobner bases. Having additional colors to work with allows
us to ignore certain vertices of our graph and color these
later using our extra colors. Algebraically, this corresponds
to ignoring certain variables and computing a Grébner basis
for the partial coloring ideal on the remaining variables.

DEFINITION 2.5. Given a set of polynomials
F C Klz1,...,zn], we say that a subset X of the variables
Z1,...,%n 15 independent on F if no two variables in X
appear together in any element of F.



Clearly independent sets in our coloring ideal generators g2(x1,22), g3(x1,®2,73), Pr(x1), if we set x1 = Wi,z =

correspond to independent sets of vertices of the graph. w"?, 3 = w*3. This enables us to find a partial solution for
1,2, 3. Continuing in this fashion, we find a complete
DEFINITION 2.6. Define the strong c-partial Grébner prob- solution for all variables. [

lem as follows. Given as input, a set F of polynomials on a

set X of variables, output the following: PROOF OF THEOREM 2.7. The proof is by contradiction.

Let G = (V, E) be a k-colorable graph and assume such a
o disjoint X1,...,X, C X, such that b < ¢ and each X; polynomial-time algorithm A exists. We will give a method
is an independent set of variables, for producing a proper (k + c¢)-coloring of G. This contra-
dicts Theorem 2.4 under the assumption that P # NP, as

o X' C X, where X' = X\ (UZ XZ-) (i.e., we have taken mentioned above.
away at most ¢ independent sets of variables), Let us apply the algorithm A to our coloring polynomials
Fc for the graph G, giving us a Grobner basis G. Note that
the input consists of |V| + | E| polynomials with degree < k
and length < k. Thus, F¢ has polynomial size in k and the

o F' C F such that F' consists of all polynomials in F
involving only variables in X',

e a Grébner basis for (F') over X' (where the monomial encoding length of G, and by assumption A terminates in
order on X is restricted to a monomial order on X'). time which is polynomial in both of these quantities.
Observe that the variables in Fg correspond to vertices of
THEOREM 2.7. Suppose that we are working over a poly- G, and an independent set of variables corresponds to an in-
nomial ring K[z1,. .., zn] under some elimination order on dependent set of vertices. Assume that the independent sets
the variables (such as lexicographic order). of variables which were ignored by A are X1, Xa,..., X} for
Let k > 3 be an integer, and set ¢ = 2 L%J — 1. Unless b <c. Let I1,Is,...,I, be the corresponding independent
P = NP, there is no polynomial-time algorithm A that solves sets of vertices. The Grobner basis G corresponds to proper
the strong c-partial Grébner problem (even if we restrict to k-colorings of G’ = G\ (U;I;). Therefore, Lemma 2.8 im-
sets of polynomials of degree at most k). plies that we can identify some proper coloring of G’ using
the colors 1,..., k. Note that in order to apply this lemma,
The following lemma will be useful in our proof. we must be working with an elimination order over our re-

stricted polynomial ring; this is true since the restriction of
an elimination order to a smaller set of variables is also an
elimination order.

LEMMA 2.8. Suppose that we are given a Grobner basis
G for the k-coloring ideal Ze of a graph G, with respect to
a giwen elimination order. Assuming the variety V(Zg) is

' : . Now color the independent sets Ii,...,I, in the colors
non-empty, there is an algorithm that finds some solution kE+1,...,k+b. This gives us a proper coloring of G using
x € V(Zg) in time polynomial in the encoding length of G, at most

and therefore identifies a k-coloring of G. i

PROOF. Suppose without loss of generality that our elim- ktbskte=k+2 {gJ -1

ination order gives zp > wn-1 > -+ > z1. We may enumer colors. By Theorem 2.4, this is impossible to construct in

ate the elements of G: g1, g2, ..., gn, so that g1 is univariate ; . .. L. .

. - S A . polynomial time, giving us a contradiction, as desired. [

in x1, the polynomial go is bivariate (or univariate) in x1

and x2, etc. See [10, Chap. 3] for more details. Theorem 2.7 demonstrates how results on coloring graphs
As always with coloring ideals, we assume that & is not translate effectively to results on Grobner bases. For refer-

divisible by the characteristic of K. Hence, in a standard ence, a weaker result may be proven without recourse to the

result of Galois theory, there exists a primitive kth root of full power of the coloring ideal.

unity over K, and so the kth cyclotomic polynomial ®; over
K must be nontrivial. In order to find ¢4, we repeatedly
divide the polynomial z* — 1 by its greatest common fac-
tors with polynomials zf — 1 for £ < k; these ged’s can be
found by the Euclidean algorithm. The time required may e X' C X such that | X'| > |X| —c,
be exponential in k but is obviously independent of G.

Note that every proper k-coloring of G must correspond to
a solution to all polynomials in G. Thus, if some collection
of roots of unity forms a solution, any permutation of those
roots of unity must also. Therefore, every root of ®; must
also be a root of g1, that is, ®; divides g;.

DEFINITION 2.9. Define the weak c-partial Grébner prob-
lem as follows. Given, as input, a set F of polynomials on
a set X of variables, output the following:

o F' C F such that F' consists of all polynomials in F
involving only variables in X',

e a Grébner basis for (F') over X' (where the monomial
order on X is restricted to a monomial order on X').

The Elimination Theorem [10, Chap. 3] now guarantees THEOREM 2.10. For constant c, there is no polynomial-
that any solution to g1 and g2 extends to a solution for all time algorithm to solve the weak c-partial Grébner problem,
G. For each i with 1 < ¢ < k, we set £1 = w and z2 = w'. unless P=NP. This holds even if we restrict to sets of poly-
We then test, using the Euclidean algorithm, whether there nomials of degree at most 3.

exists a common solution to g1(z1), g2(z1, z2), and Px(z1),

. L f will the following 1 .
considered as polynomials in w. If so, then every primitive Our proof will use the following lemma

root w gives us a common solution of g1, go. _ LEMMA 2.11. Suppose that Fi1, Fa, ..., Fm are sets of poly-
Having identified 4, set 42 = 4 and i1 = 1, so that z1 = w'?, nomials on disjoint sets of variables (that is, no variable ap-

T2 = w'? is a partial solution. We proceed as above to pears both in a polynomial of F; and in a polynomial of F; ).

check each i3 satisfying 1 < i3 < k. Using the Euclidean Then, the reduced Grébner basis of (U;F;) is the union of

algorithm, we test if there is a common solution w to g1 (z1), the reduced Grébner bases for the individual (F;).



PROOF. Let G; be the reduced Grébner bases for the (F;),
respectively, and set G := U;G;. For a set S of polynomials,
we use L£(S) to denote the ideal generated by the leading
terms of elements of S.

Note first that every leading term of (U;F;) is also a lead-
ing term of some (F;) and hence is contained in £(G). Con-
versely, every leading term of G is also a leading term of
(Fi), for some ¢, and therefore is contained in (U;F;). We
conclude that

(UiFi) = L(9),
and therefore G is a Grébner basis of U; (F;). [

PRrROOF OF THEOREM 2.10. Suppose that there exists an
algorithm A for c-partial Grobner that runs in time at most
p(s), where s is the size of the input. Let F be a system of
polynomials in K[z1, ..., z,] with input size s, such that the
degree of every polynomial in F is at most 3. We show how
to use A to compute a Grobner basis for (F) in polynomial
time, which will lead to a contradiction.

Construct copies Fi, F2,...,Fet1 of F on disjoint sets of
variables, so that F; includes polynomials over the variables
Ti1,Ti2,- -, Tin. Lhesize of U;F; is obviously (¢+1)s. Now
run A on U;F;, removing at most ¢ variables from U;F;. In
the process, we remove certain polynomials from F; to yield
sets F; of polynomials. The output of A is a Grobner basis
G for (U, F;).

Now, since there are ¢ + 1 disjoint sets of variables
{zi,1,Zi2,...,Tin}, there must exist at least one ¢ such that
we have not removed any variable in {x;1,%i2,...,Zin}.
For this value of i, we have F, = F;. Transforming G to
a reduced Grobner basis is routine and can be performed
in polynomial time. Applying Lemma 2.11, we see that the
restriction of G to {xs,1, Zi,2, ..., %i,n} gives a reduced Gréb-
ner basis for F; = F;. This immediately gives us a reduced
Grébner basis for (F).

Observe that (¢ + 1)s is the size of our input U;F; to
A. Therefore, the time required by our algorithm is at most
p((c+1)s) < (c+1)4e@)p(s). Since F was chosen arbitrarily,
this implies that for every family of polynomials of input
size s, a Grobner basis can be found in polynomial time at
most (c+1)4°8P)p(s). However, since 3-coloring is NP-hard,
the general problem of finding a Grobner basis cannot be
performed in polynomial time, even if we assume that every
f € F has degree at most 3. Thus we have a contradiction,
and conclude that the algorithm A cannot exist. [

Comparing Theorems 2.7 and 2.10, we see that the latter
allows us to remove only a constant number of individual
variables, not a constant number of independent sets. Fur-
thermore, the set of polynomials constructed in Theorem
2.10 is disconnected, according to the following Definition
2.12, while the set of polynomials constructed in Theorem
2.7 is comnected. It appears more natural to consider con-
nected sets of polynomials, which occur in many applica-
tions.

DEFINITION 2.12. We say that a set F of polynomials is
disconnected if we can partition F into F1,F2 such that the
variables for F1 and Fa are disjoint. Otherwise, we say that
F is connected.

3. GROBNER BASES
FOR CHORDAL GRAPHS

Even though graph coloring is hard for general graphs,
the problem can be solved in linear time for chordal graphs
(see e.g. [25]). Taking advantage of the structure of chordal
graphs, we develop a polynomial time algorithm that com-
putes a Grobner basis for the k-coloring ideal Zg of a given
chordal graph G. The monomial order we consider is related
to the perfect elimination ordering of G.

We begin with some basic definitions in graph theory (see
also e.g. [18].) Recall that a graph G = (V, E) is chordal
if every cycle of length more than 3 has a chord, or equiv-
alently, every induced cycle in the graph has length 3. A
vertex v € V is simplicial if its neighbors form a clique.
A graph is recursively simplicial if it contains a simplicial
vertex v such that the induced graph G[V \ {v}] produced
by removing v and its incident edges, is recursively simpli-
cial'. If G is recursively simplicial, there exists an ordering
on V, called a perfect elimination ordering, such that when
the vertices of G are removed in that order, each vertex will
be simplicial at the time of removal.

PRrROPOSITION 3.1  ([21]). Let G = (V,E) be a graph.
Then G is chordal if and only if it is recursively simplicial.

For a vertex v € V, the neighborhood of v in G is the set
Nw)={w eV :(v,w) € E(G)}. fU CV is a subset of
the vertices forming a clique in G, then we define

GV = (VU{n+1}L EU{(j,n+1):j€U})

to be the graph obtained by adding a new vertex and con-
necting it to all v € U. Note that this operation is the
inverse of deleting a simplicial vertex of G, and, by Propo-
sition 3.1, every chordal graph can be constructed in this
way.

Algorithm 1 constructs a Grobner basis G for a chordal
graph G, building up the graph one vertex at a time ac-
cording to the reverse elimination order. Each newly added
vertex adds a polynomial to G. At any point, having con-
structed the graph G’ C G, the set of polynomials added
will form a Grébner basis for the coloring ideal of G’.

3.1 Preliminaries

Recall the following definitions. The kth elementary sym-
metric polynomial o (x1,...,2n) over n variables is

ok(Z1,. .oy Tn) i= E Tjy Ty
1<j1<--<jp<n

The kth complete homogeneous symmetric polynomial
Sk(z1,...,2zn) over n variables is given by

yTn) 1= E Ljy « Ly,

1<j1<-<jp<n

Sk($1,. ..

Note that both polynomials are degree-k-homogeneous, but
the monomials of o are by definition square-free, while Sy
can contain higher powers of a variable.

LEMMA 3.2. For a positive integer k, let (1,(2,...,Cx be
the kth roots of unity in some order. Then, for every k > r,

Sk—r(C1, G255 Gy @) = (2 = Grp1) (@ = Grp2) -+ (& = Ci)-
Proor. It suffices to prove
Sk—T(C17C27"'aCT7:E)'(micl)‘“(xiq"‘) :xki]‘

!The graph on zero vertices is recursively simplicial.




Consider  the  degree  d-homogeneous  polynomial
0i(C1, ..., ¢ )Sa—i(C1,...,¢).  For every monomial z?
with |a| = d and supp(a) = m (the number of non-zero
elements in « equals m), its coefficient is the number of
square-free factors of degree i, that is, (T) Summing up
these coefficients over d with alternating signs gives that
the coefficient of ® in

d
> (=D 0i(Cry 5 6)Sa il Gr)
i=0

equals

- d—i [ TVY) _
;(—n <Z>o
Therefore,
d
S (=D 0G5 6)SailCry e, 6r) =0,
i=0

for every d € {0,...,k — 1}. Now, since (i,...,(r are the
roots of unity, we know that, for every d € {1,...,k —1}:

Zal Clyee s 6)a—i(Crgtye ey i) = 0a(Caye vy Ci) = 0.
We now have identical recursions for Sq((i,...,¢r) and
In the base case, So((i,...,¢r) =

( 1) Ud(C”“Flv ] Ck)
1=(-1 )OUO(QH, ..., Ck). We conclude that for all d,

Sa(Cry -y Gr) = (1) %0a(Crpr, - - -, Ck)-

Therefore,

Sk}*’l‘(<17 .- ‘7CT‘7$) : H(m - Cl)
i=1

e
|
3

Sd(Cl’ ey Cr)wkirid : H(ZK - C’L)
=1

T ﬁ“
3 O

(—1)%0a(Grr, -, )T ] (2 = G)
1=1

d

Il
o

T

@—¢) [[@-¢) =a"-1

1 =1

I
:x

2

+

r

O

3.2 The Algorithm

BuildGrébnerBasis (Algorithm 1) successively tests
vertices of a chordal graph G for simpliciality and obtains
a perfect elimination order while concurrently adding new
polynomials to a set G. At termination, G is a Grébner basis
for Zg with respect to the lexicographic order with variables
ordered according to a perfect elimination order of G.2

For a clique U = {ui,u2,...,ur} and vertex v in our
graph, we will use the notation Si_,(U,v) to denote the
polynomial Sk_,(ZTu, s Tugs« -« Tups To)-

As we have seen above, exactly one polynomial is added
to G for every vertex of G. From the definition of
Sk(x1,...,2Zn), we see that its length is (k+"71) and its de-

n—1

gree is k. So the polynomials S; added to G have length

2The existence of this algorithm was first conjectured by
experimental work of Pernpeintner [38].

Algorithm 1 Produces a Grobner basis for the k-coloring
ideal Zg for G chordal
function BUILDGROBNERBASIS(G. k)
Input: A chordal graph G, integer k
Output: A Grobner basis for Zg
Gn+— G
G0
forallie {n—1,...,1} do
for all v € V;41 do
if ISSIMPLICIAL(v, Gi41) then
Vi < U
U; + j\f(v)
if |U;| > k then
return {1}
end if
Gi < Gi+1 — v
G < GU{Sk—jv;|(Us,vi)}
end if
end for
end for
return g
end function

function ISSIMPLICIAL(v, G)
Input: A vertex v of the graph G and the graph G itself
Output: True if v is simplicial in G; False otherwise
d < deg(v)
for all w € N (v) do
if IN(v) NN (w)| <d—1 then
return false
end if
end for
return true
end function

(“ﬁl) and degree (k — |U;|). Both quantities are polynomial
in k and constant for a constant number k of colors.

Finally let us discuss an important aspect of our algo-
rithm. If G is not k-colorable, then in the process of Build-
GrobnerBasis we would intuitively expect the constant
polynomial 1 to appear somewhere in the set G. This can
be shown formally: Assume that x(G) = x > k, and we
try to find a Grobner basis for the k-coloring ideal of G.
Since G is chordal, it is also perfect, and thus has a x-
clique {vi1,...,v5}. We assume without loss of generality
that these vertices are ordered ascendingly with respect to
the perfect elimination order from the algorithm.

In the step, where vi11 is removed from the graph, we
have {vi,...,vx} C N(vk41), and therefore, we add the
complete polynomial of degree 0

Skfk(xvn---a$1)k»ka+1) =1 .

Hence, BUILDGROBNERBASIS detects non-k-colorability
on the fly. This observation allows us to do the following: If
we find a simplicial vertex of degree > k, then we can stop
immediately and return the trivial Grébner basis G = {1}.
On the other hand, we can be sure that if there is no such
forbidden vertex, then G is k-colorable.

3.3 Correctness

LEMMA 3.3 (LEMMA 2.2 FROM [26]). Let G be a
graph. Then Lg is a radical ideal.



PROPOSITION 3.4  ([10] 2.9 PROPOSITION 4). Let P C
K[z1,...,zs] be a finite set, and let p1,p2 € P be such that

lem (LM(p1), LM(p2)) = LM(p1) - LM(p2) ,

where LM denotes the leading monomial of a polynomial.
Then,

S-pair(p1,p2) —p 0.

Recall that v; € Zg, and n;; € Zg are the vertex and edge
polynomials, respectively.

LEMMA 3.5. Let G be a chordal graph on n vertices, and
let = be a term order. Let U = {u1,...,ur} be an r-
clique in G, and choose a Grébner basis G of Zg. Set
p= Sk*T'(l’uU e 7xurvxn+1)' Th‘en7

(G,p) = (G, Un+1, Nuy n+1, - - -

PROOF. We show that (G, p) is a radical ideal, and that
both ideals generate the same variety. Then the claim fol-
lows from the bijection between varieties and radical ide-
als [10, §4.2, Theorem 7).

Consider some setting of the variables y,,..., Ty, to
distinct kth roots of unity (i,...,{., and suppose that
Cr41,--+,Ck are the other kth roots of unity, in some or-
der. By Lemma 3.2, we have p = Hfzrﬂ(an — ¢i). This
implies that p(Zu,, Tug, - - - s Tu,., Tnt1) IS & square-free poly-
nomial so (p) is a radical ideal. The ideal (G) is also radical,
since it is the coloring ideal of a graph (Lemma 3.3). But
then

sMurnt1) = Lgtu

rad((G,p)) = rad((G) N (p)) = rad((G)) Nrad({(p))
=(G)N{p) =(G,p)

as claimed. The second equality is [10, §4.3, Proposition 16],

Now consider x = (z1,...,2n41) € V((G,p)). Since
U1, ...,u, form a clique, we know that x,, are distinct kth
roots of unity. Then, by Lemma 3.2, x,41 is a kth root
of unity, and so vp41 = 0. Moreover, Tnt1 # xu; V i €
{1,...,r}, which implies that 7., n+1 = 0. We conclude
that x € V(Zg+v).

Conversely, consider x = (z1,...,Znt1) € V(Zgiv).
The  generator  polynomials Vi, UryUntl and
Nuy,nd1s -« Nurntl ensure that Tays - -
are distinct kth roots of unity.

xeV((g,p). O

s Ly T4l
Hence p(x) = 0 and

LEMMA 3.6. Given a chordal graph G, every Grébner ba-
sis G of I with respect to >, GU{p} is a Grobner basis of
To+u with respect to an extended term order =', where p is
again defined as in Lemma 3.5.

PRrROOF. Lemma 3.5 shows that (G,p) = Zo+uv. Hence, it

is left to show that all S-polynomials in G U {p} reduce to
0. We only have to consider S-pairs that involve the new
polynomial p.
By definition of ', we have that LM,/ (p) = z¥77, which is
relatively prime to all g € G, since z,,+1 does not appear in
this basis. Therefore, for all g € G, S-pair(g, p) —gupy 0 by
Proposition 3.4. This is sufficient for G’ := G U {p} to be a
Grobner Basis. [

THEOREM 3.7. For G chordal, the set G output by
BUILDGROBNERBASIS(G) is a Grébner basis for Zg under
the Lex order, with variables ordered according to the perfect
elimination order of G established in the algorithm.

PRrOOF. Note that {p1 := vn} is a Grobner basis for Gi.
By Lemma 3.6, this basis can be extended in n — 1 steps
by adding p; as constructed in the algorithm. Therefore,
G = {p1,...,pn} is a Grobner basis of G, = G with respect
to the extended vertex order, which concludes the proof. [J

3.4 Complexity

The function ISSIMPLICIAL consists of an outer loop with
exactly n iterations, each of which calculates the intersection
of two subsets of V. This intersection is computed in time
O(n) and, hence, the function runs in time O(n?).

In the main function BUILDGROBNERBASIS, the two
nested for-loops are traversed O(n) times each, and every
time ISSIMPLICIAL is called. The main part of the if-case is
the assignment of G. If r = |U;|, then building the polyno-
mial S,_ |y, (Us, vs) takes (k—r)(f) steps, which is clearly in
O(kn*). The remaining statements can be neglected, since
they have running time O(n?). Finally, putting the pieces
together, we obtain a total running time of O(kn**?), which
is polynomial in n for fixed k.

It is evident that our implementation is not optimal with
respect to running time. For instance, finding a simplicial
vertex can be done in linear time [40], giving a linear-time
procedure that establishes a perfect elimination order on G.
Nevertheless, our algorithm shows that finding the Grébner
basis for a chordal graph is polynomial-time solvable, and it
describes explicitly the structure of this basis.
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