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Akxn array with entries from the ^-letter alphabet {0,1 , . . . ,q — 1} is said to be t-covering
if each k x t submatrix has (at least one set of) q' distinct rows. We use the Lovasz
local lemma to obtain a general upper bound on the minimal number K = K(n,t,q) of
rows for which a t-covering array exists; for t = 3 and q = 2, we are able to match the
best-known such bound. Let Kx — Kx(n,t,q), (A > 2), denote the minimum number of
rows that guarantees the existence of an array for which each set of t columns contains,
amongst its rows, each of the q' possible 'words' of length t at least X times. The Lovasz
lemma yields an upper bound on Kx that reveals how substantially fewer rows are needed
to accomplish subsequent t-coverings (beyond the first). Finally, given a random kxn array,
the Stein-Chen method is employed to obtain a Poisson approximation for the number of
sets of t columns that are deficient, i.e. missing at least one word.

1. Introduction

We consider arrays of k rows and n columns whose entries are letters from an alphabet
{0, l,...,q — 1} of size q. Fix an integer t, 1 < t < n, then choose any set of t columns.
A t-letter word is made up of the entries (from left to right) across any one row of the
selected t columns. An array is said to be t-covering if every set of t columns contains,
amongst its rows, each of the ql possible words of length t. Let K = K(n,t,q) denote the
minimum number of rows for which a t-covering array exists. We seek a bound on the
size of K relative to the given values of n, q, and t, and we wish, in particular, to study the
asymptotics of the problem as n —> oo, with q and t being held fixed. In the case of binary
codes (q = 2), results along these lines are applicable to the problem of creating efficient
circuit tests, since they yield bounds on the number of trials that must be run on a row
of n switches in order to test every possible combination of t switches. For t = q = 2, the
equivalent problem of maximizing the number of columns for a given number of rows
was solved by Renyi [10] for even k, and independently by Katona [8], and Kleitman
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and Spencer [9] for all k; it was shown that for a given k, a 2-covering binary array of
dimension k x n exists as long as n is no larger than (r^'-i)- Staying with binary codes,
but seeking 3-coverings, rather than 2-coverings, complicates the problem. No definitive
answer has been found. Roux (see [11]) has contributed the best known upper bound
for K. He has proved that a 3-covering, binary, k x n array exists when there are as few
as 7.56444 logn{l +o(l)} rows (Throughout this paper, logx and lnx will denote the
quantities log2x and logex respectively.) See Sloane [4] for a comprehensive sweep of
known facts about 2-, 3-, and higher-order coverings.

In section 2, we apply the Erdos-Lovasz local lemma to prove that K < 10.3 log n{l +
o(l)} for t = 3 and q = 2. The ease of this method allows a generalization of the
argument, resulting in a proof that K < (t — 1) log n/log(-£-j-){l + o(l)} as n —> oo for any
t and q. (Roux was able to force the upper bound on K(n, 3,2) to 7.56444logn{l +o(l)}
by considering equal weight codes. Heuristically, a matrix is more likely to be t-covering if
its columns contain equal numbers of each letter, and Roux's proof exploits this fact to the
fullest extent.) An alternative proof of the upper bound K(n,3,2) < 7.56441ogn{l +o(l)},
which uses Roux's idea of equal weight codes, along with the Lovasz local lemma, is also
presented in section 2; the added component of equal weight codes makes this proof more
difficult to generalize. Our next result is motivated by the vast literature on orthogonal
arrays [11, 12]: a Xql x n array j / of entries from {0,1,...,q — 1} is said to be an
orthogonal array if each Xql x t submatrix of si has X disjoint subsets of ql distinct rows;
in other words, each f-letter word is repeated exactly X times (X > 1) in each set of t
columns. Consider the following extremal problem for X > 2: Given n,q and t, what is
the minimum number Kx = Kx(n,t,q) of rows that guarantees that each t-letter word
is represented at least X times in each set of t columns? The trivial bound Kx < X\ogn
follows from our earlier results, where we write / < g if / < Ag for some constant A.
We use the Lovasz local lemma once again, however, in conjunction with well-known
exponential probability inequalities for binomial tails, to prove that the stronger bound
Kx < \ogn + (X — 1) log log n is valid, exhibiting the fact that subsequent t-coverings
(beyond the first) require substantially fewer rows to accomplish.

If P is the probability measure on {0,1,...,q — I}1*, k = 0 (mod 2), that indepen-
dently assigns an equal number of (randomly positioned) zeros and ones to each column,
then Roux's bound K < 7.56444 log n{l + o(l)} may be restated probabilistically as

k > 7.56444 log n{l + o(l)} => P(Z = 0) > 0,

where X represents the number of sets of three columns that are deficient, i.e. missing at
least one binary three-letter word. In section 3, we move slightly away from the problem of
the existence of i-coverings and focus instead on approximating the probability distribution
of X (for arbitrary values of t and q). In a k x n array, there are (") sets of t columns
to consider. An upper bound for the probability (under the uniform distribution on
{0,1,. . . ,^ — 1}"*) of a given set of t columns missing at least one word is ^'(1 —q~') •

Since ql(l —q~l)k —» 0 as k —> oo, it is reasonable to conjecture that the distribution
of X may be approximated, for large values of n and k, by a Poisson distribution
with mean X = E(X) « {^)ql{^ — q~l)k- To prove our claim, we use the Stein-Chen
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method of Poisson approximation [3], which yields an upper bound for the total variation
distance, d-r\(£C(X),Po(X)), between the distribution of X and that of a Poisson random
variable with mean I: Specifically, we show that dj\{^(X),Po(/l)) —> 0 as k —y oo
whenever k > logn. For t = 3 and q = 2, for example, our method yields a viable
Poisson approximation as n —> oo provided that k > 12.23logn + <j){n) (</>(«) —• oo), i.e. if
fe> 12.23 lognj l+ o(l)}.

The Stein-Chen method has previously been used in a combinatorics context by, for
example, Godbole, Skipper and Sunley [6] and Barbour, Godbole and Qian [2]. Analyses
of other combinatorial problems arising from questions concerning the strategic position-
ing of the entries of a zero-one matrix may be found in Steele [12] and Bollobas [5], who
consider issues related to the Erdos-Szekeres conjecture and the problem of Zarankiewicz,
respectively.

2. Upper bounds for covering numbers

Define K = K(n, t,q) to be the smallest integer k such that for all k' > k, a t-covering exists
for a q-ary k' x n array. We start by using the symmetric case of the Lovasz local lemma,
applied to randomly filled q-ary arrays, to show that K (n, t, q) < {t — 1) log n/log ( - ^ ) {1 +
o(l)}; in particular, this yields the bound K{n,3,2) <10.38 lognjl +o(l)}. Let W be the
index set for the (") sets of t columns. For j e W, let Aj be the event that the jth set of t
columns does not contain, amongst its rows, each of the q' possible words of length t. The
Lovasz local lemma provides a simple condition which guarantees a positive probability
for the event that every set of t-columns contains all ql words, i.e. for P(n,ew ^i) > 0,
where A denotes the complement of A; for ease of reference, we state this fundamental
result of Erdos and Lovasz:

The Lovasz Local Lemma; Symmetric Case [10]

Let A\, A2,..., AN be events in an arbitrary probability space. Suppose that each event At is
mutually independent of a set of all the other events Aj but at most d, and that P(Aj) < p
for all l<i<N. If ep{d + 1) < 1 then P(C\ti A) > °-

Let us randomly fill each entry of the fe x n matrix by independently placing the letter j
at each position with probability l/q; j = 0,1,.. . ,q — 1. According to the Lovasz local
lemma, a t-covering is sure to exist whenever ep(d + 1) < 1, where p = sup P(Aj). For

C)
any j € W, it is clear that

so that we may take p to be q'i^-f. It is also evident that d < (|) (^,) < tn'~~l/(t — 1)!
Finally, the condition
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may easily be seen to be satisfied when

(t-l)logwf 1 tlogg log* log((t-I)!)!
- log(^T) I (t-l)logn (t-l)log» (t-l)logn ( t - l ) l o g n j '

i.e. when

fc^(t-l)log»{1 + o ( 1 ) } ^ ^ ^

log(-^j)

We have proved

Theorem 2.1. As n —> oo,

(2.1)

Equation (2.1) gives a general upper bound for K(n,t,q), but only yields K(n,3,2) <
10.38 log n {1 + o(l)}, whereas the best known upper bound (due to Roux [11]) is
K(n,3,2)< 7.56logn{l + o(l)}.

An essential element of Roux's proof of K(n, 3,2) < 7.56 log n{l +o(l)} is his use of
equal weight codes in estimating the probability of a set of columns missing a particular
word. Equal weighting is desirable because it decreases P(^4/), j € W. We next provide
an alternative proof of Roux's bound using equal weight codes in conjunction with the
Lovasz lemma; note that this proof is practically impossible to mimic for arbitrary values
of t and q:

Theorem 2.2. As n —• oo

K(n, 3,2) < 7.56444... log «{1 + o(l)}.

Proof (using the Lovasz Local Lemma) Let our columns be random vectors of length
2r containing r Os and r Is. The probability of a particular word being missing from a
particular set of three columns is equal [11] to

this gives an upper bound for P(/4,), i € W, of
-2 ' / \ 2

We now apply the Lovasz lemma in the same manner as in Theorem 2.1. To force
ep{d + 1) < 1, consider the stronger inequality

2

the above summands are dominated by the terms near u = ^ ^ r = 0.3819...r = ar [4],
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so that a binary 3-covering array exists if
- 2

As in the proof of Roux's result (see Theorem 5 in [11]), Stirling-style asymptotics now
yield

2r = k> (7.5644...)log«{1 +o(l)},

as asserted. •

Our next result establishes bounds on the t-covering numbers Kx = Kx{n, t, q) introduced
in the previous section, i.e. answers the question 'What is the minimum number of rows
that guarantees that each t-letter word is represented at least X times in each set of t
columns?' We shall prove that Kx < logn + (X — l)loglogn; specifically, we have:

Theorem 2.3. Consider a k x n matrix si with entries from the q-letter alphabet {0,1,...,
q — 2,q — 1}. Let Kx = Kx{n,t,q), (X > 2), denote the minimum number of rows k that
guarantees the existence of an si with the property that for each choice of t columns, the
q' possible 'words' of length t are each represented at least X times amongst the rows of the
selected columns. Then

Kx<[ql(t-l)Inn + q'{X-l)ln\nri]{l+o(l)}

Proof As in the proof of Theorem 2.1, we randomly and independently place a letter of
the alphabet at each of the kn entries of the matrix si. The probability that, for any
particular set of t columns, a particular word has been represented fewer than X times
equals £ r ^ © ( ? ) ' ( ! - q")k~r, so that we may take

r=Q

in the Lovasz lemma; d can be bounded above, as before, by tn'~l/(t — 1)! It follows that
a covering with the desired property exists provided that

r=0

= Bri-lkk~l exp{-k/q'}

< i; (2.2)

in the above inequalities, A and B represent easily computable constants that depend
on X, q and t. We have also made specific use in the above argument of the fact (see,
for example, Proposition A.2.5 in [3]) that the left tail of a binomial random variable is
dominated by its largest term. Now equation (2.2) holds if
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i.e. if

k-(X-Dq'\nk > (t- I),?'Inn (l + l n f ) . (2.3)
V ( r - l ) l n n /

If we setfc = [<ji'(t—lJlnn+^A—l)lnlnn]{l+o(l)}, forao(l) sequence to be determined,
then the left-hand side of (2.3) equals

[q\t - 1) In n + q\k - 1) In In n]{l + o(l)}

= g'(t - 1) In n{ 1 + o(l)} + g'(A - 1) In In n(o(l)) - q\X - 1) ln(V(* - 1))

= q'(t - 1) In n{ 1 + o(l)} + q\k - l)[ln In n • o(l) - D]

so that equation (2.3) is evidently satisfied for any sequence o(l) that tends to zero slower
than 1/lnn. This proves Theorem 2.3. •

3. Poisson approximations

We motivate and begin our discussion by reconsidering the special case t = 3, q = 2.
Given a random k x n array obtained by realizing kn independent Bernoulli (1/2) trials,
let X be the number of sets of three columns from which at least one binary three-letter
word is missing. We seek to approximate the distribution of X (as k —» oo) by that of a
Poisson r.v. with mean E(X). As mentioned in section 1, our agenda seems reasonable: X

can be written as Y?j=i h-> w n e r e f/ = 1 if one or more binary three-letter word is absent
from the y'th group of 3 columns (Ij = 0 otherwise). Furthermore, P(/y = 1) < 8 • (7/8)*
is low for large values of k, and the /,s are 'dissociated' [3], with /, being independent
of any ensemble of /^s whose corresponding sets of three columns are each disjoint from
those corresponding to Ij. Corollary 2.C.5 in [3] is immediately applicable; we state this
widely-used result for ease of reference:

Stein-Chen approximation theorem [3] Suppose that X = J2aer^«- where the Ias are in-
dicator random variables with expectations nx. Suppose further that Ta = F \ {a} can be
partitioned into r^,T'a such that Ia and {If,fi € /£} are independent. Then

dTW(Se(X\Vo(X)) = sup P(X

where X = E{X).
We will use the Stein-Chen approximation theorem stated above to prove the following

result:
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Theorem 3.1. Consider a k x n array of independent and identically distributed
random variables generated by kn fair coin tosses. Let X denote the number of sets of
three columns from which at least one binary three-letter word is absent, and let X =
Then dTV(^(X),Po(X)) - • 0 as n -> oo if

l o 8 n n , „k> = 12.23 logn{l + o (3.1)
log V28/25

implying that the distribution of X may be approximated by a Poisson distribution for large
values of n provided that equation (3.1) holds.

Proof The Stein-Chen approximation theorem yields

1 N r 2

drvmX),Po(A)) < -

where N = (") and P(/, = 1) < 8 • (7/8)fc. Next consider Pf/.-J,- = 1):

...UA1) (3.2)

where Am is the event that exactly m words are missing from the ith set of three columns.
Equation (3.2) further simplifies to

P(lj =

^ J

1

1

n A
P(/

i) + P(
ti U A

\

Jj =

2 U

A2)-i
1

1

F

n

>(A

A2)

3) +

+ ...

)

< P ( / , = l ) \p(Ij = l\A1) + 4(-\ {k>k0), (3.3)

so that our problem reduces to finding P(/7 = 1 | A\) for intersections of one and two
columns. In the case when i and j overlap in only one column (r = 1) and i is missing
exactly one three-letter word, a moment's reflection reveals that there exist precisely four
words that can appear in j with probability \, and four words that each have a probability
of ^ of being represented in j . It follows that for r = 1, P(/;- = 1 | A\) can be calculated
heuristically as follows:
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so that for such js,

nhh = i) < p(/, = i) [4 {^j {1+0(i)}+4 (J)

(3.4)

by equation (3.3). We now show that the above reasoning is close to being correct.
Consider the probability that the word ' l x / (x,y 6 {0,1}) is absent in the jth set of three
columns, given that '111' is the only word missing in the ith group. There are several ways
to realize the conditional joint distribution of the entries of the three columns in i, given
that '111' is the only unrepresented word there; we proceed as follows: We randomly
choose seven rows (from the three columns in i) and randomly assign one of each of
the seven words different from '111' to the selected rows. The other rows are then each
assigned one of these seven words, with probability 1/7 each. Now 'Ixy' is absent in j
provided that 'x_y' isn't obtained in those rows for which the last column in i contains a 1.
There are at least three such rows, with the exact probability distribution of the number
A of rows satisfying these criteria being given by

so that the required probability P ( ' l x / missing in j | only '111' missing in i) equals

In a similar fashion, P(the jth set of three columns does not contain 'Cbc/ | the ith set
is missing precisely '111') can be calculated to be (7/6)7(3/4)4(6/7)* » 0.9308(6/7)''. It
follows that P(Ij = 1 I Ai) < 4(25/28)* + 4(6/7)* as claimed before, so that equation (3.4)
certainly holds.

Now, when there are two overlapping columns (r = 2) and we know that /, = 1, six
words will have a conditional probability of ^ of appearing in j (with the other two words
having a corresponding probability of ^ ) . More rigorously,

P( ' l lx ' missing in j | only '111' missing in i) = 2_j I l l ? ) ( 7 ) ( ? )
a=0 ^ / \ / \ / \ /

0.84 ( £J
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and

P('xyz'[(x,y) ^ (1,1)] missing in j | only '111' missing in i)

(1=0

It follows as before that for such js

so that

P(/,/,- = 1) < P(/,- =

(3.5)

Returning to the estimation of the total variation discrepancy, we have, from equations
(3.4) and (3.5),

E

r=l ;:|i n j\=r

(3.6)

Notice that 6n2(25/28)fc{l + o(l)} -» 0 if fc > 21ogn/log(28/25) + <f>(n) (4>(n) -» oo);
i.e. if /c > logn/log ^(28/25){1 + o(l)}, while 6n(13/14)fe{l + o(\)} -» 0 if fe >
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log n/log(14/13){l+o(l)}. Since v
/28/25 < 14/13, 6n2(25/28)k{l+o(l)} is the dominant

term on the right-hand side of equation (3.6). The result follows. •

The key ingredient of the above proof was the fact that P(/,// = 1) could be adequately
estimated by P(/, = l)P(/; = 1 | Ai); this feature is true in general, and leads to
the following result, which shows that £P(X) can be well-approximated by a Poisson
distribution for all t, q, provided only that k > log n.

Theorem 3.2. Consider akxn array ofi.i.d. uniform {0,1,...,q—l}-valued random variables.
Let X denote the number of sets oft columns from which at least one q-ary t-letter word is
absent, and let X = E(X). Then dTv(^e(X),Po(X)) -*0asn^>ooifk> logn.

Proof The Stein-Chen approximation theorem yields, as before,
r - l p -,

dTV{2?{X), Po(A)) < P(7, = 1) + Y, E PUy = l | / i = 1) + P(/; = 1)
r=l j:\i n j\=r •" J

where X = E(X) = (?) \q'(l - q~')k - («')(1 - 2q~')k + ...] and P(/,- = 1) < q\\ - q")k.

We must show next that we can still approximate P(/; = 1 | /, = 1) by P(/; \ A\); with
the same notation as before, we have

P(/,- = 1 | /, = 1) = P(7, = 1 | A, U A2 U ... )
= l n Al) + P(ij = i n A2) + ...

U A2 U ...

(3.7)

The conditional probability P(/y = 1 | A\) is again dependent on the number r of
intersecting columns between the ith and the _/th sets of t columns. We use an analog
of the heuristic argument leading up to equation (3.4) to evaluate P(/y = 1 | A\) in the
general case; this argument can easily be made rigorous as in the proof of Theorem 3.1:
There are ql — 1 words in the ith set of columns. There are qr — 1 words in the intersecting
columns that we expect to appear qc~r times apiece, as parts of the q' — 1 words that are
assured to appear in the ith set. However, the qrt\i word in the intersecting columns is
only expected to appear as part of q'~r — 1 words. In other words, the probability that
any one of qr — 1 words appears in the intersection equals q'~r/(q' — 1), while the 'last'
word appears in the intersection with a probability of (q'~r — l)/(q' — 1). Now consider
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the probability pw that a word w appears across any one row of the 7'th set of t columns;
multiplying the previously obtained probabilities by l/q'~r, which is the probability of the
off-intersection of the jth set contributing the correct letters, the above discussion shows
that pw equals l/(q' - 1) for (qr - l)q'~r words, while pw = (q''r - l)/(q' - l)qc~r for the
remaining q'~r ws. We conclude that

P{Ij = 1 I A\) = P(Ij = 1 I /, = 1 and the ith set is missing exactly one word)

so that by equations (3.7) and (3.8)

Since the last three terms in the curly brackets tend to 0 as k —*• 00, it follows that

actually, it is a relatively easy (though tedious) matter to check that the term that
dominates in equation (3.9) is the one that corresponds to r = 1, in the sense that all the
terms in equation (3.9) go to zero when the one corresponding to r = 1 does. This is due
to the fact that, while the effect of a single set of t columns that intersects the given set
in a single column is minor, the overall effect of the huge number of such sets is quite
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significant. It now follows that dr\{^{X),'Po(k)) —> 0 provided that n —> co and

where (p{n) —• oo is arbitrary. This completes the proof of Theorem 3.2. •

Remarks.

(i) A Poisson approximation for the variable Xx, denned as the number of sets of
t columns for which X or more words are missing can be provided in a manner
similar to that in Theorems 3.1 and 3.2. In a similar spirit, multivariate Poisson
approximations can be given, using the Stein-Chen method, for the vector variable
(X[,X'2,...,X'b),b = qc — 1, where X'j represents the number of sets of t columns in
which exactly j words are not represented. In the absence of adequate combinatorial
motivation, however, we do not provide the proofs of these results.

(ii) One of the main lessons to be learnt from the Stein-Chen method is that a good
Poisson approximation is often possible for a sum X of indicators even though E(X)
is large; [3] contains a myriad examples along these lines. Let us see how this general
maxim applies in the context of our problem; for simplicity, we begin our discussion
by considering the case t = 3,q = 2. We know ([11]) that the best known bounds on
K(n,3,2) are

3.212 log n{l+o(l)} < K(n, 3,2) < 7.5644logn{ l + o(l)};

J. Michael Steele (personal communication) has raised the tantalizing question as to
whether limn_ooi

iC(n, 3,2)/logn even exists. Let Pfl,Pu and Pe denote, respectively, an
arbitrary measure, the uniform measure and the equal weight measure on {0,1}"*.
Roughly speaking, the first inequality above implies that Pa(X = 0) = 0 if the
expected number EU(X) of'deficient' sets of three columns is larger than KnZ3H under
the uniform assignment; to see this, we employ a first order approximation for EU(X)
and note that k = 3.2121og2n yields EU(X) « (J)8 • (7/8)k = g)8 • (7/8)3-2121o8" ~
(4nV3)23-2121o^7/8>10^" « 1.33n238. In a similar fashion, the second inequality reveals
that Pe(X = 0) > 0 and thus that PU(X = 0) > 0 if Ea(^) < nlM. Theorem 3.1
suggests, however, that EU(X) must grow at an even smaller rate for a viable Poisson
approximation to manifest itself: Xu « Po(X) if EU(X) < n0M.
In general, it is easy to check (as we do below) that

( t - l ) l o g n ( t - l ) logn tlogn
' \ i la'—l)a'~l i / a' \ ' \J.1\1)

r ) l o g ( j l _ 2 g £ . + 1 l ( t )
the quantities in the above inequalities signify the number of rows that (a) guarantee,
a la Lovasz, the existence of a t-covering; (b) ensure, a la Stein-Chen, that a Poisson
approximation is valid; and (c) yield E(X) = 1, respectively (the measures in question
are uniform in each case). The first inequality in equation (3.10) can be proved on
performing routine algebraic manipulations. The second, on the other hand, can be
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rewritten as

(3.11)

The elementary inequalities x/(l + x) < log(l + x) < x, when applied to equation
(3.11), lead to the condition t < q'~\ which is evidently true. This proves equation
(3.10), and establishes our claim that Stein-Chen approximation is valid Vt, q, provided
that E(X) —> oo at a slow enough rate.

(iii) It is evident that several of our results can be extended to the case where t and q tend
to infinity with n. We do not provide the details.
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