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Introduction to Liaison Theory Determinantal Ideals Skew tableaux

Definitions and Properties

A few definitions:

Definition

Let C1 and C2 be subschemes of X in Pn, with IX a complete
intersection contained in IC1 ∩ IC2 . If the following hold:

IX : IC1 = IC2

IX : IC2 = IC1

then we say C1 and C2 are linked by X , and denote this IC1 ∼
IX

IC2 .

Recall that A : B = {r ∈ R| rB ⊂ A}.

Definition

In this talk we will be concerned with G-linkage, where we only
assume that IX is Gorenstein.
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Definitions and Properties

A few definitions:

Definition

Liaison (or G-liaison) is the equivalence relation on
subschemes generated by linkage (or G-linkage).

If a subscheme is in the same G-liaison class as a complete
intersection, we say it is glicci.

Note that we use the terms “linkage,” “liaison,” and “glicci” in
reference to subschemes or their defining ideals interchangeably.

Theorem (Peskine, Szpiro)

If a subscheme is glicci, then it is Cohen-Macaulay.
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Definitions and Properties

A technique for producing links:

Let I and J be nontrivial homogeneous unmixed ideals of equal
codimension. Suppose H is a Cohen-Macaulay and generically
Gorenstein ideal with codim I = codim H + 1 and H ⊂ I ∩ J.

Definition

If J/H ∼= I/H(−h), then we say J is obtained from I by an
elementary G-biliaison of height h.

Theorem (KMMNP)

The ideals I and J above can be G-linked in two steps.
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Which determinantal ideals are interesting?

Ideals generated by a selection of minors in a matrix of
indeterminates show up all over the place (homogeneous ideals of
Segre or Veronese varieties, Schubert varieties, degeneracy loci,...).

Every standard determinantal scheme is arithmetically
Cohen-Macaulay, and the converse is true in codimension 2
(Hilbert-Burch Theorem).

Question

Given a matrix of indeterminates, what choices of minors will
generate a nice ideal?
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Which determinantal ideals are interesting?
Ideals generated by various subsets of t-minors in an m × n matrix
have been studied with linkage in [G, GMN, KMMNP], e.g.:

Matrix determinantal ideals

x x x x x x
x x x x x x
x x x x x x
x x x x x x
x x x x x x

It has been shown that:

These ideals are Cohen-Macaulay.

These ideals are glicci.

The minors form a Gröbner basis (for a suitable ordering).

The initial ideals are glicci.

9/ 27 Bill Robinson
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Which determinantal ideals are interesting?
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The minors form a Gröbner basis (for a suitable ordering).

The initial ideals are glicci.

9/ 27 Bill Robinson



Introduction to Liaison Theory Determinantal Ideals Skew tableaux

Which determinantal ideals are interesting?
Ideals generated by various subsets of t-minors in an m × n matrix
have been studied with linkage in [G, GMN, KMMNP], e.g.:

Symmetric ladder determinantal ideals

x x x
x x x x
x x x x x

x x x x
x x x

It has been shown that:

These ideals are Cohen-Macaulay.

These ideals are glicci.
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Proof technique
To prove the result for (mixed) ladder determinantal ideals, for
example, one links from a given shape to a smaller shape:

x x x
x x x
x x x x
x x x x x
x x x x x

∼ · · · ∼

x x
x x
x x x
x x x x

t × t minors (t − 1)× (t − 1) minors

This is done by an elementary biliaison on the t × t minors of:

x x x
x x x
x x x x
x x x x x

x x x x
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Aside concerning a lemma

To define an elementary biliaison between ideals F and G , one
finds an appropriate ideal H and ring elements f and g so that

f · F + H = g · G + H.

Many of the results mentioned above depend on a technical lemma
from a paper of Gorla to get the elementary biliaison.

Unfortunately, we have come across a gap in the proof. The
argument is based on an old determinantal formula called
Sylvester’s Identity, but the types of elements we are interested in
are not of a form where Sylvester’s Identity applies.
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Sylvester’s Identity

Taking minors in the non-shaded regions, we have:
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In the following lemma, we use some ad hoc notation. Let
M = (xi ,j) be an m × n matrix.

For A, B subsets of the row and column numberings, let (A|B)
be the minor of M with row indices A and column indices B.

Let Ã be the complement of A, B̃ the complement of B.

Let {A|B} = (−1)σ(A|B)(Ã|B̃), for some appropriate σ.

Lemma (Nagel-R)

Let A = {i1, . . . , it−1}, B = {k1, . . . , kt−1} represent row vectors
and U = {j1, . . . , jt−1}, V = {l1, . . . , lt−1} column vectors. Then

(A,m|U, n) · (B|V )− (A|U) · (B,m|V , n)

=
t−1∑
α

{B, iα|V , n} −
t−1∑
β

{A,m|U, lβ}.
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Example with t = 3

(Recall: an elementary biliaison looks like f · F + H = g · G + H).

So suppose we have something of the form f · a− g · b =

x1,1 x1,2 x1,3 x1,4 x1,5
x2,1 x2,2 x2,3 x2,4 x2,5
x3,1 x3,2 x3,3 x3,4 x3,5
x4,1 x4,2 x4,3 x4,4 x4,5
x5,1 x5,2 x5,3 x5,4 x5,5

·

x1,1 x1,2 x1,3 x1,4 x1,5
x2,1 x2,2 x2,3 x2,4 x2,5
x3,1 x3,2 x3,3 x3,4 x3,5
x4,1 x4,2 x4,3 x4,4 x4,5
x5,1 x5,2 x5,3 x5,4 x5,5

−

x1,1 x1,2 x1,3 x1,4 x1,5
x2,1 x2,2 x2,3 x2,4 x2,5
x3,1 x3,2 x3,3 x3,4 x3,5
x4,1 x4,2 x4,3 x4,4 x4,5
x5,1 x5,2 x5,3 x5,4 x5,5

·

x1,1 x1,2 x1,3 x1,4 x1,5
x2,1 x2,2 x2,3 x2,4 x2,5
x3,1 x3,2 x3,3 x3,4 x3,5
x4,1 x4,2 x4,3 x4,4 x4,5
x5,1 x5,2 x5,3 x5,4 x5,5
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Then our lemma says that f · a− g · b can be expressed as:

−

x1,1 x1,2 x1,3 x1,4 x1,5
x2,1 x2,2 x2,3 x2,4 x2,5
x3,1 x3,2 x3,3 x3,4 x3,5
x4,1 x4,2 x4,3 x4,4 x4,5
x5,1 x5,2 x5,3 x5,4 x5,5

·

x1,1 x1,2 x1,3 x1,4 x1,5
x2,1 x2,2 x2,3 x2,4 x2,5
x3,1 x3,2 x3,3 x3,4 x3,5
x4,1 x4,2 x4,3 x4,4 x4,5
x5,1 x5,2 x5,3 x5,4 x5,5

+

x1,1 x1,2 x1,3 x1,4 x1,5
x2,1 x2,2 x2,3 x2,4 x2,5
x3,1 x3,2 x3,3 x3,4 x3,5
x4,1 x4,2 x4,3 x4,4 x4,5
x5,1 x5,2 x5,3 x5,4 x5,5

·

x1,1 x1,2 x1,3 x1,4 x1,5
x2,1 x2,2 x2,3 x2,4 x2,5
x3,1 x3,2 x3,3 x3,4 x3,5
x4,1 x4,2 x4,3 x4,4 x4,5
x5,1 x5,2 x5,3 x5,4 x5,5

+

x1,1 x1,2 x1,3 x1,4 x1,5
x2,1 x2,2 x2,3 x2,4 x2,5
x3,1 x3,2 x3,3 x3,4 x3,5
x4,1 x4,2 x4,3 x4,4 x4,5
x5,1 x5,2 x5,3 x5,4 x5,5

·

x1,1 x1,2 x1,3 x1,4 x1,5
x2,1 x2,2 x2,3 x2,4 x2,5
x3,1 x3,2 x3,3 x3,4 x3,5
x4,1 x4,2 x4,3 x4,4 x4,5
x5,1 x5,2 x5,3 x5,4 x5,5

−

x1,1 x1,2 x1,3 x1,4 x1,5
x2,1 x2,2 x2,3 x2,4 x2,5
x3,1 x3,2 x3,3 x3,4 x3,5
x4,1 x4,2 x4,3 x4,4 x4,5
x5,1 x5,2 x5,3 x5,4 x5,5

·

x1,1 x1,2 x1,3 x1,4 x1,5
x2,1 x2,2 x2,3 x2,4 x2,5
x3,1 x3,2 x3,3 x3,4 x3,5
x4,1 x4,2 x4,3 x4,4 x4,5
x5,1 x5,2 x5,3 x5,4 x5,5
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Skew tableaux definitions

Definition

Let A = (xi ,j) be a matrix of indeterminates. A skew tableau T is
a subset of A such that if xi ,j and xi ,k are in T , then so is the
rectangular submatrix with xi ,j and xi ,k as lower corners and x1,j

and x1,k as upper corners.

For example, a skew tableau could have the following shape:

Form a skew tableau ideal by taking t × t minors in T .
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Skew tableaux definitions

Definition

Given a skew tableau T , we may consider it as embedded in the
upper half of a symmetric matrix A of indeterminates. A reflected
skew tableau S is the subset of A consisting of T and its mirror
image in the lower half of A.

For example, the following could be a reflected skew tableau:

x1 x2 x3 x4 x5 x6 x7

x8 x9 x10 x11 x12

x13 x14 x15

x16 x17

18/ 27 Bill Robinson
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Liaison with skew tableaux

For an ideal generated by 2× 2 minors in a skew tableau or
symmetric skew tableau, some nice properties are known:

Theorem (Corso, Nagel, Petrović, Yuen)

Fix the lexicographic monomial ordering. Then

The set of 2× 2 minors forms a Gröbner basis for I .

The initial ideal in(I ) is glicci.

These ideals arise in connection with blow-ups of edge ideals of
Ferrers graphs.
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Liaison with skew tableaux

Questions:

Following these results, we wish to answer the following questions
about skew tableau ideals and symmetric skew tableau ideals:

For the 2× 2 case, are the ideals glicci?

For the t × t case, are the ideals glicci?

Do the t × t minors form a Gröbner basis?

Are the initial ideals glicci?
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Liaison with skew tableaux

The 2× 2 symmetric case

Theorem (Nagel-R)

Symmetric skew tableau ideals generated by 2× 2 minors are glicci.

Note: this covers the non-symmetric case as well.

Corollary

Symmetric skew tableau ideals are Cohen-Macaulay.
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Liaison with skew tableaux

The 2× 2 symmetric case

Theorem (Nagel-R)

Symmetric skew tableau ideals generated by 2× 2 minors are glicci.

The proof analyzes 3 cases:

x1 x2 x3 x4 x5 x6 x7

x2 x8 x9 x10 x11 x12

x3 x8 x13 x14 x15

x4 x9 x13 x16 x17

x5 x10 x14 x17

x6 x11 x15

x7 x12
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Liaison with skew tableaux

The 2× 2 symmetric case

Theorem (Nagel-R)

Symmetric skew tableau ideals generated by 2× 2 minors are glicci.

The proof analyzes 3 cases:

x1 x2 x3 x4 x5 x6 x7

x2 x8 x9 x10 x11 x12

x3 x8 x13 x14 x15

x4 x9 x13 x16 x17

x5 x10 x14 x17
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Liaison with skew tableaux

The 2× 2 symmetric case

Theorem (Nagel-R)

Symmetric skew tableau ideals generated by 2× 2 minors are glicci.

The proof analyzes 3 cases:

x1 x2 x3 x4 x5 x6 x7

x2 x8 x9 x10 x11 x12

x3 x8 x13 x14 x15

x4 x9 x13 x16 x17

x5 x10 x14 x17

x6 x11 x15

x7 x12

Type 1: Completely in the unsymmetrized part.
21/ 27 Bill Robinson
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Liaison with skew tableaux

The 2× 2 symmetric case

Theorem (Nagel-R)

Symmetric skew tableau ideals generated by 2× 2 minors are glicci.

The proof analyzes 3 cases:

x1 x2 x3 x4 x5 x6 x7

x2 x8 x9 x10 x11 x12

x3 x8 x13 x14 x15

x4 x9 x13 x16 x17

x5 x10 x14 x17

x6 x11 x15

x7 x12

Type 2: Only 1 entry in the symmetrized part.
21/ 27 Bill Robinson



Introduction to Liaison Theory Determinantal Ideals Skew tableaux

Liaison with skew tableaux

The 2× 2 symmetric case

Theorem (Nagel-R)

Symmetric skew tableau ideals generated by 2× 2 minors are glicci.

The proof analyzes 3 cases:

x1 x2 x3 x4 x5 x6 x7

x2 x8 x9 x10 x11 x12

x3 x8 x13 x14 x15

x4 x9 x13 x16 x17

x5 x10 x14 x17

x6 x11 x15

x7 x12

Type 3: Exactly 2 entries in the symmetrized part.
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Liaison with skew tableaux

The t × t non-symmetric Case

Non-symmetric skew tableau ideals can be shown to be isomorphic
to ladder determinantal ideals, which are known to be glicci. For
the right choice of a monomial ordering, the minors form a
Gröbner basis and the initial ideals are also glicci.

x1 x2 x3 x4 x5 x6 x7

x8 x9 x10 x11 x12

x13 x14 x15

x16 x17

⇐⇒ x1 x2 x3 x7 x6 x4 x5

x8 x12 x11 x9 x10

x15 x13 x14

x16 x17
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Liaison with skew tableaux

The t × t symmetric case

Fact

For t > 2, the t × t minors in a reflected skew tableau do not
always form a Gröbner basis.

x1 x2 x3 x4 x5

x2 x6 x7 x8

x3 x6 x9 x10

x4 x7 x9 x11 x12

x5 x8 x10 x12

Our strategy in the 2× 2 setting was to follow the linkage pattern
for the initial ideals. Without the Gröbner basis result, this is not
possible.
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Liaison with skew tableaux

The t × t symmetric case

Partial Results

We are working on several questions:

What is the relationship between the number of “holes” in our
tableaux and the failure of the minors to be a Gröbner basis?

Can the liaison classification be found using our new lemma?

Can the liaison classification be determined in nice cases?
→ With no holes we have a linkage algorithm

(and we are checking details...).
→ With one hole we have a linkage algorithm

(and we are checking several details...).
→ With arbitrary holes, we are still working on the right
definition of our class of ideals

(but we have positive experimental evidence).

24/ 27 Bill Robinson
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Partial Results
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(but we have positive experimental evidence).
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Liaison with skew tableaux

Back to our questions:

We asked the following questions about skew tableau ideals and
symmetric skew tableau ideals:

For the t × t non-symmetric case,

Do the minors form a Gröbner basis?

X

Are the initial ideals glicci?

X

Are the ideals glicci?

X

For the 2× 2 symmetrc case, are the ideals glicci?

X

For the t × t symmetric case (t ≥ 3),

Do the minors form a Gröbner basis?

X

Are the initial ideals glicci?

?

Are the ideals glicci?

?
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Are the initial ideals glicci? X
Are the ideals glicci? X

For the 2× 2 symmetrc case, are the ideals glicci?

X

For the t × t symmetric case (t ≥ 3),

Do the minors form a Gröbner basis?
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Liaison with skew tableaux

Thank you
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