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Reviewed by Will Traves

Recently, I published a paper [4] in this MONTHLY in which I praised a new book
by Jürgen Richter-Gebert, Perspectives in Projective Geometry. I based my appraisal
mainly on the first chapter, an enthralling discussion of Pappus’s theorem, but Perspec-
tives fulfills all its initial promise.

Projective geometry differs from Euclidean geometry in that we augment the usual
Euclidean spaces Rn and Cn by adding points at infinity in such a way that every
set of parallel lines meets at an infinite point and, together, the infinite points form a
hyperplane. We can realize the n-dimensional projective space Pn as the set of one-
dimensional subspaces of an (n + 1)-dimensional vector space. Representing each
subspace by any of its nonzero points, we obtain homogeneous coordinates for Pn;
each nonzero tuple (x0, . . . , xn) represents a point in Pn , and two such tuples represent
the same point when one is a scalar multiple of the other.

Lines in P2 correspond to two-dimensional subspaces in a three-dimensional vector
space. The points on such a hyperplane satisfy a linear equation a0x0 + a1x1 + a2x2 =
0. Identifying the line with the tuple a = (a0, a1, a2), we see that scalar multiples
define the same line. So the set of lines in P2 forms its own copy of P2, called the dual
P2 and denoted P2∗. Identifying each point (x0, x1, x2) ∈ P2 with x2 ̸= 0 with the point
(x0/x2, x1/x2) in the usual Euclidean plane, the points with x2 = 0 lie on the line at
infinity.

The general linear group GL(3) acts on P2, sending any four points in general po-
sition (no three collinear) to any other four points in general position. The geometry
of P2 is mostly concerned with invariant properties such as incidence relations among
lines, a topic formally encoded in Grassmann’s algebra of meets and joins. Pascal’s
theorem is an appealing example of this kind of result involving any hexagon whose
vertices lie on a conic, as illustrated in Figure 1 (left). Pascal’s theorem says that if we
extend the three pairs of opposite edges of the hexagon until they meet, then the three
points of intersection must be collinear. Collinearity is nicely encapsulated by bracket
notation. Given points P1, P2, and P3 in P2 we fix homogeneous representatives of
the points and write [123] for the determinant of the 3 × 3 matrix whose columns are
given by the homogeneous coordinates of the three points. Three points are collinear
if and only if their bracket vanishes.

Brianchon dualized Pascal’s theorem in a beautiful way, illustrated in Figure 1
(right). Each tangent line a0x0 + a1x1 + a2x2 = 0 to a fixed conic C dualizes to a
point (a0, a1, a2) in and the collection of such points C∗ itself forms a conic in P2∗.

http://dx.doi.org/10.4169/amer.math.monthly.122.04.398
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Figure 1. Pascal’s theorem (left) and Brianchon’s theorem (right)

Since duality respects incidence, the dual to Pascal’s theorem becomes: If a hexagon
circumscribes a conic then the lines joining opposite vertices are coincident.

The cross ratio plays a central role in Richter-Gebert’s account of projective geom-
etry. Given four collinear points A, B, C , D, and a point O not on this line, the cross
ratio is

(A, B; C, D) = [O, A, C][O, B, D]
[O, A, D][O, B, C]

.

The representation of the cross ratio in terms of brackets makes it clear that the cross
ratio is invariant under the action of GL(3). Moreover, one can define the cross ratio
of four labeled concurrent lines in P2 by duality. This value agrees with the cross ratio
of the four points of intersection of these lines with any common transverse line L and
is independent of L . It then turns out that P1 and P2 lie on the same conic through
points Q1, Q2, Q3, and Q4 precisely when the cross ratio of the lines P1 Q j equals the
cross ratio of the lines P2 Q j ( j ∈ {1, 2, 3, 4}). This result leads to an algebraic condi-
tion characterizing when six points lie on a conic: Six points lie on a conic precisely
when [123][156][246][345] = [456][234][135][126]. The brackets among points are
not independent; in particular, using Cramer’s rule one can show that they satisfy the
Grassmann-Plücker relations:

[123][456] − [124][356] + [125][346] − [126][345] = 0.

Setting points 1 and 6 equal, we get the three-term Grassmann–Plücker relation

[123][145] − [124][135] + [125][134] = 0,

an observation that leads to a nice proof of Pascal’s theorem, which is worth reproduc-
ing nearly verbatim from pages 20 and 21. Using the notation in Figure 1, “we obtain
the following determinant equations:

conic: =⇒ [125][136][246][345] = +[126][135][245][346]
[159] = 0 =⇒ [157][259] = −[125][597]
[168] = 0 =⇒ [126][368] = +[136][268]
[249] = 0 =⇒ [245][297] = −[247][259]
[267] = 0 =⇒ [247][268] = −[246][287]
[348] = 0 =⇒ [346][358] = +[345][368]
[357] = 0 =⇒ [135][587] = −[157][358]
[987] = 0 ⇐= [297][587] = +[287][597]
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The first line encodes that the points 1, . . . , 6 lie on a conic. The next six lines
are consequences of Grassmann–Plücker relations and the six collinearity hypotheses
of our theorem. If we multiply all expressions on the left and all expressions on the
right and cancel determinants that occur on both sides, we end up with the last expres-
sion, which (under the nondegeneracy assumption that [157] ̸= 0) implies the desired
collinearity of points 7, 8 and 9.”

Richter-Gebert calls this a binomial proof since it only involves polynomials in the
brackets with two terms. Many of the proofs in the book have a similar invariant ap-
proach, and as the book progresses, brackets start to play a more central role, replacing
coordinates entirely. For instance, two chapters are devoted to diagram methods that
express invariant tensors in terms of brackets. In addition to the invariant-theoretic
techniques, many results in the book have an algorithmic, even constructive, flavor
that may seem old-fashioned until you recall that Richter-Gebert is one of the develop-
ers of the Cinderella interactive geometry system [3] that treats Euclidean, projective
and even hyperbolic geometry, after which the approach feels quite modern. That is
one of the joys of this book: It serves to archive old results but in the best possible
way—by restating them in modern notation and by connecting them to current devel-
opments in geometry, such as realizability for oriented matroids, quantum information,
and singularities of algebraic curves.

It is well understood that working with complex numbers rather than real numbers
can have geometric advantages. For instance, Bézout’s theorem says that two curves
of degrees d and e meet in de points in P2 if we allow complex coordinates and count
points with appropriate multiplicities. Two distinct circles must meet in four points by
Bézout’s theorem, but they clearly cannot meet in more than two real points. The other
two points lie on every circle in the plane, but we can’t see them in our usual Euclidean
geometry since they are complex and lie at infinity. Indeed, both I = (i, 1, 0) and
J = (−i, 1, 0) lie on every circle since each circle is determined by an equation of
the form (x − az)2 + (y − bz)2 = r 2z2 in P2. Though projective geometry is often
concerned with invariant properties of points in the plane, the points I and J can be
used to recover Euclidean distances and angles. Indeed, Laguerre’s formula measures
the angle between two lines that meet the line at infinity at points M and L as

1
2i

· ln((M, L; I, J )) (modulo π).

The distance between points P and Q can be measured as

|PQ| =
√

[P, Q, I ][P, Q, J ][A, I, J ][B, I, J ]√
[A, B, I ][A, B, J ][P, I, J ][Q, I, J ]

,

where |AB| = 1 is a reference length. Using properties of determinants one can check
that this expression is invariant under the action of GL(3); that is, the distance does not
depend on our coordinate system.

The proper way to think about conics is really as pairs (C, C∗) consisting of a conic
C and its dual conic C∗, a viewpoint that is brought home in the section of the book
devoted to measurement. Here, Laguerre’s formula is generalized to measure angles
and distances relative to a pair of dual conics, giving rise to various Cayley–Klein
geometries. The Euclidean metric is associated to the degenerate case where C is a
real double line (e.g., z2 = 0) and C∗ is a pair of complex points on C (e.g., I and J ).
When both C and C∗ are complex nondegenerate conics, we obtain elliptic geometry,
in which the distance between points in P2 is obtained as the shortest distance between
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two representatives of the points on a sphere centered at the origin in three-dimensional
space. In the special case where the two conics are both nondegenerate and real, the
geometry is hyperbolic. When C consists of two real lines and C∗ is the double point
at their intersection, the geometry is the Minkowski geometry, which plays a crucial
role in the theory of special relativity. The last 150 pages of the book are devoted to a
study of Cayley–Klein geometries, with an emphasis on hyperbolic geometry.

It helped me a lot to have a list of problems in mind while reading Perspectives.
As I learned new ideas, I tested them on my problems, a practice that made the book
come alive for me. This process helped me appreciate the book as a rich source of
possible research questions. One particularly fruitful problem was to understand the
following recent result due to Fisher, Hoehn, and Schröder [2], illustrated in Figure 2.
Let A1, . . . , A5 be five points in the plane in general position and define five further
points B1, . . . , B5 by Bi = Ai Ai+2 ∩ Ai−1 Ai+1 (indices calculated modulo 5) as well
as five circles !i = Ai Bi Ai+1, then the radical axes of the circles (the dashed lines in
Figure 2) passing through the original points Ai are concurrent. I was curious: Can
we generalize the result to conics other than circles? Is there an invariant-theoretic
proof of the result? A binomial proof? And what does the result look like in non-
Euclidean Cayley–Klein geometries? I did find an invariant proof of the analogous
result for general conics but didn’t get very far in thinking about the result in more
general Cayley–Klein geometries. Unfortunately I couldn’t find a binomial proof, de-
spite many tantalizing hints that the result admits one. Perhaps one of the readers of
this review will be more successful!
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Figure 2. A five-circle incidence theorem

This is a wonderful book. The many color figures in the book add to its appeal, and
the level of exposition is quite high. It requires very little background from the reader.
A first course in linear algebra is sufficient, though large portions could be appreciated
with even less preparation. I had to stop every few pages to note some remarkable fact
or new way to approach a subject that I felt I knew quite well. In the pure density of its
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beautiful results, it can be compared to Coxeter and Greitzer’s more elementary clas-
sic, Geometry Revisited [1]. However, I found some aspects of the book distracting.
The text would be more suitable for a class if it contained exercises for readers to test
their understanding of the material, although these are readily available elsewhere. At
times, the translation felt unfinished; words like Cevaexpression and Menelausproof
remain. The book is filled with amusing and enlightening quotations, but it would
have been helpful to provide translations for those that appear in a language other than
English. In order to indicate a preference for computing with brackets rather than co-
ordinates, brackets are described as “first-class citizens,” an inapt phrase but one that
led me to think more critically about citizenship and immigration policies in Europe,
Canada, and the United States. In this sense, Perspectives reflects both our mathemat-
ical biases and our cultural viewpoint, something that is always true in mathematical
writing, although we often try to suppress it. Despite such minor issues, the book
makes accessible a wealth of important results and it deserves to be read widely.
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Solution to A Base Conversion Surprise

The solution to A Base Conversion Surprise (found on p. 366)
is 0.AM M AM M AM M . . ..
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