
Lecture on 2-14, 2-19 and ... SA305 Spring 2014

1 Talking about algorithms and math of linear programs

Let’s talk about the following example.

Example 1.1. Sophia has a school bag which can carry 18 pounds. She has enumerated different
items she can take with their weights and values. She can take multiple copies of items and
receive value for each one. How should she pack her bag to get the maximum value?

Item 1 2 3 4
Value 10 8 4 1
Weight 7 5 5 2

This is called a knapsack problem.

Let’s first view this as an integer program. Again, let’s define what it means the be an “answer”.
First recall that a feasible solution is a set of values of the decision variables that satisfy the
constraints. In this case the constraints include the integrality condition. SO this is an integer
program NOT a linear program.

Suppose we had a feasible solution say 0 1’s, 0 2’s, 2 3’s and 4 4’s. That’s at the maximum weight.
There the value is 12. Now if we add a 2 and take away a 3 we the same weight but the value go’s
up by 4 to 16. Do this switch one more time and we get the same maximum weight but again the
value go’s up 4 to 20.

Now we can not increase and decrease by one anymore to get a better value without missing the
weight restriction. This is called a local optimal solution. Let’s make this a little more precise.

Definition 1.2. A neighborhood of a vector/point ~v in Rn is a subset N ⊆ Rn such that if a
vector ~w is close to ~v then ~w ∈ N .

This is still very vague and we will make it completely precise later, but for now let’s talk about
our example. Our neighborhood about the vector [0, 2, 0, 4] is the set of all other feasible solutions
that you get from [0, 2, 0, 4] by adding and subtracting one value from each coordinate. Call this
neighborhood N . Then [0, 2, 0, 4] gives the highest value in this neighborhood. This is the
definition of a local optimal solution.

Definition 1.3. A local optimal solution of a feasible neighborhood N (i.e. a neighborhood where
all the points are feasible solutions) is the optimal solution to the problem where restricted to N .

Now the question is is this the best overall solution?
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Unfortunately NO.
The actual optimal solution is one 1, two 2’s, 0 3’s and 0 4’s. This is what is called a global
optimal solution.

Definition 1.4. A global optimal solution is a solution that is more optimal than all other all
other solutions in the feasible region.

In this example AMPL tells me that the global optimal solution is [1, 2, 0, 0].

Now suppose that the items represented some fluids that can have non-integer values. Then we
might be able to get more value. This would mean that the variables are no longer restricted to
being integers. This is called a relaxation of our problem.

Definition 1.5. An LP-relaxation of an integer program is just the same mathematical program
with the integrality constraint removed.

With this lets see if we can find a better solution from [0, 0, 2, 4]. If we were to go in the direction
of the gradient ∇f where f = 10s1 + 8s2 + 4s3 + s4 for c units then we get

[10c, 8c, 2 + 4c, 4 + c].

Which has better value since we went in the gradient direction. However, now we are outside of
our weight restriction since

7 ∗ 10c+ 5 ∗ 8c+ 5 ∗ (2 + 4c) + 2 ∗ (4 + c) = 132c+ 18.

Hence we need to find another direction to go. If we stay in the set of solutions to the constraint
equation then we will remain feasible. To discuss this further we will need the following definition.

Definition 1.6. A hyperplane in Rn is the solution set to a linear function.

Example 1.7.

1. A hyperplane in R1 is a point since an equation with one variable looks like ax = b.

2. A hyperplane in R2 is a line since a linear equation there looks like

ax+ by = c.

3. A hyperplane in R3 is a plane since a linear equation with three variables looks like

ax+ by + cz = d.

4. For higher dimensions we do not have different words for these linear spaces and just call all
of them hyperplanes.
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Now our solution is on the hyperplane of the constraint. This is a particular case that we need to
highlight.

Definition 1.8. For a solution ~x a constraint is said to be an active constraint at ~x if the
constraint is satisfied at equality on ~x. These are also called tight or binding.

So if we stay in the hyperplane of the constraint

7s1 + 5s2 + 5s3 + 2s4 = 18

and choose our direction wisely we will be going in at least a direction where our solutions are
feasible.

Definition 1.9. A feasible improving direction from a current solution ~xk is a direction vector
~d 6= ~0 such that there exists Λ > 0 such that for all 0 < λ ≤ Λ the solutionss

~xk + λ~d

are feasible and give a better value for the objective function than ~xk.

Which way should we go in this hyperplane? Using just our own insight we want to increase our
s1,s2, or s3 values and decrease our s4. So let’s say that we decide to take out .2 out of s4 to make
it 3.8. Then how much can we increase s1? Well we just need to look at the hyperplane and solve

7s2 + 5 ∗ 0 + 5 ∗ 2 + 2 ∗ 3.8 = 18

means that s2 = 4/70. Then our objective function is

10 ∗ (4/70) + 0 + 8 + 3.8 ≈ 12.37.

This is larger than 12 and is still feasible so ~d = [4/70, 0, 0,−.2] is a feasible improving
direction.

Now suppose we had thousands of variables and it wasn’t so easy to see the improving direction.
How would we decide what the improving direction is? This is the key to this course and is very
nice. To do it completely correct we will need some more notions. But first let’s talk about what
we would need for a direction to be improving.

A direction ~d is improving from a location ~x if the objective function, here let’s call it f(~x),
increases if you go in that direction. Using the tools you learned in Calculus III this means that
the Directional Derivative in that direction

D~d/|~d|f(~x) > 0.

But recall that the directional derivative is just the dot product with the gradient vector:

D~d/|~d|f(~x) = ∇f(~x) ·
~d

|~d|
.

Hence we have the following results:
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Proposition 1.10. If we are trying to maximize an objective function f from a location ~x then

1. ∇f(~x) is an improving direction (not neccessarily feasible)

2. a vector ~d is an improving direction (not neccessarily feasible) if the directional derivative is
positive

D~d/|~d|f(~x) > 0.

Proposition 1.11. If we are trying to minimize an objective function f from a location ~x then

1. −∇f(~x) is an improving direction (not neccessarily feasible)

2. a vector ~d is an improving direction (not neccessarily feasible) if the directional derivative is
positive

D~d/|~d|f(~x) < 0.
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