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1 Corner Points

Here we will begin to answer the question in our general improving search algorithm that
asks what improving direction should we go. It turns out that for any bounded linear
program there is a corner point who is a global optimal solution. However this is
very loosely stated and we need a rigorous foundation so that we can construct an algorithm.
Also just to make the definitions of corner points we need a few basic definitions from linear
algebra.

Definition 1.1. A set of hyperplanes {H1, . . . , Hk} is linearly independent if the collection
of normal vectors {~n1, . . . , ~nk} is linearly independent.

This gives us one of our crucial view points here:

Proposition 1.2. If {H1, . . . Hn} is a set of linearly independent hyperplanes then

n⋂
i=1

Hi = ~0.

Now we will state an essential definition for our studies.

Definition 1.3. Let S be a polyhedral set of dimension n defined by linear inequality and
equality constraints. A solution ~x is called a basic solution if

1. ~x must satisfy all the equality constraints.

2. At least n inequality constraints are active at ~x.

3. These active constraints are linearly independent.

Now, if ~x is also feasible then we call it a basic feasible solution.

These basic feasible solutions are basically the “corners” of our feasible region. Let’s
relate these to the following similar definition in the setting of convexity.

Definition 1.4. Let S ⊆ Rn be a convex set. A solution ~x ∈ S is an extreme point of S if
there does not exist solutions ~y, ~z ∈ S such that ~x is not on the line segment between ~y, ~z
with ~x 6= ~y, ~z.

If S is not a polyhedral set then the definition of a basic feasible solution does not make
any sense. However, on a polyhedron these two notions turn out to be the same.

Theorem 1.5. Let S be a polyhedral set in Rn. Then ~x is an extreme point of S if and only
if ~x is a basic feasible solution.
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Sometimes it happens that there are more than n constraints active at an extreme point.
In this case the basic feasible solution is called degenerate. Now we want to talk about
cases when these extreme point are close to each other. To do this we need the following
definition.

Definition 1.6. An edge of a n-dimensional polyhedron S is the set of solutions formed by
the intersection of n− 1 hyperplanes.

Definition 1.7. Two extreme points of a polyhedron S are adjacent if the line segment
joining them is an edge of S.

Do these extreme points exist and when are they next to each other? Also how do we
find them? These are key questions to answer for us finding a nice algorithm to solve LP’s.
The following is the first crucial result for this.

Theorem 1.8. If S ⊆ {~x ∈ Rn|~x ≥ 0} is a non-empty polyhedron then S has an extreme
point.

Corollary 1.9. If S ⊆ {~x ∈ Rn|~x ≥ 0} is a non-empty polyhedron then S has finitely many
extreme points.

Corollary 1.10. A a non-empty polyhedron S does not have any extreme points if and only
if S contains a line.
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