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Angular Momentum Eigenfunctions

A particle is confined to the surface of a sphere. Its wave function is given by

1

1 o,
U(l, ¢) = 21 2
0 otherwise

meaning that the particle is confined to the northern hemisphere but its wave
function is uniform over that hemisphere. You measure L?; what is the probability
that the answer will be 2A%?
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Note: the three spherical harmonics with [ = 1 are Y = 7.8 6, and
T

Vi =54/ 83 sinf eT. dQ) = sin@dh dp. Always do the ¢ integral first: for two of
T

/2 1
the three this will be zero. Also, / cosfsinf df = X
0
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Solution:
A L? eigenvalue of 2h? corresponds to [ = 1. There are three states with [ = 1:
m = —1, 0, +1. The probability of measuring 2A? is Popz = |c1._1]*+|c10/*+|c1.41]?

2r  pw
where ¢1,, = (1 m|¥) = /(Ylm)* U dQ) = / / (Y{™)* W sin 0 df do.
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27
e™?d¢ = 0 for any nonzero integer m (and 27w when m = 0). This wave

function had no ¢-dependence, therefore ¢; +; = 0.

27 /2 3 ¥ 1
1o = / dgb/ —cosf —sin 6 df
’ 0 0 47T 2w

where I've done the integral only up to 6 = g because W is 0 at higher angles.
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Cl0 = 27 @/ cosfsinfdf = 2w @5:\/;
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The probability of measuring 2A” is Pz = 3= 0.375




