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Question #1:

(a) [L̂2, L̂z] = [L̂2
x, L̂z] + [L̂2

y, L̂z] + [L̂2
z, L̂z]

[L̂2
x, L̂z] = L̂x[L̂x, L̂z] + [L̂x, L̂z]L̂x. [L̂x, L̂z] = −iℏL̂y so therefore

[L̂2
x, L̂z] = −iℏ(L̂xL̂y + L̂yL̂x).

[L̂2
y, L̂z] = L̂y[L̂y, L̂z] + [L̂y, L̂z]L̂y. [L̂y, L̂z] = iℏL̂x so therefore [L̂2

y, L̂z] =

iℏ(L̂yL̂x + L̂xL̂y).

[L̂2, L̂z] = −iℏ(L̂xL̂y+L̂yL̂x)+iℏ(L̂yL̂x+L̂xL̂y)+0 = 0 and therefore [L̂2, L̂z] = 0

(b) [L̂±, L̂z] = [L̂x ± iL̂y, L̂z] = [L̂x, L̂z]± i[L̂y, L̂z]

[L̂x, L̂z] = −iℏL̂y and [L̂y, L̂z] = +iℏL̂x

Therefore [L̂±, L̂z] = −iℏL̂y ± i(iℏL̂x)

±i2ℏL̂x is the same as ∓ℏL̂x so [L̂±, L̂z] = −iℏL̂y ∓ ℏL̂x

We can write a −1 as −1 = ±∓ (i.e those factors always give a negative). So we
can then factor a ∓ out front and get [L̂±, L̂z] = ∓(±ℏL̂y + ℏL̂x)

[L̂±, L̂z] = ∓ℏ(L̂x ± L̂y) = ∓ℏL̂±
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Question #2:
(a) P0ℏ2 = |c0,0|2 where c0,0 = ⟨Y 0

0 |Ψ⟩
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∫ 2π

0

∫ π

0

1√
4π

·
√

3

8π
sin θ sin θ dθ dϕ
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32

P0ℏ2 =
3π2

32
≈ 0.9253

(b) P2ℏ2 = |c1,0|2 + |c1,+1|2 + |c1,−1|2. We know c1,±1 = 0 because there is no ϕ
dependence in Ψ.

c1,0 =

∫ 2π

0
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0
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(
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) ∣∣∣∣π
0
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P2ℏ2 = 0
(b) P6ℏ2 = |c2,0|2 + |c2,+1|2 + |c2,−1|2 + |c2,+2|2 + |c2,−2|2. Again, we know that only

c2,0 can be nonzero because there is no ϕ dependence in Ψ.

c2,0 =

∫ 2π

0
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P6ℏ2 =
15π2

2048
≈ 0.0723
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Question #3:

(a) L̂z|Ψ(t)⟩ = 1
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(b) L̂y =
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(L̂+ − L̂−) so therefore

L̂y|Ψ(t)⟩ = 1
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