SP425: Advanced Quantum Theory Lecture Notes: Chapter 4

Angular Momentum

We will know look at angular momentum in quantum mechanics.
We'll start with a quick reminder about the canonical commutation
relation: [Z, p,] = [§, Dy] = [2, D] = ih. It is also the case that
momentum and position operators along orthogonal directions will in
fact commute: [Z, §] =0, [ps, D] =0, [Z, py] = 0, etc.

Angular momentum is defined as L = r x p. EXpandlng this cross
product we obtain L, = = Up. — 2Dy, L = Zp, — TP,, and L,= = TPy — YPa-
We can use the canonical commutation relation on these:

[ ] [ ﬁz éﬁgp Aﬁ - fﬁz]
[Aﬁ 213 ] [gﬁ Zﬁﬁz] - [éﬁyv éﬁx] + [éﬁya fﬁz]
[Aﬁ 2]5 ] [@ f]pz - 2[13117 ﬁx] + [215117 fﬁz]
=19

p 2p ] [zpy, TP

Because position and momentum components along orthogonal di-
rections commute we are allowed to rearrange these terms so long as
we never reverse the order of a position and momentum operator along
the same direction: yp.Zp, = yp.p.2 for example.

Loy Ly) = 90u-2 — 9Pa2D + 2P, 2P — 2D,p.2
= 9p:(D-2 — 2D.) + &Py(2D: — P-2)
= —0D«[2, P:] + 2Dy[2, D]
= —{pyili+ ip,ih = ih(2p, — §p.) = ihL,
We therefore find that the various components of the angular mo-

mentum vector do not commute with each other: [Lx, L ] z'hﬁz, as
well as the cyclic permutations [L,, L.] = ihl, and [L,, L,] = ihL,.
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This means that there will be an uncertainty relation between any
two components of angular momentum: these are incompatible ob-
servables. Put another way, it is not possible to construct a set of
functions that are simultaneous eigenfunctions of all angular momen-
tum coordinates.

Now we will determine the commutator of L2 (the square of the
angular momentum, which obviously tells us its magnitude) with L..

(L%, L) = [L3, L.+ [L}, L]+ [L2, L.]
ﬁ (L., L) + L., L)L, + L,[L,, E] [L,, L.]L, +0
L.(=ihL,) + (—ihL,)L, + L,(ikL,) + (ihL,)L,

A

:z'h(—LL — LyLy+ Lyl + L,L,)=0

where in the second line I've used the relation [AB, C] = A[B, C]+
[A C’]B It can similarly be shown that L? also commutes with both
L, and L .Therefore it IS possible to construct a complete basis of
functions that are simultaneous eigenfunctions of both L?and L.. This
is what we will do. Note: it is conventional to choose L. here, but the
z-axis is not unique and any other axis could have been chosen instead.

Let us say that function f is a simultaneous eigenfunction of these
two operators A2f = \f and L .f = pf. Now let us define [A/+ =
L, + ZL as the ralsmg operator. You can prove that [Lz, L+] =
L.L, — L+L — +hL.. Now we ask ourselves, what is L.L. f? Using
the commutation relation, L.L,f = (L. L. + hL.)f. We know that
L.f= wf, so applying this we end up with L L+f (,LL+h)L+f This
means that if f is an eigenfunction of L. then L, f is also an eigen-
function of . with an eigenvalue that is bigger than the eigenvalue
of f by a difference of +h. Or L. is a raising operator that raises an
eigenfunction to the next highest ‘rung’ on a ladder of eigenfunctions.
By the same logic, L. =1,- zZALy is the lowering operator because
G i) = —ni
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[L?, L.] = 0. Therefore L2L, f = AL, f: after applying the raising
operator the resulting function is still an eigenfunction of L? with the
same eigenvalue. The raising operator can not be applied forever:
the z-component of the angular momentum can’t be bigger that the
magnitude of the angular momentum. Therefore the must be a ‘top
rung’ to the ladder. We’'ll call this top rung f;, and we know that
lA/+ft = 0. (Why do we know this? Our logic that f/+ft must be an
eigenfunction of L, still stands. But we know that we can’t raise this
state any higher. The way to cut this Gordian knot is that the function
0 is an eigenfunction of any operator.) So this leaves us with:

Lifi=0 L*fi=X\f L.fi=hif,

In the last equation we have not yet made any assumptions about [:
this just states that there is some eigenvalue and we will define [ such

that the eigenvalue is hl. With some algebra, it is possible to show
that L?> = L_L, + L? + hL,. Therefore

L2y =L Lo fi+ L2f + BL.fi = 0+ (RD2f + B(RD) f, = K2I(L+ 1) f,

Repeating this logic, there will be a ‘bottom rung’ f; such that

L fy=0 IL*f,=X\fy, L.fy=—hlf,

and because L2 = L, L_+L2—hL. we again have L2 f, = R2(I+1) f;.

There must be an integer number of steps between the top rung and
the bottom rung, which implies that 2[ is an integer. This is important
to note: This operator based theory allows for [ to be either an inte-
ger OR A HALF INTEGER. However, it turns out that normalizable
eigenfunctions exist only for integer values of [ (these eigenfunctions
being the spherical harmonics). You might know by now that half-
integer values ARE allowed for intrinsic (spin) angular momentum.

Because spin is truly intrinsic spin states are not functions of # and ¢
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- they aren’t functions at all. For that reason the half-integer values
allowed by this operator theory are fully valid. Putting it all together
we have angular momentum eigenstates |l m):

LAlm) =RII+D)lm) L.l m) =mh|l m)
Li|lm) = JI(1+1) —m(m £ 1)l (m 1))
1=0,1,2 3 ... m=—l, —l+1, .., 1-1,1

At this point it is worth it to think a little about degeneracy. There
are three distinct states that are eigenstates of the L? operator with
eigenvalue 2h%: |1 — 1), |1 0), and |1 + 1). Now when I describe
these states as distinct I mean that they are mutually orthogonal:
(I ma|la ma) = 61,1,0m,.m, where the Kronecker § functions show us
that this inner product is zero unless the two states are the same.

So there are three distinct states with the same eigenvalue. There-
fore we would say that the 2k2 eigenvalue of L? has a three-fold de-
generacy or a degeneracy of three. But are those three states the only
three states with this eigenvalue? No, any linear combination of these
three states, such as %Hl — 1)+ |1 0)+ |1 + 1), will also be en
eigenstate with this same eigenvalue. But that doesn’t increase the
degeneracy because this new state is obviously not orthogonal to the
three states we had earlier.

So we say that the L? = 2h? state is three-fold degenerate. So we can
construct a basis with three distinct states that share this eigenvalue.
But there are infinitely many different ways of choosing the three states
and all are in some sense equally valid. We typically choose |1 — 1),
11 0), and |1 + 1) as the three states. But the z-axis is not unique or
special. We could just as easily choose the x-axis or the y-axis (or any

other direction) as our quantization axis. If we chose the z-axis as out
quantization axis we might say that |1 — 1)) 1 0)® and [1 +1)®
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are the three states that are simultaneous eigenstates of both the L?
and L, operators. Those three states are mutually orthogonal with
each other, but each one can be written as a linear superposition of
the states that are eigenfunctions of L, that we normally use.

And there are other possible bases as well. Chemists refer to or-
bitals with [ = 1 as p orbitals. Chemists describe the three states as
the p,, p,, and p, orbitals. The p, orbital is just the |1 0) state that we
typically use. But the other two orbitals are linear superpositions of
the [I —1) and |1 +1) states. The p, orbital is %[—\1 +1)+]1 —1)]
while the p, orbital is ﬁ“l + 1)+ 1 —1)].

Angular Momentum Eigenfunctions

So far we have used the algebraic operator theory to determine the
angular momentum eigenvalues. But what are the eigenfunctions? In
spherical coordinates the angular momentum operator can be written
as L = %(¢% — 98111196%). If we write the eigenfunctions as f;" that
gives us the differential equations

2

sin 6 90 90) " sin26 H¢?
T rm h 0 m m
L.fi" = ;%fl = mhf]

These are identical to the angular equations that were already solved,
so we know the eigenfunctions are just the spherical harmonics! There-
fore Y,"(0, ¢) is the eigenfunction for a state with angular momentum
quantum number [ and m. This explains why [ needs to be an integer:
normalizable solutions only exist to these equations for integer [.
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A Complete Set of Commuting Observables

It is now worthwhile to spend a bit more time exploring what it
means when we do quantum mechanics in three dimensions. First we
can look back on the simpler one dimensional case. The key insight
here is that in one dimensional problems there is never any degeneracy.
This means that, for a one dimensional problem, there will never be

two distinct wavefunctions that have the same energy. The obvious

(simplest) example is the infinite square well: the stationary state
, 2 . (n7T _ _ n?m2h?

wave function are v, = /—sin |—— | with energies F, = .
a a 2ma?

Each energy eigenvalue corresponds to an F, with some value of n,
and each value of n has only one associated stationary state 1),.

o This is a one dimensional problem, so we need one quantum num-
ber to list out the allowed stationary states. This quantum number
is just n.

o Because there is no degeneracy, the list of stationary states is
unique. The stationary states list that we wrote above is the only
valid way of writing the stationary states (up to a complex phase
for any state, which is arbitrary).

We will see that neither of these remain true for problems in more
than one dimension. We will consider a 3D simple harmonic oscillator:
V = ;mwQTQ = ;moﬂ(xQ + 9% + 2?). In the broadest sense we start
with the question: do we solve this problem in Cartesian coordinates of
in spherical coordinates? If we choose Cartesian coordinates we would
proceed using separation of variables, and we find that the portion
of the stationary states along each direction can be reduced to a one
dimensional simple harmonic oscillator. This leaves us with

3
wnw,ny,nz (.I, Y, Z) = ¢nw(x)wny(y)¢nz (Z) and Enx,ny,nz = hw (nx +ny+n,+ 2> .
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We see two facts right away:

e This is a three dimensional problem, so we need three quantum
numbers to list out the possible stationary states. In this case the
three quantum numbers were n,, n,, and n..

e There will be degeneracies for most energies. There will be more
than one combination of these three numbers that add up to the
same energy.

But what if we instead wanted to solve this problem is spherical

coordinates? This is a central potential: V (r) = imw2r2 depends only

upon r (not 6 or ¢). Therefore the stationary states can be written as
products of a radial part with a spherical harmonic: R, (r)Y;™(0, ¢).
[ am simply going to write down the solutions:

3
Un, 1.m = Ry, 1(r)Y]"(0, ¢) and E, ., = hw (2nr + 1+ 2) )

In either case the ground state (with £ = §hw) is non-degenerate
(ng =ny,=n,=0o0rn, =1 =m=0). The first excited state (with
E = Ehw) will be 3-fold degenerate. How would we write these three

states? In Cartesian coordinates they are

mw>1/4 2mw _mw .2 (mw>1/4 _mw, 2 (mw>1/4 mw .2
€

me mw
Vn,=1,n,=0,n,=0 = (m 3 xre = gy 2h ¥

mw\Y e (mo\YY 1 2mw e (mw\Yt
’wnx:On:ln:O— e 2 ye 2k e 2h
e wh

mh h mh
mw\ /4 _mw,2 (MW 1/4 _me2 (MW V4 1 omuw _mw 2
wnx:07nyzo’nzzl = ? e 2h E (& 2h E h zZe 2h
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while in spherical coordinates the three stationary states are

8 5/4 mw .2 3 -
¢nr:0,l:1,m:71<7n7 97 QS) = ﬁ <Tr;;}> re 2" 877'(' Siﬂ96_2¢
8 5/4 mw .2 3
Unictmealr 0 0) =\ 3= (BE) " re | coso

8 5/4 mw .2 3 :
wny«ZO,lzl,mz—H(r? ‘97 ¢) = T4 ﬁ (?) re 2’ gsinﬁe“‘b.

These appear to be wildly different answers, so who’s right? BOTH
ARE EQUALLY RIGHT! It turns outs the state with n, =0, n, = 0,
and n, = 1 is the same as the state with n,, = 0, [l = 0, and m = 0.
The other states are not the same but are linear combinations of each
other.

This is broadly true: whenever there is a degeneracy, any linear
combination of the degenerate states will also be an eigenstate with the
same eigenvalue. In the above example this state was 3-fold degenerate:
we can write three distinct (orthonormal) stationary states that have
this energy. But there are an infinite number of ways of writing this
set of three, and in a sense any of these infinite combinations is just as
valid as the others.

Usually, we want to express our stationary states with a complete
set of commuting observables. For a three dimensional problem we
will need three quantum numbers. For that reason we will choose
three commuting hermitian operators: for example H , [AJQ, and L,.
These three operators all commute with each other, so they will share
a set of common eigenstates. But each state will have a unique set
of eigenvalues (and the associated quantum numbers) over the three.
In the spherical case the eigenvalues of H are hw(2n, + [ + 3/2), the
eigenvalues of L? are %[l + 1), and the eigenvalues of L, are mh.
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Spin

In classical mechanics a solid object can have two types of angular
momentum: an orbital angular momentum L, = 7 X p due to the
motion of the object’s center of mass and a spin angular momentum

S = I& due to the motion of the object about its own center of mass.
The earth has orbital angular momentum due to its revolution around
the sun and spin angular momentum due to its rotation about its own
axis. But breaking classical angular momentum up into two parts like
this is a choice we make: it really is just one type of angular momentum
due to moving mass.

It turns out that electrons (and other fundamental particles) have
an intrinsic angular momentum: an electron at rest will still carry an
angular momentum. This is proved in experiments such as the Stern-
Gerlach experiment or the anomalous Zeeman effect. We call this
intrinsic angular momentum spin, so it seems like we should carry this
analogy further and associate this with an electron spinning about
its own axis. But this analogy can’t be right. First, the electron is
assumed to be a true point particle. It has no size and so can’t spin.
But let’s assume that the electron is a solid, uniform ball of mass whose
size is given by r., the classical electron radius. This is given by

62 2
= mc

dmegr,

i.e. it is the radius such that the electrostatic potential energy will
equal the rest mass energy. r. &~ 2.8 fm and is a measure of the largest
an electron could ever be (experiments constrain any size to be much,

2
much smaller). A uniform sphere has a moment of inertia of I = —mz?

so we assume that an electron is spinning with angular frequency w and
set its angular momentum to the magnitude of any electron’s angular
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momentum:

2
“mrtw = ﬁh
5 2

and we find an angular frequency of w ~ 3.1 x 10% rad/s. With this
angular frequency the speed of a point on the electron’s “equator”
would be v = wr,. &~ 8.9 x 101° m/s which is about 300 times the speed
of light! Further, out previously derived algebraic theory of angular
momentum allowed for [ quantum numbers that could be an integer
or a half-integer. Yet for orbital angular momentum we find that only
integer values of [ exist because normalizable eigenfunctions (the spher-
ical harmonics) only exist for integer values. For intrinsic spin angular
momentum on the other hand, half-integer quantum number do in fact

exist. There are no eigenfunctions because there are no functions. Spin
is the first quantum state we will approach that can not be written as
a wave function. This angular momentum is not caused by the wave
function of mass; it just exists. But other than the half-integer quan-
tum numbers being allowed spin angular momentum behaves just like
orbital angular momentum. Though we use the operator S instead of
L and the quantum number s instead of [.

S2|s m) = h%s(s +1)|s m) S.|s m) = mh|s m)
Sils m) = By/s(s +1) —m(m £ 1)|s (m £ 1))

3
s=0, -, 1, >’ 2, ... m=-—s, —s+1, ..., s—1, s

The quantum number m is used for both orbital and spin angular
momentum; if there is any risk of confusion we can call them m; and
m, to differentiate.
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Spin-1/2

Electrons (and many other fundamental particles) are spin-1/2, so
they are described by the quantum number s = 1/2. There will there-

fore me two states, corresponding to m = —1/2 and m = +1/2. These
two states are often referred to as spin-up and spin-down:
1 +1
Spin- = |z —
pin-up smy =[5 o) )
. 1 -1
Spin-down |s m) = |2 2> | 1)

It is also conventional to describe spin-1/2 particles with a two-
dimensional vector known as a spinor. In this case the general spin
state can be described as

X:(Z):aX++bX— WithX+:|T>:((1)) andX—:W:(?)

In this notation a and b are complex numbers that normalize as
la]* + [b]*> = 1. A measurement of S, (the z-component of the intrinsic
angular momentum) would have a |a|?> probability of returning +h/2
and a |b|? probability of returning —h/2.

In this notation operators will be 2 x 2 matrices. We can write

-~ h
=3

o where the Pauli spin matrices are

(01 (0~ (10
"~ \10 v= i oo == o0 -1

Ezxample: Larmor Precession

An interesting problem is that of an electron in a magnetic field. A
spinning charged particle will have a magnetic dipole moment. So we
can define the magnetic dipole moment of our particle as i = v.S where

v is known as the gyromagnetic ratio for the particle. The Hamiltonian
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is therefore H = —fi - B. We'll assume that B = Bok (the magnetic
field is along the z-axis) so

A__’)/Boh 1 0
== (0 —1)

Since the Hamiltonian is a multiple of the S, operator, the energy

eigenstates will be the same as the eigenstates of S.: X+ with energy

Boh Boh
B and y_ with energy +720. This gives a time-dependent

spinor state of
q e Bot/2
X(t) = ( b e—i1Bot/2

I'm going to assume that a and b are both real and write them as
a = cos(a/2) and b = sin(a/2) (note: if a and b are both real then this
must be true for some angle o). We'll now calculate the expectation
value (S;) as a function of time:

(cos(a/2) e Bt/ gin(a/2) et Botl2) I ( 01 ) ( cos(a/2) et Bot/2 )

2\10

B E (COS(CY/Q) e~ 11Bot/2 sin(a/2) €+ivBot/2) sin(a/2) o~ Bot/2
2 cos(a/2) e+Bot/?

h .
— 5008(0&/2) sin(a/2) (efwBot i e+2730t)

sin(a/2) e~ "7Bot/2

h
and with some trig identities we have |(S,) = §sin(oz) cos(yByt)
- h . : h
Similar math tells us that | (S,) = —§Sm(a) sin(yByt)|and | (S,) = 5(308(04)

Basically, the expectation value makes a constant angle o with the z-
axis, and sweeps around a cone precessing in the zy-plane with an
angular frequency of w = vBjy which is called the Larmor frequency.
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Addition of Angular Momentum

Suppose that you have two particles, particle #1 and particle #2,
each of which has intrinsic (spin) angular momentum. Let’s say that
particle #1 has spin s; and that particle #2 has spin so. I like to
start by considering the commutation relations of the relevant oper-
ators: when two operators commute they will share a complete set
of eigenstates, but if the operators don’t commute they won’t. We
already know that the 52 and S, operators will commute for either
particle. Further, operators relating to particle #1 will commute with
operators relating to particle #2. This means that, for example, that
[(SMY2, S@)] = 0 where (SM)? is the 52 operator for particle #1 and
Sg?) is the S. operator for particle #2. The fact that the operators
for the two different particle commute means that we can write our
quantum ket states in terms of |s1 my)|se mo) states.

Now consider the TOTAL spin angular momentum: the combined
spin of the two particles. The total spin angular momentum operator
is the sum of the spin operators for each particle individually: S =
SM 4+ 8@ The z-component of the total spin is 5, = S“Q) + §§2) while
the total spin squared operator is 52 = (SM)2 4 (§@)2 4 25V 5() 4
280052 1 2332,

It turns out that S? does NOT commute with either S or S but
it DOES commute with S, = Sél) + 3’52). You will prove this for the
homework. On the other hand, S, does commute with all of (S‘ ()2,
(8@)2 80 and S@. In the end this means that the product state
|51 my)|sy my) is in fact an eigenstate of S, (the z-component of the
total spin) with eigenvalue (m; + mg)h but it is NOT necessarily an
eigenstate of 52,

Therefore, we have two different bases that could be used to expand
our quantum ket states. We could use |s m) states which are eigen-
states of 52 and S.: S%|s m) = h2s(s+1)|s m) and S.|s m) = mh|s m).
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Alternatively we could use |s; mi)|se mg) states which are eigen-
states of 5’9) and 39): §§1)|31 m1)|sa mo) = myhlsy mi)|ss mo) and
S®)|s; my)|sy ma) = mahlsy my)|sy ma). Each basis is complete, so it
is of course possible to write the eigenstates of one basis as a superpo-
sition of the eigenstates of the other basis.

1
Two Spin—§ Particles.

The simplest case will be two spin-1/2 particles. In the |s1 mq)|sy mo)
basis these four states will be 11, 14, {1, and |]. You will note that ,
for the sake of brevity, we will write the state
|s1 =1/2 my = +1/2)|sy = 1/2 mg = —1/2) as 1], etc.

Tl is an eigenstate of S, with eigenvalue 0h. But is it also an
eigenstate of $2? It turns out that it is not. 52 +}= [(SM)2 4 (S@)2 4
2§£I)§§;2) + 29151)%2) + 2§§1)§§2)] +). Using the facts that S, 1= % {
S, 1= b, S’y t=12 ] and Sy J= =22 4 (use the Pauli spin matrices to
prove this to yourself if need be) we wind up with

52 a1 3h? 3h? h . h b, —th h . —h
§21l= S0 NS0 120G DG D2 DS DG DG )

§%4l= 1 1L +12 11
demonstrating that 1) is NOT an eigenstate of 52, In the end it is of
course possible to construct linear combinations of 1| and |1 that are
eigenstates of 52, We end up with one state with s = 0 and therefore
m = 0; this is referred to as the singlet state. There will be three
states with s = 1; with m = —1, 0, or + 1. These are referred to as
the triplet states.
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1
s =0 (singlet)  [00) = (1 = 41
11 =t
=1 (wiplet) {[10) = (1L + 1)
1 —1) =4
Let us consider the state |1 0) = \}Q(Ti + |1). We will apply the

relevant operators to it. First we will do the S, operator: S.|1 0) =
A A 1
(S 4 S§2>)(\/§(N + 11)). Operators with the superscript (1) affect

only the first spin and do nothing to the second spin, and vice versa.
So therefore

A A A

810y = =[S M) L+ 1 (S 1) + (8D 1) 1+ 1 (52 1)

-

which gives

shoy=— [+t G o+ G oG] =o

V2

N 1
which confirms that S.|1 0) = 0|1 0), meaning that |1 0) = \/§(T¢

5

+ 1) is an eigenstate of the S. operator with eigenvalue mh where
m = 0.

Now we’ll consider the operator 52 We previously showed that
S2 tl= K2 1| +k% |1 By the same logic S? [t= K% 1] +h2 1.
Putting this together
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2 Lo 2 2 2
§2/1 0) = [Vf«tL+¢¢ﬂ vr(h 1L +B2 U4 R ) R 1)

which simplifies to

2110) = 2y 1 1) = 2121 0)
V2

confirming that |1 0) is an eigenstate of 2 with eigenvalue h2s(s+1)
where s = 1.

Finally, we’ll consider the raising operator where you should recall
Sils m) = hyfs(s + 1) = m(m + 1)|s (m + 1)).

8111.0) = (82 + SP)H5(H+ 1) =
DL+t G D+ G D1+ 15 1)

Using our definition above we see that, for a single spin S, 1=
Sili Ly =0and S, = SJF|1 b =hl3 5) = A 1. This gives

8410 = = (00 4+ 1 (B 1) + (1) 1+ 4 (0)) = VEh F1= VER|1 1)

which perfectly matches our definition.
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Clebsh-Gordan Tables

The previous example, with two spin-1/2 particles, was fairly diffi-
cult and larger spins only make addition of angular momentum more
difficult. Luckily, there are some general rules that we can use and
then we can apply available tables.

Let us assume we have two particles: particle #1 has spin s; and a
magnetic quantum number of m; while particle #2 has spin s, and a
magnetic quantum number of msy. We combine these two particles to-
gether, and the total spin angular momentum is described by quantum
numbers s and m. How does these relate?

First, m = mj; + my. The z-component of the total spin is just
the sum of the z-components of the two individual particles. s has
a maximum value of s; + $9 and a minimum value of |s; — s5|, with
allowed values of s being integer steps between those limits. Finally,
we always have —s < m < s with m moving in integer steps. That
also means that s > |m)|.

m = mi + Mo
S:(Sl+s2)7 (81+82_1)7 000 g |Sl_32

s > |m)|

Let’s do an example. Say that you have a s; = 2 particle and a

sy = 1 particle. m; = mo = —1, meaning that a measurement of
the z-component of the spin angular momentum of either particle will
yield a value of —h. m = my +my = —2, so that a measurement of the

z-component of the total spin angular momentum will yield a value
of —2h. What about s? |s; — s3] < s < 81+ 89,80 1 < s < 3 and
because this moves in steps of 1 s can take the values 1, 2, or 3. This
is the general result for any addition of a spin-2 particle with a spin-1
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particle. However, we also know that s > |m|, so in this case because
m = —2 the s = 1 value will not be allowed. So in this case s will be
either 2 or 3.

In order to go further we will use Clebsch-Gordan Tables. These
are available on page 179 of your textbook. The tables I am using
below were taken from the Particle Data Group (http://pdg.lbl.gov/).
Because our particles are s; = 2 and sy = 1 we look for the 2 x 1 table.
This is listed at the upper left corner of the table. The upper-right side
of the table has a cascade of vertical columns with two numbers at the
top. These represent s and m: the quantum numbers for the total spin.
The lower-left side of the table has rows of two numbers each. These
represent my and mo. Between them are rectangles (shaded gray in
my table) of numbers. These numbers are the coefficients. Important:
when looking at the coefficients in a Clebsch-Gordan table, it is always
assumed that you need to take the square root of that number, and
that if there is a minus sign it goes on the outside of the square root.

3
2x1 +3] 3 2

[+2+1] 1]+2 +2
+2 0[1/3 2/3 3 2 1
+1 +112/3 =1/3] +1 +1 +1

+2 -1{1/15 1/3 3/5
+1 0/8/15 1/6-3/10| 3 2 1
0+1| 2/5 -1/2 1/10| O 0 0
+1-1(1/5 1/2 3/10
0 0(3/5 0 -2/5 3 2 1
-1+1(1/5-1/2 3/10] -1 -1 -1

0-1 2/5 1/2 1/10
-1 08/15-1/6=3/10] 3 2
-2 +1{1/215-1/3 3/5| -2 -2
-1-12/3 1/3)) 3
—Z 01/3-273|-3
2=

Again, for our example we are assuming that m; = my = —1. There-
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fore we find the row that begins with —1 — 1, It is boxed in red in the
table above. This row has two numbers: 2/3 and 1/3. These numbers
(after taking their square root) are the coefficients of the |s m) states
that are listed above these coefficients. Above the 2/3 the column reads
s = 3, m = —2 while above the 1/3 the column reads s =2, m = —2.

2 1
This tells us that: [|2 — 1)1 —1)2\1;\3 —2>—|—J»3|2 —2) | This

means that if we were to measure S?, the square of the total spin angu-
lar momentum, there is a ’\/g ’2 = % chance of measuring A%3(3 + 1) =
12h% and a ‘@2 = 3 chance of measuring A?2(2 + 1) = 617

ow let’s do another example. Still assume that s; = 2 and sy = 1.
But now assume that they are in the state |s = 2 m = +1). We
know that m; +mo = m = +1. There are three possibilities: (m; = 2,
me = —1), (my =1, my =0), and (my =0, my = 1).

3
2x1 +3] 3 2

[+2+1] 1]+2 +2
+2 0]1/3 2/3 3 2 1
+1 +112/3 =1/3] +1 +1 1

+2 -1\1/15] 1/3 | 3/5
+1 0|8/15] 1/643/10| 3 2 1
0+1| 2/5|-1/2|1/10] O 0 0

+1-1(1/5 1/2 3/10
0 0|3/5 0 -2/5 3 2 1
-1+1(1/5-1/2 3/10} -1 -1 -1

0-1 2/5 1/2 1/10
-1 08/15-1/6=3/10] 3 2
-2 +1{1/215-1/3 3/5| -2 -2
-1-1273 1/3| 3
-2 0/1/3-2/3|-3
- |2

This time we find the column that corresponds to s = 2, m = +1;
this column is shown in blue in the table above. Each coefficient corre-
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sponds to the my mqy values at the left of the row. Again, taking square
roots of each term and moving minus signs outside the square root, we

have: ||2 1>:@|2 2)|2 —1>+(é|2 1)1 o>—@|2 0Y/1 1)| This

means that if we were to measure S 2{1), the z-component of the spin of
particle #1 (which has s; = 2), there is a : probability of measuring
2h, a % probability or measuring A, and a 5 probability of measuring
0.

DO [ =00 | =
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