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Two identical objects are simultaneously projected vertically upward with the same initial speed in

a uniform gravitational field and then return to their starting point. One object is subject to a

resistive force proportional to the nth power of its speed where n � 0, such as linear (Stokes) drag

for n¼ 1 or quadratic (Newtonian) drag for n¼ 2. The other object moves through vacuum with no

resistance. Which object returns to its starting point first? It is shown analytically that the object

subject to drag always wins the race if n � 1, but that either object can win otherwise, depending

on the ratio of the launch speed to the terminal speed of the object subject to drag if 0 < n < 1 or

depending on the ratio of the frictional acceleration to the gravitational acceleration if n¼ 0. These

analytical results are confirmed by Euler–Cromer numerical integration of the equations of motion.
VC 2021 American Association of Physics Teachers.
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I. INTRODUCTION

Consider two identical objects of mass m that are launched
straight upward from the same point on the surface of the
Earth with the same speed. One is subject to a drag force of
the form ~FD ¼ �mbtnt̂, where n � 0, in addition to the
gravitational force m~g, while the other is subject only to that
gravitational force. Here, b > 0 is a constant depending on
the particular resistive force (including properties of the
object and of the medium it interacts with), t is the speed of
the object, and t̂ �~t=t is a unit vector in the direction of the
velocity of the object. The minus sign in the expression for
~FD indicates that the drag force opposes the motion regard-
less of its direction. The launch speed t0 of the objects is
assumed to be small enough that Earth’s surface gravita-
tional field ~g can be taken to be a constant throughout the
motion. The drag can be visualized as being due to the gas or
liquid in a tube through which the object travels (but neglect-
ing buoyancy and the added mass effect1–3). The object that
moves without resistance travels vertically in an evacuated
tube next to the fluid-filled tube. Each object travels upward,
slows down, then turns around and retraces its path to its
starting point. If the two objects are launched simulta-
neously, which one returns to the ground first?

While it is clear that the drag-free object will be traveling
faster than the object subject to drag at any nonzero altitude
above the launch point, that does not mean that the
resistance-free object wins the race because it also travels to
a higher maximum height. It turns out to be nontrivial to fig-
ure out which object will win by trying to fully solve
Newton’s second law for an arbitrary nth power-law drag
force.

A more accessible approach is to begin by considering
special values of n instead.4 This approach also has the
advantage that instructors can select particular cases that
tie into the level and subject of the course they are teach-
ing. For the n¼ 1 case of linear drag, familiar in introduc-
tory courses as the model used for underdamped
oscillations, the impulse-momentum theorem can be used
to neatly show that the object subject to drag always wins
the race. One can then generalize that result to arbitrary

n � 1. On the other hand, for the case of 0 < n < 1, either
object can win the race depending on how large the launch
speed is relative to the terminal speed of the object experi-
encing the resistive force. Either object can also win for
the special case of n¼ 0 corresponding to kinetic friction
(i.e., a constant drag force), which can be treated using the
equations of constant-acceleration kinematics, keeping in
mind that the acceleration is different on the way up than
on the way back down, as the frictional force changes
direction.

II. ANALYTICAL SOLUTION FOR LINEAR DRAG

Take the two objects to be balls. Choosing upward to be
þy, the acceleration of a ball subject to gravity and to linear
fluid resistance5 (with drag coefficient b) is

~a ¼ ~g � b~t ) dty

dt
¼ �g� b

dy

dt
; (1)

regardless of whether the ball is rising (so that dy/dt is
positive) or falling (when dy/dt is negative). Integrating both
sides over the total flight time TF from the instant of launch
to the instant of landing results in

tfy � t0 ¼ �gTF � bðyf � y0Þ: (2)

However, the ball returns to the initial starting point so that
yf ¼ y0, and thus, the last term is zero; the impulse due to the
drag force cancels over the up and down portions of the
ball’s motion! Furthermore, the final impact velocity with
the ground is downward and, hence, negative; rewrite it in
terms of the positive final speed tfy ¼ �tf to obtain the sim-
ple relationship

TF ¼
tf þ t0

g
: (3)

The drag coefficient dropped out of this result, and so it is
equally valid in vacuum when b¼ 0, in which case the land-
ing speed equals the launch speed so that
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TV ¼
t0 þ t0

g
: (4)

In contrast, in the fluid, the final speed must be less than that
in vacuum because of the continuous dissipation of mechani-
cal energy by drag, so that the kinetic energy at any given
altitude after the launch (including at the return ground level)
is reduced compared to what it would have been in the
absence of drag. Thus, by comparing Eqs. (3) and (4), one
concludes that TV > TF.

Therefore, the ball moving through the fluid wins the race.
One might understand this result by imagining gravity as being
weak (so that the ball thrown upward in vacuum takes a long
time to reach its peak height) and drag as being strong (so that
the ball in the fluid quickly stops, keeping in mind that that it
will nevertheless pick up some downward speed before the lin-
ear drag force becomes significant, and so it will not be overly
delayed during its return trip). Similar reasoning holds for the
case of quadratic drag at the Reynolds numbers appropriate to,
say, a baseball moving in Earth’s atmosphere.6 More explicitly,
one can analytically compute the up and down travel times of a
ball subject to quadratic drag to verify that it will always return
to the ground sooner than will a ball moving in vacuum, regard-
less of their common launch speed.7

III. ANALYTICAL SOLUTION FOR ANY

NONZERO-POWER-LAW DRAG

Given that the ball subject to drag wins the race for a resis-
tive force proportional to either the first or second power of
the ball’s speed, Lekner4 speculated that it will win for any
n � 1. However, numerical work led him to hypothesize that
either ball could win the race when 0 < n < 1, depending on
the ratio of the launch and terminal speeds of the ball subject
to drag. He did not formally prove these speculations, but we
do so here by again using the impulse-momentum theorem,
generalizing the ideas presented in Sec. II.

Suppose that the drag is proportional to the nth power of
the ball’s speed t, so that Newton’s second law with upward
again chosen to be þy implies

~a ¼ ~g � btn�1~t ) dty

dt
¼ �g� btn�1 dy

dt
; (5)

where t ¼ jtyj. First, integrate over time starting at t¼ 0 at
the ground with upward launch speed t0 and ending at
t ¼ tup at the maximum height h to obtainð0

t0

dty ¼ �
ðtup

0

gdt� b

ðh

0

tn�1
up dy

) tup ¼
t0

g
� b

g

ðh

0

tn�1
up dy; (6)

where the speed has been explicitly subscripted as tup during
this phase of the ball’s motion. Second, restart the clock and
integrate over time starting at t¼ 0 at the maximum height h
and ending at t ¼ tdown with downward landing speed tf to getð�tf

0

dty ¼ �
ðtdown

0

gdt� b

ð0

h

tn�1
downdy

) tdown ¼
tf

g
þ b

g

ðh

0

tn�1
downdy; (7)

where the speed has now been subscripted as tdown. Note the
opposite signs in front of the integrals in Eqs. (6) and (7).

The total flight time in the fluid-filled tube is TF ¼ tup

þ tdown, whereas in the evacuated tube, we have TV ¼ 2t0=g
from standard kinematics for constant acceleration with
magnitude g. The difference between these two results is

TV � TF ¼
t0 � tf

g
þ b

g

ðh

0

tn�1
up � tn�1

down

� �
dy: (8)

The ball’s speed through the fluid when it is initially moving
upward is larger than its speed when subsequently moving
downward at the same altitude. As a special case of that fact,
the launch speed t0 is larger than the landing speed tf .
Consequently, the first ratio on the right-hand side of Eq. (8)
is always positive. The integrand (and hence the integral) in
the second term is positive if n> 1. On the other hand, if
n¼ 1 (as in Sec. II), then the integrand (and the integral) is
zero. Either way, the right-hand side of Eq. (8) is, thus, posi-
tive for any n � 1, which implies that TV > TF, thereby
proving the first part of Lekner’s speculation.

Regarding the second part of his speculation, for
0 < n < 1, define the positive value k � 1� n so that
Eq. (8) becomes

TV � TF ¼
t0 � tf

g
� b

g

ðh

0

1

tk
down

� 1

tk
up

 !
dy: (9)

The right-hand side of Eq. (9) is a difference of two
positive terms (namely, the first ratio and the integral) so that
TV < TF if the integrand in parentheses is sufficiently large,
which occurs when two things hold true. First, drag must
have a sufficient effect on the ball’s motion that 1=tdown is
enough larger than 1=tup for any given altitude of the ball,
except near its maximum height. This means that the launch
speed cannot be too small compared to the terminal speed.
Second, k cannot be too close to zero in value, which implies
that n must not be nearly unity. Taken together, these two
requirements imply that the closer the n is to 1, the larger the
ratio of launch to terminal speed needs to be to reverse the
inequality TV > TF, which proves the second part of
Lekner’s supposition.

IV. NUMERICAL VERIFICATION OF THE

ANALYTICAL SOLUTIONS

A helpful way to gain intuition about what is happening
is to numerically integrate the equations of motion.
Choosing upward to be þy, the acceleration of a ball sub-
ject to gravity and to drag proportional to the nth power of
the ball’s speed is

ay ¼ �g� btn
y ; (10)

while the ball is rising (so that ty is positive). On the other
hand, when the ball is falling, its acceleration is

ay ¼ �gþ bð�tyÞn; (11)

with ty being negative. The ball would fall at its terminal
speed tT if the downward gravitational force exactly bal-
anced the upward drag force, implying that
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g ¼ btn
T ) tT ¼

g

b

� �1=n

: (12)

Define a dimensionless time T and height Y as

T ¼ g

tT

t and Y ¼ g

t2
T

y; (13)

in which case the dimensionless signed velocity and acceler-
ation become

V � dY

dT
¼ ty

tT

and A � dV

dT
¼ ay

g
: (14)

Equivalently, one can say that T, Y, V, and A are the time,
height, velocity, and acceleration in a system of units of
length and time for which g¼ 1 and b¼ 1. Equation (10) can
now be rewritten as

A ¼ �1� Vn (15)

during the upward motion of the ball, and Eq. (11) as

A ¼ �1þ ð�VÞn (16)

for the downward motion. The Euler–Cromer algorithm8 can
be used to numerically integrate these expressions for the
acceleration to find Y as a function of T in air for a given
launch speed V0.

In vacuum, the analytical solution for the ball’s displace-
ment is

y ¼ t0t� 1

2
gt2 ) Y ¼ V0T � 1

2
T2; (17)

where the values of b and tT used to define these dimension-
less variables remain those for the ball moving in the fluid.
The derivative of Eq. (17) implies that the time required for
the ball to either move from its launch point to its maximum
height, or back from that peak to its starting point, is

T1=2 ¼ V0: (18)

Substituting this time back into Eq. (17) gives the maximum
height attained by the ball in vacuum as

H ¼ 1

2
V2

0 : (19)

These equations have been coded in MATLAB in the
script presented in Appendix A although one could use any
software of choice. Using that script, Fig. 1 plots the height
attained as a function of time for the two balls for the case of
n¼ 0.5 (square-root drag) with a ratio of launch to terminal
speed in the fluid of 10.456 (found by trial and error), show-
ing that both balls then land simultaneously. For larger or
smaller launch speeds, the ball in vacuum or in fluid lands
first, respectively.

Figure 2 similarly plots the case of n¼ 0.1 with a ratio of
launch to terminal speed found to be 0.585 to get a tie, which
(by comparison with Fig. 1) supports Lekner’s supposition
that the closer the n is to 1, the larger the ratio of launch to
terminal speed needs to be if the balls are to land simulta-
neously. Various values of n� 1 have also been checked to

confirm that the ball subject to drag always returns to the
starting point first.

V. CLICKER QUESTION

Here is a polling question for the case of linear drag that
could be asked in courses ranging from the introductory
algebra-based course to an intermediate mechanics course
for majors. One could change the drag to be quadratic for a
sports ball thrown in air instead of in a liquid. (The launch
speed and diameter of a ball bearing would need to be quite
small, or the liquid would need to be quite viscous to give a
Reynolds number corresponding to Stokes drag.9–13)

Suppose that two identical ball bearings are simulta-
neously projected vertically straight upward with the same
initial speed, one in vacuum and the other in a liquid. If the
magnitude of the liquid drag force is linearly proportional to
speed, which ball will return to the ground first?

Fig. 1. Height versus time for two identical balls launched upward simulta-

neously at the same dimensionless speed of 10.456. The drag force in the

fluid is proportional to the square root of the speed.

Fig. 2. Height versus time for two identical balls launched upward simulta-

neously at the same dimensionless speed of 0.585. The drag force in the fluid

is proportional to the tenth root of the speed.
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(1) The ball in vacuum.
(2) The ball in the liquid.
(3) Both will land at the same time.
(4) It depends on the launch speed, mass, or drag coefficient.

This ConcepTest question was posed to thirty physics edu-
cators at a meeting of the Chesapeake Section of AAPT, and
there was significant support for all four answers.14 Some
favored answer (1) because the ball travels faster in vacuum;
a few argued for answer (2) because the ball does not travel
as high in the liquid; many thought those two factors would
cancel and selected answer (3); and the remainder thought
the initial speed and drag coefficient play crucial roles and
voted for answer (4).

VI. CONCLUSION

Figure 3 summarizes the results. If two identical objects are
projected vertically upward at the same initial speed, one in
vacuum and the other subject to drag proportional to the nth
power of the object’s speed, then the one experiencing drag
will return to the ground first provided n � 1. The reason for
this behavior is that although the object in vacuum travels faster
at any given height and direction of motion than the object sub-
ject to drag, the one in vacuum climbs to a substantially higher
peak position. On the other hand, if 0 < n < 1, then either
object can win the race, depending on how large the launch
speed is relative to the terminal speed for the object experienc-
ing drag. Likewise, either object can return to its starting level
first for the case of speed-independent kinetic friction15 corre-
sponding to n¼ 0, depending on the value of the coefficient of
friction, as proven in Appendix B.
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APPENDIX A: COMPUTER CODE

The MATLAB script discussed in Sec. IV is presented
below with parameters used to generate Fig. 1. The time step
dT is progressively decreased by factors of 10 until no varia-
tion is seen in the output values to four decimal places.
clear variables;
% fixed constants
n¼1/2; % drag-law power
V_0¼10.456; % launch speed relative to

terminal speed
dT¼1e-5; % time step
% initial values
i¼1; j¼1; % array indices
Y(1)¼0; % value of Y at T¼0 in fluid
Y_vac(1)¼0; % value of Y at T¼0 in vacuum
V(1) ¼ V_0; % value of V at T¼0 in fluid
T(1)¼0; % starting value of T in fluid
T_vac(1)¼0; % starting value of T in

vacuum
% numerical solution in fluid
while Y(i) >¼ 0
if V(i)>0
A(i) ¼ -1-V(i)̂ n; % A if going upward
i_up ¼ i; % ends up being the index at

the peak
else
A(i) ¼ -1þ(-V(i))̂ n; % A if going

downward
end
i¼iþ1; % step forward
T(i) ¼ (i-1)*dT; % new value of T
V(i) ¼ V(i-1)þA(i-1)*dT; % new value of V
Y(i) ¼ Y(i-1)þV(i)*dT; % new value of Y

end
% analytic solution in vacuum
while Y_vac(j) >¼ 0
j¼jþ1; % step forward
T_vac(j) ¼ (j-1)*dT; % new value of T
Y_vac(j) ¼ V_0*T_vac(j)-0.5*T_vac(j)̂ 2;
% new value of Y

end
% times and peak heights
T_up ¼ T(i_up); % time to reach peak
H_fluid ¼ Y(i_up); % peak height in fluid
T_down ¼ T(i-1)-T_up; % time to fall back

to ground
T_half ¼ V_0; % time up or down in vacuum
H_vac¼0.5*T_halfˆ2; % peak height in

vacuum
disp(“ratio of upward times in fluid and in

vacuum is ” þ T_up/T_half)
disp(“ratio of downward times in fluid and

in vacuum is ” þ T_down/T_half)
disp(“ratio of total flight times in fluid

and in vacuum is ”
þ (T_upþT_down)/(2*T_half))
disp(“ratio of peak heights in fluid and in

vacuum is ” þ H_fluid/H_vac)
% graph the solutions
line(T,Y,’Color’,’r’,’LineWidth’,2) 

    % plot Y vs T in fluid in red
line(T_vac,Y_vac,’Color’,’b’,’LineWidth’,2)
% plot Y vs T in vacuum in blue

Fig. 3. The red curve divides parameter space into values of the launch

speed t0 (relative to the terminal speed tT) and of the power-law exponent n
that results in either the object subject to drag or the resistance-free object

winning the race. This red curve results from drawing a smooth line through

various values of the dimensionless launch speed V0, which give a tie using

the program in Appendix A as n is slowly incremented upward in value

starting from near zero. The red curve asymptotically approaches the dotted

line as n! 1.
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axis([0 21 0 56]) % bottom axis ranges from
0 to 21, left axis from 0 to 56
xticks([0 5 10 15 20]) % bottom tick marks
yticks([0 10 20 30 40 50]) % left tick marks
xlabel(’dimensionless time’) % bottom

axis title
ylabel(’dimensionless height’) % left

axis title
legend(’in fluid’,’in vacuum’,’Location’,

’northeast’) % add legend in NE corner

APPENDIX B: SPEED-INDEPENDENT FRICTION

Suppose that the resistive force is constant in magnitude
(i.e., independent of speed) but is always opposite to the
direction of the object’s motion so that ~FD ¼ �mbt̂. Assume
0 < b < g so that the object does not get stuck at its topmost
turning point. If the object is launched with speed t0, then
the time and height of rise until it instantaneously comes to
rest are, respectively,

tup ¼
t0

gþ b
and h ¼ t2

0=2

gþ b
: (B1)

Using this expression for h, the time that the object takes to
fall back down to the ground is

tdown ¼
t0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

g2 � b2
p : (B2)

On the other hand, in the absence of friction, the time to go
either up or down is the same by symmetry. Denote it as

t1=2 ¼
t0

g
; (B3)

as can be obtained from either Eqs. (B1) or (B2) by setting
b¼ 0. The winner of the race depends on which is larger,
tup þ tdown or t1=2 þ t1=2. So consider their ratio

R � tup þ tdown

t1=2 þ t1=2

¼ ð1þ b=gÞ�1 þ ð1� b2=g2Þ�1=2

2
:

(B4)

By plotting R versus b/g ranging from 0 to 1, one discovers
that R can be either smaller than 1 (in which case the object
subject to friction wins the race) or larger than 1 (in which
case the resistance-free object wins). The crossover value
corresponding to a tie occurs when R¼ 1, in which case Eq.
(B4) can be rearranged into a cubic equation having one real
positive root, namely, for b ¼ 2�1=2g (which satisfies the

assumption that b < g). In summary, the object subject to
kinetic friction wins if 0 < b < 2�1=2g, whereas it loses if
2�1=2g < b < g.

Note that Eq. (12) implies that tT !1 as n! 0 for
b < g. Then, the dimensionless launch speed V0 � t0=tT

becomes zero for any finite value of t0. This result corre-
sponds to the origin of Fig. 3, which lies on the red curve
and, thus, does not provide a criterion to decide which object
will win the race. This failure is not surprising because it is
not the launch speed that determines the winner for this case.
The outcome is instead determined by the coefficient of
kinetic friction16 l.
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