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Abstract
A physical pendulum consisting of a circular disk at the end of a thin metal
rod is connected to a low-friction rotary motion sensor, so that its angular
position and velocity can be accurately measured. The disk can be oriented
either perpendicular or parallel to the plane of swing to give significant or
negligible air drag, respectively. The motion is analytically modeled in phase
space. A quadratic dependence of the damping torque on the angular velocity
fits the results. This laboratory experiment is suitable for undergraduate physics
majors taking a first or second course in classical mechanics.

(Some figures may appear in colour only in the online journal)

1. Introduction

Damped pendulum motion has been investigated both theoretically and experimentally for
decades. However, previous studies used theoretical approximations and numerical solutions
at a level beyond the first few university physics courses, with measurements usually limited
to the period or amplitude of motion [1–7]. Prior to the advent of the computer, even those
measurements were difficult to perform. After the popularization of microcomputers, use of
photogates and later of sonic rangers made data collection and analysis simpler. Nevertheless,
neither of those pieces of equipment are optimized for pendulum studies. The best device for
the job is a rotary motion sensor (or a ‘smart pulley’) which can measure angular position in
real time with high resolution. We were unable to find any publications that used this sensor
to study the oscillations of a damped pendulum in the undergraduate laboratory. The nearest
thing was use of a potentiometer (variable resistor controlled by a turn knob) as the pivot, but
that introduces significant dry frictional torque due to its sliding electrical contact [8–10]. In
contrast, modern rotary motion sensors use an optical encoder so that no additional friction is
introduced beyond that of the bearings themselves.

Introductory textbooks typically discuss damping in terms of a linear dependence on the
speed of the oscillating bob, because an analytical solution then exists for the angular position
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θ as a function of time t in the case of small amplitude motion (to wit, sinusoidal motion
with an exponentially decaying amplitude when underdamped). However, in air at the average
speeds of laboratory-sized pendula, quadratic damping dominates [11–13]. Although there is
no analytical solution for θ (t) for quadratic damping, one can find an exact solution for the
angular speed ω as a function of θ between adjacent turning points using the work-energy
theorem [14], valid for arbitrarily large amplitudes. The logical experimental presentation of
the data is then a graph in phase space, but few articles [15–18] use that presentation technique
in the lower-level physics laboratory.

The present paper therefore has three goals for the calculus-based undergraduate courses
in mechanics: (1) a theoretical analysis of ω versus θ for a physical pendulum of arbitrary
amplitude subject to quadratic damping; (2) data collection for a disk oscillating at the end of
a thin rod using a rotary motion sensor; and (3) phase space comparison of the theoretical and
experimental results.

2. Theory for a quadratically damped pendulum

There are three torques that act on a swinging pendulum about its pivot point: gravity, air drag,
and friction in the bearings. (The support force at the pivot that keeps the pendulum from
falling to the floor has zero moment arm.) The bearings used here are high enough quality that
the frictional torque is negligible compared to the drag torque, as verified later in this paper.
Choose the system to be the pendulum plus the earth. Then the work done by the conservative
gravitational force can be written as a change in the gravitational potential energy Ug. The only
remaining work is that done by the nonconservative drag torque τ d. Thus the work-energy
theorem becomes

τd dθ = dKrot + dUg, (1)

where the rotational kinetic energy of the pendulum of moment of inertia I about the pivot is
Krot = 1

2 Iω2, and where the angular velocity ω is related to the angular position θ and elapsed
time t by ω = dθ/dt.

Suppose the pendulum consists of a thin metal rod of mass m and length L connected to
a thin circular disk of mass M and radius R � L. A rod is used instead of a string, so that
it does not collapse at large amplitudes of swing and so that it can be rigidly attached to the
surface of a rotary motion sensor. One end of the rod is connected to the central pivot on the
sensor, and the other end segment of the rod is taped along the surface of the disk such that it
just reaches the center of the disk, as photographed in figure 1. The moment of inertia of the
pendulum is then

I = 1
3 mL2 + (

1
4 MR2 + ML2

)
. (2)

The first term on the right is the moment of the rod about its end. The term in parentheses
is the moment of inertia of the disk: Starting from the familiar 1

2 MR2 about its center for an
axis normal to the disk, the perpendicular moment of inertia theorem implies that the moment
is 1

4 MR2 for an axis in the plane of the disk, and then Steiner’s parallel moment of inertia
theorem states one must add ML2 to shift the axis from the center of the disk by a distance L
to the pivot. Likewise, the center of mass of the pendulum is located a distance h away from
the pivot, given by

h = mL/2 + ML

m + M
, (3)

so that Ug = (m + M) gh (1 − cos θ ) is the potential energy above the bottom point of the
pendulum’s swing, where θ is its angle relative to the vertical. Finally, assume the rod is thin
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Figure 1. Photograph of the physical pendulum screwed to the rotary motion sensor.

enough that air drag on it is negligible3. For the disk, the drag force Fd is taken to follow
Newton’s quadratic (as opposed to Stokes’ linear) dependence [20] on the translational speed
υ. Since R � L, it is reasonable to approximate any point on the surface of the disk (of area
A = πR2) as being located on average a distance r⊥ = L away from the axis of rotation, so
that

τd = Fdr⊥ = ∓ 1
2ρACυ2L = ∓ 1

2ρπR2C(ωL)2L (4)

where ρ = 1.21 kg m−3 is the density of air at room temperature [21]. Newton’s resistive law,
with drag coefficient C = 1.2 for a circular disk [19], is valid for Reynolds numbers above
1000 (i.e., υ > 0.1 m s−1 in air of dynamic viscosity η = 1.8×10−5 Pa ·s at room temperature
[21] for a characteristic size of the disk of 2R = 12 cm). In figure 3 below, the time-averaged

3 The rod we used has a diameter of D = 2.3 mm and a length of L = 380 mm. Thus L/D � 30 and the drag
coefficient C for the rod and circular disk are similar [19]. Consequently the drag torque on the rod has magnitude
1
8 ρDCω2L4, which is merely 2% of the magnitude of equation (4).



1246 C E Mungan and T C Lipscombe

rms speed4 over the range of the experimental data is 1.0 m s–1, so this condition is satisfied
except near the turning points (where the drag is weak in any case). The sign in equation (4)
is chosen so that the drag always opposes the motion (i.e., is opposite the sign of ω = dθ/dt).

Substituting equations (4) into (1), along with the preceding expressions for Krot and Ug,
leads to

∓ 1
2ρπR2CL3ω2 dθ = 1

2 Id(ω2) + (m + M) gh sin θ dθ. (5)

Divide equation (5) through by 1
2 I dθ , and define z ≡ ω2 and the two parameters

b ≡ ±ρπR2LC/M

1 + m/3M + (R/2L)2
(6)

and

a ≡ (2 + m/M)g/L

1 + m/3M + (R/2L)2
(7)

using equations (2) and (3). Here b can be viewed as a dimensionless damping coefficient
and a as the square of an effective angular frequency. One then obtains the linear, first-order,
inhomogeneous differential equation

dz

dθ
+ bz = −a sin θ. (8)

Noting that

e−bθ d

dθ
(z ebθ ) = dz

dθ
+ bz, (9)

equation (8) becomes

ω2ebθ = −a
∫ θ

θ0

ebθ sin θ dθ (10)

assuming the pendulum is released from rest at an initial angle of θ0. This standard integral
can be done by a number of methods (such as integrating by parts twice, or converting the
trigonometric function into complex exponential form). The final result is

ω2 = a

1 + b2
[cos θ − b sin θ − eb(θ0−θ )(cos θ0 − b sin θ0)]. (11)

The appropriate sign of the square root is taken to find the angular velocity ω of the pendulum
as a function of its angular position θ . Specifically, the signs of both b and ω change after
every turning point. In addition, the value of θ0 gets reset to the angular position of the latest
turning point just after passing it.

3. Data collection in the laboratory

We used a Vernier rotary motion sensor (model RMV-BTD) connected via a LabPro interface
to a Windows laptop running LoggerPro. We recommend the following software settings.

• Under experiment → set up sensors, activate the sensor connected to the appropriate
DIG/SONIC port, and then right-click on it and choose ‘X4 Mode’ (to get 0.25◦ resolution),

4 For quadratic drag, it is preferable to use the rms speed rather than a linear average. To compute it, take all of the
data presented in figure 3 as a list of values of angular velocity. Square all of those values, add them together, divide
by the number of entries in the list, and finally take the square root of the result.
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Figure 2. Typical 50 s data run when the damped pendulum is released from rest at a starting angle
of −90◦.

turn off ‘reset (zero) on collect’ (so the sensor does not rezero if you change θ0 before
collecting data), and choose units of ‘rad’ (radians).

• Under file → settings, choose ‘15’ points for derivative and smoothing calculations.
• Under experiment → data collection, choose to sample for ‘50’ s at a rate of ‘50’ samples/s.
• Under experiment, choose ‘live readouts’ so the sensor reports the angle even before the

‘collect’ button is clicked.
• Set up two autoscaled graphs: angle (rad) versus time (s), and velocity (rad/s) versus angle

(rad).

The pendulum was made out of two simple parts, to make mass production for lab groups
as easy as possible (cf figure 1). The straight bottom part of a wire clothes hanger was snipped
off to make the rod. It was measured to have a mass of m = 12.8 ± 0.1 g and a length of
L = 38.0±0.2 cm after bending a small loop at one end to fit around the screw at the center of
the rotary motion sensor pulley. An ordinary compact disc was used as the bob, with a radius
of R = 6.00 ± 0.05 cm and a mass of M = 15.2 ± 0.1 g. A piece of tape was used to cover
its central hole, to prevent air from flowing through it. The end portion of the rod opposite the
loop was taped along the surface of the disk from its circumference to its center. Scotch tape
is strong enough to hold the rod securely, while permitting the disk to be reoriented so that its
surface is either perpendicular or parallel to the plane of swing, corresponding to maximum
or minimum air drag, respectively. The sensor has a hole and plastic screw that enable it to be
mounted on standard lab posts and clamps.

A data run is performed as follows. First, the sensor’s angular position is zeroed with the
pendulum hanging vertically at rest. Next, the pendulum rod is rotated by hand up to some
desired starting angle; we used θ0 = −π/2 = −1.57 rad as reported by the live readout pane
in the software. It is held there after the Collect button is pressed until a data trace begins to
appear in the graphical pane of θ versus t. The pendulum is then released and allowed to freely
swing to and fro. A typical screenshot just after the data collection has finished is shown in
figure 2.
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4. Phase space comparison of the data and theory

Although position and velocity are traditionally plotted versus time, there are several
advantages to instead graphing velocity versus position.

• Any point in such a coordinate space can be thought of as the initial conditions (x0, υ0)

for the subsequent motion of the object.
• These are logical coordinates for representing mechanical energy E, with K proportional

to υ and U proportional to x. If the orbit in phase space retraces itself periodically, then E
must be conserved. On the other hand, an orbit that continuously spirals inward or outward
must be losing or gaining E, respectively.

• These are also natural coordinates in which linear momentum p or wavevector k is
considered as a function of position. Introducing phase space early in the curriculum
prepares physics students for future applications, such as in Fourier transforms and quantum
mechanics.

Importantly, one need only solve a first-order work-energy differential equation [22] to find the
trajectory in phase space, rather than Newton’s second law which is second-order. Furthermore,
from a physical point of view, a record of υ in terms of x often connects more directly to the
actual situation than one of υ versus t. For example, knowing that a car going 85 km h–1 at
2:10 pm slowed down to 55 km h–1 by 2:14 and then sped back up to 85 km h–1 by 2:21 is less
meaningful than knowing the driver was traveling 85 km h–1 in the countryside, slowed down
in a certain village, and then accelerated back up to speed afterward.

The experimental data for t, θ , and ω were exported from LoggerPro into Microsoft
Excel for analysis and plotting. The zero of time was reset to correspond to the instant that
the pendulum was released. The first five half-cycles of oscillation (corresponding to a time
duration of 3.3 s), while the amplitude was still significant, were selected for closer study. A
phase plot of ω versus θ for the experimental data is shown as the dotted symbols in figure 3. The
curve spirals inward in a clockwise direction5 starting from the initial coordinates (−π/2, 0).
Equation (11) was fit to this plot by manually varying the two parameters a and b to give the
best match to the data by eye. For our initial conditions, the fit starts with θ0 = −π/2, and
ω and b are positive during the first half-cycle. Steps of π/100 in θ were used to compute ω

until its value became negative, at which point the angle was decreased in steps of 1 mrad to
more precisely locate the new turning point θ0. The signs of both ω and b in the formula were
then reversed to compute the angular velocity versus position in steps of π/100 over the next
half-cycle. The procedure was similarly repeated until all five half-cycles were calculated.

The resulting fit curve is shown as the solid line in figure 3, using the values |b| = 0.45
and a = 46 s−2. The uncertainty in both values is about ± 10% to maintain a reasonable fit.
For comparison, equations (6) and (7) predict values of |b| = 0.32 and a = 57 s−2, with about
a ± 2% uncertainty in each due to the error bars on the masses and dimensions of the parts
of the pendulum. The remaining discrepancy between the fit and theoretical values is due to
systematic effects left out of the model, the two most important ones of which are:

1. Drag on a body undergoing oscillatory motion differs from drag on the same body
moving at a constant velocity [23], as first explained by Landau and Lifshitz. It is an
‘added mass’ effect resulting from air alternately entrained and released by the pendulum [3].

5 A feature of phase space (with velocity υ plotted on the vertical axis and position x on the horizontal axis) is that a
particle must always move through it in a clockwise orbit. The reason for this directionality is that if υ = dx/dt > 0
say, so that the particle’s coordinate lies above the horizontal axis, then for dt > 0 (corresponding to a forward
step in time), the particle must move rightward, dx > 0. Likewise, whenever the particle’s coordinate lies below the
horizontal axis, it must move leftward.
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Figure 3. Comparison of experimental and theoretical phase plots for the damped pendulum.
(The dots plot the actual measured data points.)

Squire [4] has compared the damping on a square plate in the two situations and shown that
the effective drag coefficient during pendulum motion can be about twice as large as the
steady-state value of C. Since |b| is proportional to the damping coefficient, it is therefore not
unreasonable that its fit value is somewhat larger than the predicted value.

2. The rotary motion sensor has a nonzero moment of inertia. To estimate the amount,
figure 4 plots two measured curves of the angular position of the pendulum versus time—the
inner dotted symbols are for the damped pendulum, whereas the outer dotted data points were
measured with the disk reoriented such that its surface is parallel to the plane of swing to
mostly eliminate the air drag, as evidenced by the fact that the amplitude is nearly constant
(which also proves that friction in the bearings of the sensor is negligible). In the absence of
damping, a small amplitude pendulum swings with simple harmonic motion,

θ = θ0 cos(	t) (12)

when released from rest at initial angle θ0. To correct for the fact that an amplitude of |θ0| = π/2
is not small [18], the period is increased by 18% so that the angular frequency becomes

	 = 1

1.18

√
(m + M)gh

Itot
, (13)
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Figure 4. Measured angular position of the pendulum as a function of time with the disk
perpendicular to the plane of swing to create maximum damping (decaying dotted curve), and
with the disk parallel to the plane of swing so that air damping is negligible (nearly-constant-
amplitude dotted curve). The dots plot the actual measured data points. The constant-amplitude
solid curve is a plot of undamped simple harmonic motion predicted by equation (12), while the
decaying solid curve is a numerical integration of the phase space theoretical curve in figure 3.

where h continues to be given by equation (3) since the platform of the rotary motion sensor
is cylindrically symmetric around the pivot. The platform has a moment of inertia Isensor so
that Itot = Ipendulum + Isensor. Here, the moment of the pendulum is 0.5% different than in
equation (2) because the disk was reoriented,

Ipendulum = 1
3 mL2 + (

1
2 MR2 + ML2

)
, (14)

such that the middle term has a prefactor of 1/2 rather than 1/4. The value of Isensor was varied
to give the best fit. Equation (12) is plotted as the constant-amplitude solid curve6 in figure 4
with Isensor/Itot = 4%, which is small but not negligible. Increasing the value of I decreases
the value of a since they are inversely proportional to each other. That correction (like the one
for |b|) is in the right direction to explain the discrepancy between fit and theory.

Many other corrections to the motion of a real pendulum have been analyzed by Nelson
and Olsson [3], but are less important here7. Comparing the two pairs of curves in figure 4,
it is initially surprising that the damped frequency is larger than the undamped frequency,

6 The dotted and solid undamped curves in figure 4 do not precisely agree because equation (12) only approximates
the functional shape for large-amplitude oscillations. Equation (13) however exactly corrects the period.
7 In particular, approximating the disk as a sphere for the purpose of calculating the linear drag force on it as
F
 = 6πηRυ, its ratio to the quadratic drag force Fd in equation (4) is merely 12η/ρRCυ = 0.25% at the pendulum’s
rms speed of 1.0 m/s.
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Table 1. Times T/2 calculated from equation (15) for the pendulum to execute half a cycle of
oscillation (starting at angle θ0 and ending at θ1) with or without quadratic damping for both large
and small amplitudes.

Damped? θ0 (rad) θ1 (rad) T/2 (s)

Large-amplitude oscillation
No −π/2 π/2 0.773
Yes −π/2 1.02 0.748

Small amplitude oscillation
No −0.1 0.1 0.655
Yes −0.1 0.097 0.655

in contrast to the familiar decrease in frequency expected for damping [21]. However, the
explanation is simple: the undamped pendulum keeps swinging with a large angular amplitude
for which the period is lengthened by 18% as discussed in connection with equation (13),
whereas the damped pendulum quickly decays to small amplitudes for which the small-angle
approximation holds. To verify this explanation, equation (11) was numerically integrated
using the fit values a = 46 s−2 and, in the damped case, b = 0.45 as

T

2
=

√
1 + b2

a

∫ θ1

θ0

dθ√
cos θ − b sin θ − eb(θ0−θ )(cos θ0 − b sin θ0)

. (15)

Here θ0 is the starting angle and θ1 is the first turning point, which in the damped case is the
positive root of equation (11). Equation (15) also applies to the undamped case by putting
b = 0 and θ1 = −θ0. This equation (and the damped value of θ1) can be evaluated using
computer algebraic software such as Wolfram Alpha (free at www.wolframalpha.com). The
results are listed in table 1 for both large-amplitude oscillation (θ0 = −π/2 rad) and small
amplitude swinging (θ0 = −0.1 rad). As expected, there is negligible difference in period
between damped and undamped motion at small amplitudes, whereas the large-amplitude
undamped period is 18% longer than at small amplitudes. These results are visually confirmed
by figure 4: the damped and undamped curves have similar periods when their amplitudes are
both large, but as the damped curve decays to small amplitudes, its period becomes noticeably
shorter than that of the undamped curve.

In an introductory course, equation (15) can be approximated directly in the data
spreadsheet. Label the phase space coordinates as (θi, ωi) for i = 0, 1, 2, . . . where θ0 = −π/2
and ω0 = 0 at t0 = 0 in the present case. Then t = ∫

dθ/ω is approximated as

tn ≈
n∑

i=1

θi − θi−1

(ωi + ωi−1)/2
for n � 1. (16)

To demonstrate the method, consider the phase space coordinates graphed as the solid curve
in figure 3. Inserting them into equation (16), which is straightforward to do in Excel, the
resulting values of (ti, θi) are plotted as the decaying solid curve in figure 4, agreeing with the
experimental data points to within the accuracy of the fit in figure 3.

5. Conclusions

An undergraduate laboratory experiment in classical mechanics and its associated theory have
been described. Measurements in phase space of the angular velocity as a function of angular
position are made for a physical pendulum using a low-friction rotary motion sensor, which are
then fit to an analytical model. (An example of collected data and an associated fit is presented

http://www.wolframalpha.com
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in figure 3.) By orienting a disk-shaped bob perpendicular or parallel to the plane of swing,
the air drag can be made significant or negligible, respectively. It is straightforward to set up
and run the experiment. The equipment (photographed in figure 1) consists of a piece of a coat
hanger, a compact disc, and standard computerized hardware and software for introductory
physics available from companies such as Vernier or PASCO. The software can simultaneously
give a time-based and a phase space plot as shown in figure 2, so that students can see both
progress in real time along with the actual pendulum motion. A quadratic dependence of the
damping torque on the angular velocity fits the results.

A notable feature of the measurements and theory is that the amplitude of swing is
arbitrary and need not be restricted to small angles. For example, figure 4 shows experimental
and theoretical curves for undamped and damped motion starting from an initial amplitude
of 90◦. A surprise in that figure is that the damped period is smaller than the undamped
period, in contrast to one’s expectation that the period should increase when the pendulum
has to plow through air. This phenomenon arises from a break down in the small-angle
approximation: the undamped pendulum keeps swinging with a large angular amplitude,
whereas the damped pendulum quickly decays to small amplitudes. But a pendulum has a
longer period at large amplitudes than it does at small amplitudes, because the gravitational
restoring torque proportional to sin θ is increasingly weaker than its harmonic approximation
θ as the angle increases from 0◦ to 90◦.

Other bobs such as disks of different sizes or shapes, or solid objects such as spheres
could alternatively be used, although in the latter case a correction would need to be made for
the buoyant force due to the displaced volume [3]. Avoiding that correction is an advantage
of using a two- rather than a three-dimensional bob, in addition to the facts that it is easier to
attach the suspension rod to it and that it can be reoriented as in figure 4 to almost entirely
eliminate the damping. On the other hand, if one wished to increase the damping and study
linear instead of quadratic damping, the bob could be submerged in a liquid such as water [9].
Another option would be to dispense with the bob entirely and hang a wide stick or board
from the pivot, since it is straightforward to replace equation (4) with an integral over length
to compute the drag torque.
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