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Abstract
Starting with conservation of energy and angular momentum, we derive a
convenient method for determining the periapsis distance of an orbiting object,
by expressing its velocity components in terms of the local circular speed. This
relation is used to extend the results of our previous paper, examining the
effects of an adhesive inelastic collision between a projectile launched from
the surface of a planet (of radius R) and an equal-mass satellite in a circular
orbit of radius rs. We show that there is a maximum orbital radius rs ≈ 18.9R
beyond which such a collision cannot cause the satellite to impact the planet.
The difficulty of bringing down a satellite in a high orbit with a surface-
launched projectile provides a useful topic for a discussion of orbital angular
momentum and energy. The material is suitable for an undergraduate inter-
mediate mechanics course.
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1. Introduction

Suppose that a satellite is in a circular orbit of radius rs around an isolated, atmosphere-free,
nonrotating spherical planet of radius R and mass M. It collides and sticks to a projectile of
equal mass launched from the planet’s surface. Consider the following questions.

• What is the minimum launch speed of the projectile that will cause the combined object to
crash onto the surface of the planet?

• Is there a maximum value of rs beyond which the satellite cannot be brought down in this
manner?

In a previous paper [1] we restricted the analysis to a projectile launched vertically, and
showed that for orbits with rs � 7R, projection at the minimum speed that just reaches rs will
bring down the satellite. By increasing the launch speed, it is possible for a projectile to bring
down a satellite in larger orbits with rs up to 8R, but for those cases the vertical launch method
is no longer optimal, in terms of minimising the projectile’s launch speed. We proposed that
for rs > 7R up to some maximum orbital radius, a projectile launched with retrograde angular
momentum so that it collides ‘head on’ with the satellite should be able to bring it down to the
planet’s surface. The present paper concerns itself with such cases.

In the following sections, we first use conservation of energy and angular momentum to
derive a useful relationship between an orbiting object’s periapsis distance (the distance of
closest approach to the planet’s centre) and its instantaneous position and velocity at an
arbitrary point in its orbit. We then apply this relation to the preceding situation of trying to
bring down a satellite with a projectile, using conservation of linear momentum during the
collision.

2. Relating an orbiting object’s instantaneous velocity to its periapsis distance

For unpowered space vehicle motions originating from, or impacting onto, the surface of a
planet, it is useful to relate the radial and azimuthal components of its velocity, vr and vθ, to its
periapsis distance rperi. For an elliptical orbit, orbital mechanics [2] relates the periapsis
distance to the semi-major axis a and eccentricity e by rperi = a (1 – e). Instead, as in [1], we
start by defining an orbit’s shape and size in terms of its conserved physical quantities: the
specific mechanical energy ε and specific angular momentum h, where ‘specific’ here means
that we have divided out the mass of the orbiting body so that

( ) ( )e = + - =q qv v
GM

r
h r v

1

2
and . 1r

2 2

Applying conservation of these quantities at the periapsis of the orbit r = rperi (at which
point r is a minimum so that vr = 0) allows us to derive the equation

( )e + - =r GMr h
1

2
0, 2peri

2
peri

2

which applies to all orbital paths, bound or unbound. If we express the orbiting object’s
velocity components relative to the local circular speed =v GM rc so that =v c vr r c and

=q qv c v ,c then equation (1) becomes
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Substitute these expressions into equation (2) to obtain

( ) ( )+ - + - =q qc c r rr c r2 2 0. 4r
2 2

peri
2

peri
2 2

This useful relation allows one to find the periapsis distance from an orbiting object’s
instantaneous position and velocity. If there are two distinct roots, rperi is the smallest non-
negative root of the equation. (If ε < 0, the larger root corresponds to the maximum, or
apoapsis distance of a bound elliptical orbit from the planet’s centre). Equation (4) becomes
linear when + =qc c 2,r

2 2 which is equivalent to the condition ε = 0 for parabolic escape
according to equation (3).

The general path of an orbiting object in space is a conic section, for which the distance r
from the centre of the planet to the object can be written in polar coordinates as [2]

( )
( )

( ) ( ) ( )q
q q

e=
+ -

= + = - +q qr
h GM

e
e h GM c c c

1 cos
with 1 2 1 , 5

2

peri

2 2 2 2
r
2 2

where r = rperi at θ = θperi.
In the sections that follow, we shall use equation (4) to calculate rperi for a satellite that

collides with and sticks to a projectile of equal mass. For the resulting combined postcollision
object to subsequently impact the planet, the necessary conditions are (i) its periapsis distance
must satisfy r R,peri and (ii) it remains in a bound orbit so that ε < 0. For the projectile, the
surface launch condition requires that the periapsis of its path lies within the planet at a
distance r R.P,peri Equation (5) allows us to draw the pre- and postcollision orbital paths.

3. Minimum speed to bring down a satellite having 7R < rs � 17R

In [1] we showed that for rs � 7R, a vertically launched projectile that reaches apoapsis just in
front of the satellite would cause the combined object to impact the planet. The satellite’s
azimuthal speed is halved by the collision while its radial speed remains zero. We can
reproduce that result efficiently with equation (4) by substituting =c 0r and =qc 1

2
which

yields the result rperi = rs/7.
In this section we examine whether a projectile can bring down a satellite orbiting at a

radius rs greater than 7R by launching it retrograde, such that it reaches apoapsis at the
satellite and reduces its speed in a ‘head-on’ collision. For a fixed magnitude impulse on a
satellite in a circular orbit, application in the retrograde direction results in the largest
reduction in its orbital speed and hence in the maximal lowering of its periapsis.

We now ask: what minimum reduction in the satellite’s orbital speed will cause it to
reach the planet’s surface, and what must be the speed of the projectile to cause that? Then we
investigate the conditions under which such a projectile could originate from the planet’s
surface.

For the minimum-impulse head-on collision causing planetary impact, the combined
object will initially move prograde at reduced speed at the apoapsis of its new orbit, and
subsequently just graze the planet’s surface with a periapsis distance equal to R. From
equation (4) with rperi = R, cr = 0, and r = rs = kR, the normalised azimuthal postcollision
speed of the combined object must thus be

( )=
+

qc
k

2

1
. 6

From conservation of linear momentum, where the projectile and satellite have mass m,
and have respective precollision velocity vectors


vP and


v ,S we can now find the required
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normalised velocity components of the projectile cPr and qcP just before the head-on collision,

( )

( ) ( )

( ) ( )
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since =c 0Sr and =qc 1S for the satellite’s precollision circular orbit.
Substituting the combined object’s required cr and qc from equation (6) into (7), the

projectile’s velocity to just bring the satellite down to the surface must have components

( )= =
+

-qc c
k

0 and
8

1
1. 8Pr P

As expected, =qc 0P when k = 7, corresponding to a vertically launched projectile that
comes instantaneously to rest just in front of the satellite [1]. For k < 7, equation (8) yields

>qc 0P which shows that if the satellite’s orbit is low enough, a ‘rear-end’ collision into a
slower prograde-moving projectile can reduce its speed sufficiently to bring it down to the
planet’s surface. (Although a purely radial launch can accomplish that feat with a lower
launch speed as measured in an inertial frame [1], a prograde projectile may be easier to
launch from the surface of a rotating planet.) For k > 7, <qc 0P which corresponds to a
projectile moving in the retrograde direction that meets the satellite in a head-on collision.

So far we have not considered how the projectile was arranged to collide head-on with
the satellite. For an unpowered projectile to have been launched from the planet’s surface, its
precollision path must intersect the planet’s surface, i.e., the periapsis distance of its path
r P,peri cannot be greater than R. Since we know the projectile’s required position and velocity
at apoapsis just before the collision, we can find r P,peri by solving equation (4) with
r = rs = kR, = =c c 0,r Pr and with =q qc cP given by equation (8), so that

( )
( )

( )
( )

( )=
+ - +

- + +
=

+ -
+ + -

r r
k k

k k
r

k

k

9 32 1
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1 8

1 8 16
, 9P,peri S S

2

2

where we took the smaller positive root. Together with the apoapsis distance rs, equation (9)
uniquely specifies the form of the projectile’s elliptical path. For example, its eccentricity can
be obtained by substituting equation (6) into (5), or from ( )= -r a e1P,peri with semi-major
axis ( )= +a r r 2.P,peri S Further properties of surface-launched ballistic trajectories are
discussed in [2] and [3]. Figure 1 shows four satellite orbits and the minimum-launch-speed
projectile paths that cause the combined postcollision objects to just touch the planet’s surface
at periapsis.

Applying the surface launch condition r RP,peri to equation (9) yields k � 17, which
implies that a projectile launched from the surface to collide head-on with the satellite at
apoapsis can bring it down if rs � 17R. The corresponding launch speed of the projectile vP0
can be obtained by calculating its (conserved) specific mechanical energy εP at apoapsis
r = rS = kR by substituting equation (8) into (3), and setting the result equal to εP at the
planet’s surface r = R,
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where the escape speed from the planet’s surface is =v GM R2esc .
The smallest satellite orbit for which this expression gives the optimal launch speed

corresponds to k = 7, in which case =r 0,P,peri the projectile’s path is purely vertical, and
equation (10) predicts =v v6 7P0 esc in agreement with equation (17) in [1]. For smaller
values of k, the satellite can be brought down by a purely vertical launch with a lower speed
than that given by equation (10).

From equation (10), the launch speed vP0 is an increasing function of the projectile’s
apoapsis kR, so that a projectile fired into a higher orbit requires a larger launch speed, a
familiar result from orbital mechanics [2]. Therefore, for 7 � k � 17 the trajectory defined by
equation (9) that just reaches the satellite at apoapsis and collides head-on with it is optimal in
terms of minimising the projectile’s launch speed.

At rs = 17R, for which equation (9) gives =r R,P,peri the projectile must be launched
horizontally at =v v17 18P0 esc according to equation (10), and it reaches the satellite’s
orbit at apoapsis with =c 0Pr and = -qc 1 3P / from equation (8), on the opposite side of the
planet. As a result of the head-on collision, the projectile undergoes a velocity reversal, and
retraces its path back to the launch point, now attached to the satellite, as shown in figure 1.
Kepler’s third law can be used to find the (equal) launch-to-collision and collision-to-impact
times each as half the period of an orbit with semi-major axis a = (R + 17R)/2 = 9R.

For values of k larger than 17, equation (9) yields >r RP,peri so that the projectile cannot
have originated from the planet’s surface and equation (10) is not valid. As an example,
figure 1 shows that the projectile that manages to just de-orbit a satellite with rs = 22R in a

Figure 1. Pre- and postcollision paths for four satellites in circular orbits (orange dashed
lines) that collide and combine with projectiles of equal mass (black dotted lines). Each
projectile is launched along an elliptical path with periapsis distance given by
equation (9) such that it collides head-on with the satellite and causes the merged object
to follow an elliptical path that just reaches the planet’s surface (red solid lines). The
satellite orbits shown have k = rs/R = 7, 12, 17, and 22.
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head-on collision has >r RP,peri . Therefore, for a satellite orbital radius larger than 17R, no
projectile launched from the surface to reach apoapsis at rs, causing a head-on collision, will
be able to slow it down sufficiently to cause a planetary impact.

4. Effects of increasing a horizontal projectile’s launch speed

Is it possible to bring down a satellite with rs > 17R by launching the projectile horizontally
from the planet ( )=r RP,peri at a speed greater than that given by equation (10)? That would
cause the projectile to hit the satellite at an angle from below, so that the merged object
initially moves away from the planet. For a projectile launched horizontally in the retrograde
direction at speed vP0 = f vesc, the conserved specific energy and angular momentum are

( ) ( )e= - = - = - = -h Rv f GMR v
GM

R

GM

R
f2 and

1

2
1 . 11P P0 P P0

2 2

In the instant before it collides with the satellite at rs = kR, the projectile’s normalised
azimuthal velocity qcP can be found from conservation of angular momentum as

( )= = - = -  = -q qv
h

r

f GMR

r
f

k

GM

r
c

k
f

2 2 2
. 12P

p

s s s
P

Its normalised radial velocity can be found by rearranging equation (3) and substituting
equations (11) and (12) into it to yield

( ) ( )= -
+

-⎜ ⎟⎛
⎝

⎞
⎠c k

k

k
f2 1

1
1 . 13Pr

2

For the projectile to reach the satellite, we require c 0,Pr which from equation (13)
implies a minimum horizontal launch speed fmin such that

( ) =
+

f f
k

k1
. 14min

Just after collision with the satellite, the normalised velocity components of the merged
object are, from momentum conservation equation (7)

( )=
- +

- = -q⎜ ⎟⎛
⎝

⎞
⎠c

k k

k
f c

f

k

1

2

1
1 and

1

2 2
. 15r

2

We note that if the projectile is launched horizontally with =f k 2 ,/ equation (15)
predicts cθ = 0 and ( )= + -c k 1r

1

2
postcollision, so that the combined object has no angular

momentum and commences an outward radial path. As long as ε < 0, which requires k < 5
from equation (3), it will subsequently fall into the planet with an impact directly below the
collision point. Such bound radial trajectories are discussed in [4].

To minimise the projectile’s launch speed, the merged object has to just touch the
planet’s surface at periapsis distance R. To find the normalised launch speed fR that achieves
this goal, substitute the postcollision velocity components from equation (15) into (4) with
r = rs = kR, and set rperi = R. For k > 1, equation (4) yields

( )=
-
+

f
k k

k8

5

1
, 16R

which defines a relationship between the horizontal projectile’s launch speed and the
satellite’s orbital radius. For example, if we launch the projectile horizontally at the escape
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speed with fR = 1, rearrangement of equation (16) and solution of the resulting cubic in k
reveals that it can just bring down a satellite when ( )= + +k 6 193 4 82 1 3

( )+ - »193 4 82 17.51.1 3 The combined object’s orbit in this case is bound, since the
system of projectile and satellite starts with a negative precollision total mechanical energy
(because εP = 0 and εs < 0) and mechanical energy is lost in the inelastic collision.
Substituting equation (15) with f = 1 into equation (3) confirms this result. This case is plotted
as the green curve in figure 2. The red curve shows that if the projectile has zero radial speed
when it collides with a satellite at rs = 17.51R, it cannot distort the shape of the satellite’s
orbit sufficiently to bring it down to the surface. Equation (16) is plotted as the green dashed
curve in figure 3, but is not drawn for values of rs/R < 17 because the projectile would not
reach the satellite for those values, according to equation (14) which is plotted as the solid
red line.

5. Maximum satellite radius for planetary impact

For values of the projectile’s horizontal launch speed greater than the escape speed, even
though some mechanical energy is lost in the collision, the combined object may escape
before reaching periapsis. The specific mechanical energy of the postcollision orbit is found
by substituting equation (15) into (3) with r = kR so that

Figure 2. Paths of three projectiles (black dotted lines) launched horizontally from the
same point on the planet’s surface, each of which collide and stick to satellites in
circular orbits of radius rs = 17.51R (dashed orange curves). The solid curves show the
postcollision paths of the combined object for three projectile launch speeds. The
smaller red elliptical curve that just misses the planet is caused by vP0 = fmin vesc given
by equation (14). The larger green elliptical path that just touches the planet is caused
by vP0 = vesc from equation (16). The blue parabolic escape trajectory is caused by
vP0 = fmax vesc from equation (18).
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( )e = - - -
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k8
2

8 5
2 . 172
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Since the collision is inelastic, the combined object’s final mechanical energy 2mε will
always be less than the sum of mεP from equation (11) and the precollision mechanical energy
of the satellite in its circular orbit e = -m GMm kR2S .

To ensure that the merged object reaches periapsis after the collision (as opposed to
escaping) it must have a bound orbit with ε < 0. From equation (17), this condition translates
into a limit on the projectile’s launch speed

( )< =
+ + +

f f
k k

k

1 2 5 1

2
. 18max

3 2

3

Equation (18) divides the ( f, k) parameter space into bound and unbound postcollision
orbits and is plotted as a blue dotted line in figure 3. For launch speeds and satellite radii on
this curve, the combined object moves away from the planet on a parabolic escape trajectory.
For example, the blue curve in figure 2 shows such a trajectory.

For the merged object to just impact the planet, both equations (16) and (18) must be
satisfied. To find the maximum radius at which that is possible (where the blue dotted and
green dashed curves intersect in figure 3) set fR = fmax and solve for k to yield

Figure 3. Effect on the postcollision path of a satellite in a circular orbit of radius rs that
collides and sticks to an equal-mass projectile launched horizontally at speed vP0 from
the planet’s surface in the retrograde direction. The shaded region spans the initial
conditions that result in the combined object impacting the planet’s surface for rs > 7R.
The solid red curve plots the minimum horizontal launch speed required to reach the
satellite, from equation (14). The dashed green line gives the projectile’s launch speed
for which the postcollision periapsis distance is R, using equation (16). The dotted blue
line indicates the maximum projectile launch speed for a bound postcollision orbit,
according to equation (18). The point marked by a dot at rs/R = 17.51 and f = 1.0
corresponds to the radius and launch speed that result in the green postcollision orbit in
figure 2.
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That is, the projectile can bring down the satellite if its orbital radius rs < 18.88R. More
generally, a projectile launched horizontally can cause an equal-mass satellite to impact the
planet provided that the projectile’s launch speed and the satellite’s orbital radius lie in the
shaded region of figure 3 labelled ‘Bound, periapsis <R’.

The existence of a maximum radius beyond which the satellite cannot be brought down
by the surface-launched projectile can be explained physically as follows. The angular
momentum of the system of projectile and satellite around the planet’s centre is conserved
before and after the collision. As the satellite’s orbital radius increases, so does its angular
momentum, in proportion to r .S We must therefore launch the projectile with a retrograde
angular impulse (torque integrated over time) in order to reduce the total angular momentum
of the combined object. For a surface-launched projectile, the moment arm for providing this
angular impulse is constrained to be no greater than the planet’s radius R. Thus the only way
to increase the projectile’s retrograde angular momentum is to increase its launch speed.
However, that also increases the projectile’s kinetic energy, in proportion to v .P0

2 Therefore as
rs is increased, the projectile launch speed necessary to lower the periapsis to the planet’s
surface (shown by the green dashed curve in figure 3) causes the combined object to escape.

6. Applications and suggestions for student investigations

Table 1 summarizes the expressions we have derived previously [1] and in this paper for the
minimum launch speed and trajectory of a surface-launched projectile that can bring an equal-
mass satellite in a circular orbit down to the planet’s surface via an adhesive inelastic
collision.

The impulse between the projectile and satellite, and the orbital mechanical energy that is
lost during the inelastic collision, can be calculated explicitly from the equations derived
above, or approximated as follows. The changes in speed of the colliding objects are on the
order of the satellite’s orbital speed =v v k2 ,c esc which corresponds to the specific impulse

Table 1. Expressions for the minimum launch speed required to bring down a satellite
in a circular orbit of radius rs = kR via an adhesive collision with an equal-mass
projectile launched from the planet’s surface. The surface escape speed from the planet
is =v GM R2esc .

Range of
satellite orbital
radii rs = kR

Minimum projectile launch speed to
bring satellite down Projectile trajectory Reference

0 < k � 7 -v
k

1
1

esc
Radial with apoapsis
at rs

Equation (17)
in [1]

7 < k � 17 ( )
( )

+ + - +
+

⎡
⎣⎢⎢

⎤
⎦⎥⎥v

k k k

k k

7 2 32 1

2 1
esc

2
1
2 Retrograde elliptical

with apoapsis at rs

Equation (10)
in this paper

17 < k � 18.88 -
+

v
k k

k8

5

1
esc

Retrograde horizontal
launch

Equation (16)
in this paper
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(in N s kg−1) experienced by each object. Similarly, the kinetic energy absorbed per kilogram
is of order ( )=v v k2 .c

2
esc
2 The magnitudes of these quantities make this method of de-orbiting

a satellite impractical around the Earth (for which vesc = 11.2 km s−1). For example, to de-
orbit a geostationary satellite (with k = 6.6) in this manner, the kinetic energy absorbed per
kilogram in the collision, ∼10MJ kg−1, is comparable to the latent heat of vaporisation of
aluminum [5]. For the asteroid Ceres (having vesc = 0.51 km s−1) the corresponding values of
impulse and energy absorbed are reduced by factors of 22 and 480, respectively.

Inelastic collisions in space present intriguing engineering challenges. For example, the
use of ice pellets to de-orbit space debris has been considered [6]. A more ominous appli-
cation is antisatellite warfare. In 2007 the Chinese government destroyed one of its own
satellites by a head-on collision with a ‘kinetic kill’ missile launched from the ground [7].

The increasing difficulty of bringing down satellites in higher orbits provides a useful
topic for discussion of orbital angular momentum and energy. Students can explore the effects
of varying the projectile/satellite mass ratio [8], starting with equation (7). Further
explorations are possible using the methods described in this paper to analyse the effects of
adhesive collisions between objects orbiting in noncircular paths [9]. For these cases,
equation (6) can be adapted to find the postcollision velocity components in terms of the local
circular speed, from which equation (4) can be used to find the periapsis distance of the
combined object’s resulting path. For any object in orbit, equation (4) provides a convenient
method to calculate its periapsis distance from its instantaneous distance and velocity relative
to the central body.
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