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Abstract
A mat consisting of round bamboo rods connected by strings perpendicular to
their axes unrolls without slipping on a horizontal table. Video analysis is used
to measure the position of the centre of the remaining roll as a function of time.
It is found to accelerate with time due to the ‘rocket effect’ of the roll ejecting
rods backward relative to itself. Mechanical energy is not conserved because
of the inelastic collisions of the rods with the table. The fitted coefficient of
restitution (COR) is 0.59±0.04 which is consistent with known values for
wood on wood. In support of this explanation, progressively smaller values of
the COR are found when the mat is unrolled on a flat woven rug and on a
shock-absorbing pad. The level of analysis is appropriate to an undergraduate
course in physical mechanics.

Keywords: rolling without slipping, rocket problem, video analysis, mechan-
ical energy, coefficient of restitution

(Some figures may appear in colour only in the online journal)

1. Introduction

In 1946, Freeman modelled the motion of a flexible ribbon with nonzero mass density that is
initially rolled up tightly on itself and then unrolls without slipping along a surface [1]. The
dynamics of this system is pedagogically interesting because it simultaneously encompasses
two important topics that often confuse students of introductory physics. The first topic is the
motion of an object that rolls without slipping. In the absence of any deformation of the object
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or surface, mechanical energy is conserved for a round object because the portion of the
object in contact with the surface does not move relative to the surface and so no work is done
by the contact forces. The unrolled surface of a spool of ribbon can be compared to the
bottom area of a tractor tread, which is intentionally ribbed to help it dig into the ground and
prevent slipping. The second topic is the rocket problem. The spool is ejecting mass backward
as it unrolls, which results in a forward thrust on the remainder of the roll. This situation can
be compared to that of a narrowly-U-shaped rope when one side is falling and progressively
adding string at rest to the stationary side, thereby ‘concentrating’ kinetic energy in the
remaining falling portion [2].

With the availability of modern technology, Freeman’s model can be tested by doing
video analysis to digitise the unrolling motion [3–6]. The ribbon material needs to have a
large enough density per unit length to result in a noticeable thrust over a reasonably short
distance of travel so that it can be filmed by a fixed camera without parallax. A paper ribbon
would not be adequate for this purpose. However, a heavy rubber sheet or fabric carpet is not
sufficiently laterally flexible. A sushi mat consisting of round wooden rods connected by
lightweight strings is a better choice. It can be thought of as a two-dimensional analogue of
the chains used in video analysis and computer simulations when one end is released starting
from an initial hanging configuration [7, 8].

2. Video experiment

Video analysis is performed of a bamboo sushi mat unrolling on a flat wooden table. The
initially fully rolled-up mat is given a gentle tap with the end of a chopstick to get the motion
started. The mat consists of 65 rods connected perpendicularly to their axes by five flexible
strings distributed horizontally along their 24.0 cm lengths, as can be seen in the
photograph in figure 1. The vertical width L of the unrolled mat in the direction of the strings

Figure 1.A screenshot from Tracker showing an overhead view of the sushi mat caught
in the act of unrolling on a horizontal wooden table. The red diamonds are the 15 most
recently tracked positions of the centre of the roll, labelled with the video frame
numbers. The current position (labelled 36) that has just been manually identified is
circled in red at the top of the photograph.
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is 22.8 cm, so that the mat is nearly square. Each rod has a diameter D of 2.5 mm and the total
mass M of the mat is 78.3 g. (All measurements are accurate to ±1 in the last reported digit.)
The camera is mounted on a tripod directly above the mat. The video is imported into the
Tracker software package [9] for analysis. The position of the centre of the roll is manually
marked as a function of time frame by frame (at the video camera’s 59.94 Hz rate) after
setting =x 0 and =t 0 at the instant after the chopstick tap. The last frame is found to occur
at =t 0.851 sf just as the mat fully unrolls. The 52 tracked positions of x are normalised by
dividing them by L to give the red points plotted in figure 2 as a function of time t.

3. Mechanical energy of the unrolling mat

Freeman’s model [1] is reviewed in this section. The mat starts moving at time =t 0 when it
is fully rolled up into a cylinder of radius R and mass M at the left edge of figure 3. Choose
the origin (0, 0) to be at the initial position of the centre of mass of the cylindrical roll, with
the x-axis pointing horizontally rightward and the y-axis vertically downward. As time pro-
gresses, the centre of the roll traces out the green dashed curve in figure 3 starting at (0, 0) and
ending at (L, R). The mat, when fully unrolled, is approximated as having a uniform surface
mass density with length L and thickness D. It is ‘floppy’ in the sense that it exhibits no lateral
resistance to being rolled up nor tendency to curl back up after unrolling. At time >t 0 a

Figure 2. Comparison of experimental data (red circles) for an unrolling bamboo mat
with the theoretical energy-conserving prediction (dashed green curve) from
equation (15). The solid red curve is a plot of equation (17) which includes dissipation.

Figure 3. Side view of a mat unrolling rightward along a horizontal surface, so that the
centre of the roll traces out the dashed green trajectory. The symbols are defined in
the text.

Eur. J. Phys. 39 (2018) 025004 C E Mungan and T C Lipscombe

3



length x of the mat has unrolled and the remaining cylinder of rolled-up mat has radius r with
mass m given by

= - ⋅( ) ( )m M x L1 1

At this same instant in time, the cross-sectional area of the remaining roll can be written
in either of two different ways as

p = -( ) ( )r L x D 22

assuming the mat is thin enough that the roll can be modelled as a geometric spiral with
approximately circular end faces. Evaluating equation (2) when the mat is fully rolled up
leads to

p = ⋅ ( )R LD 32

Divide equation (2) by (3) to arrive at

= - ⋅ ( )r R x L1 4

This result implies that the green curve traced out by the centre of the roll in figure 3 is a
parabola whose vertex is at (L, R).

The reference position for gravitational potential energy is taken to be at the origin, so
that the initial potential energy of the mat is zero. On the other hand, at the instant shown in
figure 3 the decrease in its potential energy is

= - + -( ) ( ) ( )U mg R r M m gR, 5

where the first term is that of the remaining roll and the second term is the potential energy of
the unrolled portion of the mat (again assumed to be thin enough that D can be neglected
compared to R). Substituting equations (1) and (4) into this result gives rise to

= - - ⋅[ ( ) ] ( )U MgR x L1 1 63 2

The kinetic energy of the roll at this same instant is

u w= + ( )K m I , 71
2

2 1
2

2

where υ is the speed of the centre of mass of the roll along the green curve in figure 3, whose
x-component is

u q u q=  = + ⋅⎜ ⎟⎛
⎝

⎞
⎠ ( ) ( )x

t

x

t

d

d
cos

d

d
1 tan 82

2
2

Here θ is the angle that the green trajectory in figure 3 makes relative to the horizontal so
that
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using equation (4). The angular speed ω of the roll about its centre is related to the horizontal
component of its translational velocity in the usual way as
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where use was again made of equation (4). Finally the moment of inertia of the roll about its
centre is
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2

2 1
2

2 2

using equations (1) and (4). Substituting equations (8) through (11) into (7) gives the total
kinetic energy of the rolling mat as

= + -
⎡
⎣⎢

⎤
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( ) [ ( )] ( )K
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t
R L x L

8

d

d
6 1 12

2
2 2

using equation (1).
Freeman assumed the mat starts from rest4, but experimentally a nudge is needed to begin

the motion. The initial kinetic energy K0 is determined by fitting a straight line through the
origin to the first 0.2 s of data in figure 2 to obtain a slope of º -V 0.36 s ,0

1 representing the
initial value of the quantity in the first square brackets of equation (12). Therefore,

= + ⋅( ) ( )K MV R L6 130
1
8 0

2 2 2

Now if the mechanical energy of the system is conserved, the gain in kinetic energy
should equal the loss in potential energy so that

- = ( )K K U. 140

Substituting equations (6), (12) and (13) into this relation and separating variables results
in

ò=
+ -

- - + +
( )

[ ( ) ] ( )
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R L u

gR u V R L
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where the variable of integration was changed to ºu x L. Here the length of the mat is
=L 22.8 cm, earth’s surface gravitational field strength is = -g 980 cm s ,2 and the average

radius of the fully rolled-up mat was measured to be =R 1.45 cm which is only slightly
larger than the value of 1.35 cm predicted from equation (3) using =D 0.25 cm.

Equation (15) was numerically integrated in Mathematica with the upper limit x L
varying in 0.01 steps from an initial value of 0 (when =t 0) to a final value of 1 (when
=t tf). The resulting values of x L are plotted versus t as the dashed curve in figure 2. The

mat is predicted to fully unroll in a time of =t 0.579 s,f which is much faster than the
experimentally observed time of =t 0.851 s.f Evidently mechanical energy is not conserved
for this system.

4. Dissipation during the unrolling of the mat

A fully or partly rolled-up sushi mat is not perfectly round. Its outermost cylindrical layer
consists of a set of bamboo rods evenly distributed around the circumference. Seen in cross
section, this layer has radially projecting ‘high points’ at the angular centre of each rod. By
connecting adjacent high points with straight line segments, one obtains a polygon circum-
scribing the mat. Each edge of this polygon has a length very nearly equal to the diameter D
of the bamboo rods. The rolling motion of a regular polygon along a plane surface has been
modelled by Rezaeezadeh [10]. The key point is that each rectangular face of the polygonal
cylinder makes an inelastic collision with the plane, which can be described by a coefficient

4 According to figure 3 the centre of mass of the rolled-up mat is on the downward slope described by the dashed
green curve and thus ideally it should start moving even from rest. As discussed in section 4, however, the sushi mat
has a polygonal rather than a perfectly round cross section (which would be amplified by any initial gravitational
‘sagging’ of the mat) and it thus begins in a shallow potential well.
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of restitution (COR) e. In contrast to Rezaeezadeh’s definition, however, here e will be
defined as the square root of the fraction of the gravitational potential energy lost by the roll
that is converted into additional kinetic energy of the roll5, so that equation (14) becomes

- = ⋅ ( )K K e U 160
2

Then equation (15) gets modified to

ò=
+ -

- - + +
⋅

( )
[ ( ) ] ( )

( )t
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e gR u V R L
u

6 1

8 1 1 6
d 17

x L

0

2 2

2 3 2
0
2 2 2

A numerical value for the COR is obtained by varying e until this integral generates a
curve that best matches the experimental data. The result is =e 0.59, for which equation (17)
gives the solid curve in figure 2. The uncertainty in e is found to be ±0.04 by varying its
value to generate curves that bracket the range of variation in the data points. Given that the
bamboo rods of the sushi mat are tumbling across an oak table, this value of e falls within the
accepted range of 0.4–0.6 for the COR of wood on wood [11].

To further test the model, the sushi mat is unrolled on two softer surfaces. The first one is
a woven polypropylene rug, of the sort found just inside the entrance door to a house.
Although flat and thin, it is slightly compressible and thus is expected to have a lower COR
than does an oak table. Second, a thick gel-core polyvinyl chloride shock-absorbing kitchen
floor pad is used. It moulds to the feet of a person standing on top of it and exhibits no
discernible bounce, corresponding to zero COR. Video analysis is again performed using
Tracker in the same manner as before. In other words, the initial scaled speed V0 of the mat is
found by fitting a straight line to the first 0.2 s of data on a plot of x L versus t. Then e in
equation (17) is varied to give the best match to each experimental data set. The results for V0

and e for the three surfaces are summarised in the first three columns of table 1. The COR for
the bamboo mat on the polypropylene rug is found to be about half as big as it is for the mat
on the oak table, namely = e 0.26 0.06 where the error bar is again found by varying the
value of the COR to bracket the variation in the experimental points. Next, when unrolling on
the shock-absorbing pad, the range of deviation in the data is consistent with e being as large
as 0.1, but the best-fit value is zero, in which case equation (17) can be analytically integrated
and inverted to get
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+
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It takes different amounts of time tf for the sushi mat to unroll on the three surfaces. To
make it easier to compare their plots of position versus time, it is helpful to normalise the time
t to the final value tf. That value can be calculated (more accurately than it can be discerned in

Table 1. Results of the video analysis for the sushi mat unrolling on three different
surfaces.

Surface V0 (s
–1) COR e tfV0

Oak table 0.36 0.59 0.31
Polypropylene rug 0.37 0.26 0.50
Gel-core pad 0.78 0.00 0.67

5 This definition is motivated by the usual idea that if one drops an object with potential energy U so that it bounces
off an immobile table, the object’s kinetic energy immediately after the collision will be e U.2
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the video data) by setting the upper limit in the integral in equation (17) equal to 1. The
normalised results are graphed in figure 4.

A useful parameter (in addition to e) for comparing the three surfaces is the dimen-
sionless product t Vf 0 which would equal 1 if the mat unrolled at a constant speed. Its value
has been listed in the last column of table 1. It is always less than 1, owing to the rocket effect
discussed in section 1. Comparison with the adjacent column in the table shows that e
decreases linearly as t Vf 0 increases, implying that it takes a higher initial speed for the mat to
unroll on a soft surface in the same amount of time as it takes to unroll on a hard surface.

5. Concluding remarks

The dissipation might be minimised if, instead of unrolling along a table top, the mat is
allowed to fall vertically and unroll freely through the air while the top edge is kept clamped
in place. This is like the motion of a yo–yo descending a vertical string whose top end is held
fixed [12, 13]. A sushi mat is too small to be used for this purpose, but a flexible shade rolled
up and then released could work well and make for an interesting project, related to previous
work on Atwood’s machines with massive strings or chains [14, 15] and to a ribbon
unwinding down an incline [16]. However, the roll might still lose some mechanical energy to
swinging and oscillations of the unrolled part of the shade as it descends, especially if the
centre of mass of the roll does not start vertically directly below the suspension point.
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Figure 4. Comparison of experimental data (circles) for an unrolling bamboo mat with
the theoretical predictions (solid curves) from equation (17) including dissipation. The
red points and curve are for the mat unrolling on a solid oak table, the green are for the
same mat unrolling on a flat woven polypropylene rug, and the blue are for it unrolling
on a gel-core kitchen floor pad.
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