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Abstract
A liquid is set into oscillations in a vertical manometer of smoothly varying
cross-sectional area open at both ends to the atmosphere. Ignoring viscous
damping, the displacement of either free surface and the pressure at any point
in the liquid can be calculated using the unsteady Bernoulli equation which is
shown to be consistent with conservation of mechanical energy. If the cross
section is constant, the equations are analytically solvable; simple harmonic
motion is found for the surface displacement as a function of time, and the pres-
sure variation as a function of depth is in accordance with Newton’s second law.
More generally, however, numerical solution of the equations is necessary, as
illustrated for the example of a U-tube whose radius is linearly tapered from
one end to the other. The level of presentation is appropriate for an upper level
undergraduate course in fluid mechanics.

Keywords: U-tube, hydrodynamics, unsteady Bernoulli equation, energy con-
servation, fluid pressure, continuity
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1. Introduction

The motion of and pressure in a liquid oscillating in a U-tube of nonuniform cross-sectional
area are analyzed in this article. The special case where the left and right sides are each
uniform vertical ducts, but of different cross sections, and connected to each other by a
third uniform but horizontal duct has been previously treated by a Lagrangian analysis [1].
Here, an unsteady generalization of the Bernoulli equation is instead used, for a tube of
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Figure 1. A vertical U-tube in which a liquid such as water is oscillating back and forth
about its gravitational equilibrium level. At the indicated arbitrary instant, free surface A
on the left is displaced downward, while free surface B on the right is displaced upward.
Assuming the liquid is incompressible, the loss of liquid on the left side (relative to
equilibrium) must be equal to the gain of liquid on the right side, indicated by the two
equal green volumes.

continuously but smoothly varying cross-sectional shape. The results are found to agree with
energy conservation.

2. Description of the U-tube

Figure 1 depicts a U-tube whose cross-sectional area A[s] varies smoothly as a function of a
coordinate s running counter-clockwise around the axis. (If the area changed discontinuously,
then pressure and kinetic energy losses would occur due to turbulent eddies near those points,
as is modeled using empirical coefficients [2–4]. In contrast, the flow in the present article
is assumed to be everywhere laminar.) The tube is held at rest relative to the Earth with its
open ends pointing upward. Atmospheric pressure patm and Earth’s surface gravitational field
g are uniform across the tube. It is partly filled with liquid. When that fluid is at rest in static
equilibrium, the two free surfaces (i.e., the liquid surfaces A and B open to the atmosphere in
the left and right arms) are at the same height which is labeled y = 0, and the total length of
the liquid column is then equal to L.

The liquid is now set into oscillations back and forth in the tube. Although the length of the
fluid column changes as the liquid moves in the tube because area A is variable, the total volume
of liquid is constant because it is assumed to be incompressible with constant density ρ. The
liquid is also taken to be inviscid and irrotational. For the snapshot (at a fixed instant in time
t) shown in figure 1, point A is displaced downward to yA < 0 whereas point B is displaced
upward by yB > 0. There are two different ways to denote the location of an arbitrary on-axis
point P in the liquid. One can specify its altitude y on a given side of the tube. Alternatively
one can say point P is a distance s along the liquid column. For example, at the instant shown
in figure 1, sA = −yA and sB = L + yB. The amplitude of oscillation is assumed to be small
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enough that the free surfaces always remain in the vertical necks of the tube3. The pressure and
(signed) velocity of the liquid at point P are denoted p and υ, respectively.

3. Equation of motion of the liquid column from the Bernoulli formula

The standard form of the Bernoulli equation presented in introductory physics courses is

p1 +
1
2
ρυ2

1 + ρgy1 = p2 +
1
2
ρυ2

2 + ρgy2, (1)

where points 1 and 2 are any two arbitrary points in the liquid connected by a streamline. More
accurately, equation (1) should be called the steady Bernoulli equation. Fluid flow is steady if
its velocity is not a function of time at any fixed point in space relative to the Earth. The velocity
in a pipe does however vary from one point in space to another point where the cross-sectional
area is different. A helpful analogy is to think of a river. If one measures the current density at
two points 1 and 2 relative to the bank, one will get different values if the width or depth of
the river changes between them; nevertheless the water flow is steady if the current density at
any given point does not vary in time, which is normally true for rivers over a timescale that
is short compared to variations due to spring melts, summer droughts, or other changes in the
total flow rate.

Equation (1) needs to be generalized if the fluid is accelerating at any point in space, as is the
case for liquid oscillating in a U-tube: the liquid crossing any point in a vertical neck alternates
in time between moving upward and downward. In that case, equation (1) has to be replaced
by equation (A9) in the appendix , which is the unsteady Bernoulli equation [5]. Applying that
formula between points A and B in figure 1 gives

(
patm + ρgyA +

1
2
ρυ2

A

)
−
(

patm + ρgyB +
1
2
ρυ2

B

)
= ρ

d
dt

(υA)
∫ L+yB

−yA

ds
A[s]

. (2)

The time derivative on the right-hand side is of the current (in m3 s−1) which by continuity has
the same value everywhere along the liquid column (at a given instant in time) and so it can
be evaluated at point A. This evaluation requires some care because both the velocity and the
area change as the free surface A moves in figure 1. First, perform the derivative at an arbitrary
point moving with the liquid to get

d
dt

(υA) =
dυ
dt

A + υ
dA
dt

= aA + υ
dA
ds

ds
dt

= aA + υ2A′, (3)

where the (signed) acceleration is a, and the prime indicates a spatial derivative with respect to
s. It is easy to overlook the second term in this expansion; for example, it has been left out of
equation (6.13) of Kersalé [6] in contrast to equation (6) of Johari and Durgin [7]. As a check,
for steady flow along a pipe (for which the derivative of υA is zero) the fluid speed increases (so
that a > 0) as the liquid enters a constriction (with A′ < 0 along that taper). Second, evaluate
each of the four terms in this result (viz a, A, υ, and A′) at point A. Continuity implies that

3 If the free surfaces entered the bend region near the bottom of the U-tube, there would not be a simple relationship
between s and y. Furthermore, those surfaces would no longer be horizontal.
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υB is equal to υA multiplied by the ratio of the tube areas at points A and B. Putting everything
together, equation (2) becomes

gyA − gyB +
ẏ2

A

2

(
1 − A2[−yA]

A2[L + yB]

)
=

(
−ÿAA[−yA] + ẏ2

AA′[−yA]
) ∫ L+yB

−yA

ds
A[s]

, (4)

where overdots denote time derivatives. The first minus sign on the right-hand side originates
from the fact that υA ≡ dsA/dt = −dyA/dt ⇒ aA ≡ dυA/dt = −d2yA/dt2. Since the green
volumes in figure 1 are equal to each other, an implicit equation for yB in terms of yA is

∫ L+yB

L
A[s]ds =

∫ −yA

0
A[s]ds. (5)

Given the function A[s] for the cross-sectional area of the U-tube, equations (4) and (5) can be
solved simultaneously to find yA[t].

4. Equation of motion of the liquid column from energy conservation

The preceding derivation of equation (4) is nontrivial, and so it is worth checking it by another
method. Since there is no dissipation, mechanical energy is conserved. The gain in gravitational
potential energy of the liquid column at the instant shown in figure 1 relative to what it would
be in equilibrium is

U =

∫ L+yB

L
(s − L)ρgA ds +

∫ −yA

0
sρgA ds. (6)

The first integral is the potential energy of the green volume in the right arm (where y = s − L)
of the U-tube, whereas the second integral is the negative of the potential energy of the green
volume in the left arm (where y = −s) due to the loss of the mass in that region when the
liquid column moved counter-clockwise. On the other hand, the kinetic energy of the liquid is
the integral of cross-sectional slices over the entire length of the column,

K =

∫ L+yB

−yA

1
2
ρAυ2 ds, (7)

where the velocity is obtained from continuity as

υ[s] =
A[−yA]

A[s]
υA ⇒ K =

1
2
ρA2[−yA]ẏ2

A

∫ L+yB

−yA

ds
A[s]

. (8)

Energy conservation implies that the time derivative of the sum of U and K is zero. The Leibniz
rule [8] for differentiating an integral where both the integrand and the two limits depend on
the variable of integration is

d
dt

∫ b[t]

a[t]
f [x, t]dx = f [b, t]

db
dt

− f [a, t]
da
dt

+

∫ b

a

∂ f
∂t

dx. (9)
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Using this rule, the time derivative of equation (6) is

dU
dt

= (L + yB − L)ρgA[L + yB]
d
dt

(L + yB) + (−yA)ρgA[−yA]
d
dt

(−yA)

= (yB − yA)ρgA[−yA]
d
dt

(−yA) = (yA − yB)ρgA[−yA]ẏA

(10)

using continuity to equate the product of the area and velocity at points A and B. Likewise the
time derivative of K from equation (8) is

dK
dt

= ρ
{

A[−yA]A′[−yA](−ẏA)ẏ2
A + A2[−yA]ẏAÿA

} ∫ L+yB

−yA

ds
A[s]

+
1
2
ρA2[−yA]ẏ2

A

{
1

A[L + yB]
d
dt

(L + yB) − 1
A[−yA]

d
dt

(−yA)

}

= ρA[−yA]ẏA

{(
−A′[−yA]ẏ2

A + A[−yA]ÿA
) ∫ L+yB

−yA

ds
A[s]

+
ẏ2

A

2

(
− A2[−yA]

A2[L + yB]
+ 1

)}
,

(11)

where the time derivative of A at point A was evaluated as in equation (3). Adding together
equations (10) and (11), equating that sum to zero, and dividing it through by ρA[−yA]ẏA

results in equation (4).

5. Analytic solution for a U-tube of uniform cross-sectional area

If the area A of the tube is constant, equation (4) greatly simplifies. Every fluid particle (notably
including those on the free surface A) in the left neck of the U-tube has the same y-components
of displacement y = −s, velocity ẏ = −ṡ, and acceleration ÿ = −s̈ at a given instant in time;
at the same instant, every particle (including on free surface B) in the right neck of the U-
tube has equal and opposite y-components of displacement, velocity, and acceleration. Thus
equation (4) becomes

−gs − gs +
ṡ2

2

(
1 − A2

A2

)
= (̈sA + 0)

∫ L+s

s

ds
A

, (12)

so that

−2gs = L
d2s
dt2

⇒ s = smax cos[ωt + δ], (13)

where smax and δ are the amplitude and phase constant of the oscillatory motion. For instance,
if one slowly pushes surface A down a distance D with a piston and then suddenly pulls the
piston out of the U-tube, simple harmonic motion [9, 10] of the liquid column will result with
smax = D and δ = 0. The angular frequency will be

ω =

√
2g
L

(14)

which, for example, equals 14 rad s−1 for a 10 cm-long column. As a check, if both sides of the
left equality in equation (13) are multiplied by ρA, one correctly finds that the net gravitational
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force on the liquid column is equal to its total mass multiplied by its acceleration, analogous
to a block of mass m = ρAL being pulled at opposing faces by two identical but oppositely
directed horizontal springs each of stiffness constant k = ρgA.

In addition to predicting equations (13) and (14) which describe the oscillations of the liquid,
the unsteady Bernoulli equation can be used to find the pressure at any point in the vertical arms.
It is worth emphasizing that the conventional steady form of the Bernoulli equation gives the
wrong answer in general. For example, applying equation (1) to points A and B in figure 1 for
a U-tube of uniform cross-section leads to

patm +
1
2
ρυ2 + ρgyA = patm +

1
2
ρυ2 + ρgyB, (15)

which is incorrect except at the instant when the free surfaces pass through the equilibrium
level4 so that yA = 0 = yB. (The pressure difference between points A and B is always zero,
in contrast to what Hageseth claims [11–13].) Equation (1) reduces to the familiar formula for
the variation in hydrostatic pressure with depth and so it should not be surprising that it does
not apply to a dynamically oscillating liquid column.

The correct expression is obtained using the unsteady Bernoulli equation. Consider an
arbitrary point P located at vertical position y in the right neck of a U-tube of constant cross-
sectional area A. That is, the point is at a depth h = yB − y below the free surface. Let that
point be labeled 1, and point B be labeled 2. Equation (A9) then predicts that the pressure p at
depth h is

(
p+ ρgy +

1
2
ρυ2

)
−
(

patm + ρgyB +
1
2
ρυ2

)
= ρA

dυ
dt

h
A

⇒ p− patm = ρ(g + a)h,

(16)

where a is the upward acceleration of the liquid in the right arm. This result is familiar as the
formula for the pressure in a beaker of water that is in a vertically accelerating elevator. (For
example, if the beaker is dropped so that a = −g then the gauge pressure throughout the fluid
is zero. The water seems weightless in freefall.) Equation (16) can be recognized as Newton’s
second law in Earth’s reference frame in the form

AΔp− mg = ma, (17)

where Δp ≡ p− patm accelerates a column of liquid of mass m ≡ ρAh upward against gravity.

6. Numeric solution for a tapered U-tube

Now consider a U-tube of nonuniform cross section. Specifically, suppose its cross section is
circular with a radius r that increases linearly with increasing position s along the tube so that

r = (s + H)T, (18)

where T is the fractional taper and H is the maximum allowed height of the liquid above the
equilibrium level in the left arm of the U-tube in figure 1 (because the radius would become

4 According to equation (12), the acceleration of the fluid is zero at that instant and so the unsteady Bernoulli equation
happens to reduce to equation (1) as the free surfaces pass through their equilibrium positions.
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Figure 2. Small-amplitude oscillations of vertical position versus time for free surfaces
A (in blue) and B (in red expanded vertically by a factor of 5) for a U-tube whose
radius increases linearly with increasing distance s along the axis. The details of the
tube parameters and initial conditions are spelled out in the text. The green dashed curve
is a sinusoidal fit to the blue curve.

zero if the liquid could rise in that arm up to s = −H). Then A = πr2 and equation (5) becomes
a cubic whose sole real solution is

yB =
{

(H + L)3 + (H − yA)3 − H3 1/3 − (H + L). (19)

Furthermore the inertance is

∫ L+yB

−yA

ds
A[s]

=
L + yA + yB

πT2(H − yA)(H + L + yB)
. (20)

Substituting equations (19) and (20) into (4), a differential equation is obtained for yA[t]
that can be solved numerically given the values of the parameters and initial conditions. For
example, assume a gravitational field strength of g = 9.8 m s−2, an equilibrium liquid col-
umn length of L = 20 cm, a maximum allowed vertical height of point A above equilibrium
of H = 10 cm, and a radial taper of T = 0.1 (i.e., the radius increases by 1 mm for every cen-
timeter increase in position counter-clockwise around the axis). Then the following sequence
of commands in Mathematica produces the red and blue curves in figure 2.

g = 980; L = 20; H = 10; T = 0.1;
A[s_] := Pi∗T∧2∗(s + H)∧2
yB[yA_] := ((H + L)∧3 + (H − yA)∧3 − H∧3)∧(1/3) − (H + L)
sol = NDSolve[{g∗yA[t] − g∗yB[yA[t]] + 0.5∗yA′[t]∧2∗(1 − A[−yA[t]]∧2/
A[L + yB[yA[t]]]∧2) == (−yA′′[t]∗A[−yA[t]] + yA′[t]∧2∗2∗Pi∗T∧2∗(−yA[t] + H))∗

(L + yA[t] + yB[yA[t]])/(Pi∗T∧2∗(H − yA[t])∗(H + L + yB[yA[t]])), yA[0] == −0.1,
yA′[0] == 0}, yA,{t, 0, 2}]
Plot[{Evaluate[yA[t]/.sol], 5∗Evaluate[yB[yA[t]/.sol]]},{t, 0, 2}].

7

mungan
Rectangle



Eur. J. Phys. 42 (2021) 025008 C E Mungan and G A Sheldon-Coulson

Figure 3. Large-amplitude oscillations of vertical position versus time for free surfaces
A (in blue) and B (in red expanded vertically by a factor of 5) for the same U-tube as in
figure 2. The only difference is the initial displacement of the liquid as explained in the
text.

Using this method of solution, figure 2 plots the oscillations of free surfaces A (in blue) and B
(in red expanded vertically by a factor of 5) for the first 2 s after pushing surface A down by
1 mm and releasing it from rest. These small-amplitude oscillations are very nearly sinusoidal.
Specifically, the dashed green curve is a plot of the function y = −ymax cosωt when ymax =
1 mm and ω is merely 29% larger than the value given by equation (14). On the other hand,
at large amplitudes the oscillations are no longer sinusoidal. Figure 3 graphs the oscillations
of free surfaces A (in blue) and B (in red expanded vertically by a factor of 5) for the first 2 s
after pulling surface A up by 8 cm (which is near the limiting value H) and releasing it from
rest. Interestingly, oscillations are also seen for a different kind of U-tube problem describing
the sinking of a submarine as it floods its ballast tanks [14].

7. Conclusions

The Bernoulli equation can be generalized to unsteady flow, in which fluid accelerates with time
at any fixed point in space, by introducing a quantity called the inertance. As an application,
this unsteady equation predicts the displacement of the free surfaces of a liquid column in
a U-tube of variable cross-sectional area. Conservation of mechanical energy confirms the
resulting integro-differential equation. Attention must be paid to evaluating the time derivative
of the flow rate; although the cross-sectional area is not an explicit function of time, it is an
implicit function of time when one follows the motion of the fluid particles such as those on
the free surfaces. These surfaces move up and down with simple harmonic motion for a U-
tube of constant cross-sectional area, but the sinusoids become distorted for large-amplitude
oscillations in a nonuniform tube. The unsteady Bernoulli equation also describes the pressure
at any arbitrary depth in the oscillating liquid column; it is not in general given by the familiar
hydrostatic formula.
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Figure 4. An arbitrary infinitesimal portion of a pipe through which fluid is flowing
from point 1 to 2.

Appendix. Derivation of the unsteady Bernoulli equation

Consider an infinitesimal length of the tube of cross-sectional area A with liquid of density
ρ flowing through it at velocity υ, as shown in figure 4. Coordinate s runs along the axis of
the tube starting at position 1 and ending at position 2, so that the length of this portion is ds.
The axis is tilted at angle θ relative to the horizontal, such that end 2 increases in height by dy
relative to end 1. The pressure at the inlet is p and that at the outlet is dp greater than it.

The mass of liquid inside this infinitesimal piece of the tube is dm = ρAds. External forces
due to the pressure and to gravity act on that mass with components directed along the axis of
the pipe. The net forward force is

dF = −A dp− dm g sin θ = −A dp− ρAg dy. (A1)

The changes in pressure and height in this equation are with respect to the position s along the
pipe at a fixed instant in time t, so that partial derivatives can be used to rewrite it as

dF = −A
∂p
∂s

ds − ρAg
∂y
∂s

ds, (A2)

where the two independent variables are taken to be s and t. According to Newton’s second
law, this force results in fluid acceleration a such that

dF = dm a = ρA ds
dυ
dt

= ρA ds

(
∂υ

∂s
ds
dt

+
∂υ

∂t

)
. (A3)

Here ∂υ/∂t is the unsteady term, and υ = ds/dt. Equate the right-hand sides of equations (A2)
and (A3), and then divide through by dm to get

−1
ρ

∂p
∂s

− g
∂y
∂s

= υ
∂υ

∂s
+

∂υ

∂t
. (A4)

The mass flow rate

Q ≡ dm
dt

= ρAυ (A5)
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is independent of s by continuity, which implies that dQ/dt = ∂Q/∂t. (In other words,
the same amount of mass per second flows past any cross section of the tube at a given instant
in time.) Consequently,

∂υ

∂t
=

1
ρA

dQ
dt

(A6)

which is substituted into equation (A4) and the result multiplied through by ρ to obtain

−∂p
∂s

− ρg
∂y
∂s

= ρυ
∂υ

∂s
+

1
A

dQ
dt

. (A7)

Integrate this equation over s from points 1 to 2 (at any fixed t) to find

−p− ρgy − 1
2
ρυ2

2

1

=
dQ
dt

∫ 2

1

ds
A[s]

. (A8)

Define the inertance I as the integral to obtain the unsteady Bernoulli equation,(
p1 + ρgy1 +

1
2
ρυ2

1

)
−
(

p2 + ρgy2 +
1
2
ρυ2

2

)
= I

dQ
dt

. (A9)

The reason for the name inertance is that the right-hand side of this equation resembles the
voltage (analogous to pressure here) Ldi/dt for a time-varying current i (analogous to Q here)
flowing across an inductance L. The derivative dQ/dt is zero for steady flow, in which case
equation (A9) reduces to the familiar form of the Bernoulli equation.
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