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Thermodynamics of radiation-balanced lasing
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Athermal lasers dispose of their waste heat in the form of spontaneous fluorescence (i.e., by laser cooling) to
avoid warming the medium. The thermodynamics of this process is discussed both qualitatively and quanti-
tatively from the point of view of the first and second laws. The steady-state optical dynamics of an
ytterbium-doped KGd(WO4)2 fiber is analyzed as a model radiation-balanced solid-state laser. A Carnot ef-
ficiency for all-optical amplification is derived in terms of the energy and entropy transported by the pump,
fluorescence, and laser beams. This efficiency is compared with the performance of the model system.
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1. INTRODUCTION
Laser cooling of a variety of condensed materials has been
demonstrated experimentally within the past decade:
Yb31 doped in heavy metal fluoride glasses1–3 such as
ZBLANP and in the crystals4,5 KGW and YAG, Tm31 in
ZBLANP,6 ethanol solutions of the organic dyes7,8

Rhodamine 6G and Rhodamine 101, and GaAs-based
semiconductor heterostructures.9,10 In all these cases
the cooling proceeds by pumping between specific sublev-
els within a pair of electronic bands. These individual
sublevels are sufficiently closely spaced (compared to a
typical thermal energy of kT) that phonon coupling re-
duces the pair of bands to a quasi-two-level system.
Cooling is achieved by pumping of the material at a wave-
length longer than the wavelength lF that corresponds to
the mean fluorescence photon energy. That is, anti-
Stokes fluorescence is responsible for the extraction of
thermal energy from the medium.

All these materials also support laser action. This is
not surprising because optically pumped lasing is essen-
tially laser cooling run in reverse.11 For a conventional
laser, the Stokes energy shift between the pump photons
(of wavelength lP corresponding to energy EP 5 hc/lP)
and the laser output photons (with wavelength lL and en-
ergy EL 5 hc/lL) is commonly called the quantum defect,
EP 2 EL , and appears as heat in the laser medium. Ex-
cess heating can lead to undesirable changes in material
parameters (e.g., thermal expansion), to optical aberra-
tions of the beam (defocusing and depolarization), and to
fractures or chemical changes in the active material.
Such effects limit the performance of high-power lasers,
and great effort is expended toward the control of heat
(e.g., by circulating coolants, zigzag beam geometry, wave-
front corrections, and materials engineering). A novel so-
lution to this problem is to avoid depositing any heat
within the laser medium by using an approach known as
radiation-balanced or athermal lasing.12 The basic idea
is illustrated in Fig. 1 and consists in optically pumping
the system at a wavelength intermediate between the
mean fluorescence wavelength and the output lasing
wavelength, lF , lP , lL , to balance the anti-Stokes
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cooling that is due to the spontaneous emission against
the Stokes heating from the stimulated emission.

In the present paper the thermodynamics of this self-
cooled lasing mechanism is explored. First, a qualitative
overview of the admissibility and practicality of such a de-
vice from the point of view of the first and second laws of
thermodynamics is presented. Next, as a prelude to a
more-quantitative analysis, the theory of radiation-
balanced lasing is reviewed. Although this theory is in
principle already contained in two key references,4,12

these two sources use different notation and were not spe-
cifically applied to a model device. A single-pass edge-
pumped fiber amplifier design is considered here. In Sec-
tion 4 a Carnot efficiency is derived for all-optical
amplification from consideration of the radiative trans-
port of energy and entropy.13 The results are compared
with the internal efficiency of an ideal Yb:KGW athermal
laser.

2. SIMPLE HEAT-ENGINE PICTURE
In the analysis of a conventional solid-state laser, the role
of spontaneous fluorescence is usually assumed to be neg-
ligible compared with the stimulated excitation–
relaxation cycle driving the dynamics. This is equivalent
to ignoring the arrow labeled lF in Fig. 1. The resultant
energy-level scheme could represent an Yb:YAG laser, for
example.14 The energy difference between an output la-
ser photon and the input pumped transition appears as
heat in the host medium, Qhost , typically in the form of
phonons connecting the pump and laser sublevels. The
thermodynamics of the process is compactly characterized
by the textbook-style sketch in Fig. 2. Here, the output
laser beam is described as work, Wbeam , in accordance
with the Carathéodory viewpoint.15 That is, ideal laser
radiation is able to raise a weight without inducing any
other permanent changes in the environment. A mecha-
nism for doing so is Hertzberg’s photon engine,16 wherein
the absorbed radiation increases the pressure in a super-
sonic gaseous beam, thereby driving a turbine with an ef-
ficiency that can theoretically equal 100% for an arbi-
trarily high-fluence, coherent source. From another
2003 Optical Society of America
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point of view, if the laser beam occupies only a single op-
tical mode, then the entropy that it carries is zero.17 By
contrast, blackbody radiation (a form of heat transfer) is
maximally disordered by virtue of being broadband, un-
polarized, and both spatially and temporally incoherent.

In steady state, the first law of thermodynamics re-
quires that the energy input per cycle equal the energy
output: Wpump 5 Wbeam 1 Qhost . This process also sat-
isfies the second law in that some work has been irrevers-
ibly converted into waste heat. It would be a violation of
the Kelvin–Planck version of the second law to attempt to
design a conventional laser with lL , lP by supplying
the extra energy thermally. In other words, a cw laser
cooler cannot have a coherent optical output beam.18

(For example, anti-Stokes Raman laser shifters necessar-
ily have efficiencies far below unity.)

Schematically, an ideal radiation-balanced laser can be
thought of as a conventional laser ganged together with

Fig. 1. Prototypical energy-level scheme for a radiation-
balanced laser. Two bands of energy sublevels are indicated:
the ground-state manifold, labeled 1, and the excited-state group,
2. For example, these bands could represent the 2F7/2 and 2F5/2
multiplets of Yb31, the S0 and S1 singlet states of an organic dye,
or the valence and conduction bands of an intrinsic semiconduc-
tor. The dashed lines represent centroids over the equilibrium
population distributions in the two states, under the assumption
that each multiplet has ample time to thermalize after any of the
indicated optical transitions occurs. In that case, the mean fluo-
rescence wavelength lF is independent of the optical pump and
output lasing wavelengths, lP and lL , respectively.

Fig. 2. Thermodynamic diagram of a conventional laser system.
The pump source here is considered to perform work Wpump on
the laser medium, for example by means of an electrical dis-
charge. In this and Figs. 3 and 4, input work (W) is labeled at
the left, output heat (Q) at the bottom, output work at the right,
and input heat at the top of the circled device.
an optical refrigerator, as diagrammed in Fig. 3. The key
innovation is the use of the same optical pump source to
run both machines, Wpump 5 Wpump

laser 1 Wpump
fridge, divided in

just such a manner as to ensure that all the heat (Qhost)
generated by the laser is removed by the refrigerator
(fridge). In keeping with the preceding discussion, the
spontaneous fluorescence is labeled heat, Qfluorescence , and
escapes into the environment.

Although the device sketched in Fig. 3 might be useful
as a frequency downconverter, it omits a practical aspect
of the physics of athermal lasing. Because Wbeam
5 Wpump 2 Qfluorescence , the laser output is necessarily
less energetic than the input. An intended application is
a compact high-power laser, so presumably a single, high-
quality laser source is not already available as a driver.
The implication is that the pump should not be repre-
sented as work alone, i.e., as ‘‘high-grade’’ optical energy
that transfers no entropy, to use the nomenclature of
Landsberg and Tonge.19

However, it is impossible for the pump to be an optical
source of pure heat, such as blackbody radiation from a
thermal flash lamp. The Clausius statement of the sec-
ond law of thermodynamics requires that the refrigerator
be pumped by work, Wpump

fridge, and not by heat. Further-
more, laser pumping is typically more efficient than
broadband flash-lamp pumping, owing to a better overlap
between the source emission and the laser absorption.
One concludes that the pump energy should be delivered
partly in the form of work and partly in the form of heat,
EP 5 Wpump 1 Qpump , as sketched in Fig. 4. In practice,
the source would probably consist of a set of mutually in-
coherent diode lasers.20 One might thus view a
radiation-balanced system as a coherent beam combiner,
in which the improvement in beam quality of the output
laser compared with the set of input lasers is at minimum
compensated for by the entropy carried away by the fluo-
rescence signal. Just as for a conventional laser, it is
therefore clear that the efficiency must drop to zero as the
Stokes shift, lL 2 lP , and hence the fluorescence energy,
EF 5 Qfluorescence , is made to vanish.

Fig. 3. Cartoon of an idealized athermal laser pumped by an op-
tical source of work. No net heat is deposited in the host; the
spontaneously emitted radiation is assumed eventually to escape
the medium and get dumped onto some externally shielded ab-
sorber.
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To review, the cartoon in Fig. 3 properly depicts the en-
ergy flows in the system and can be used to calculate the
so-called thermodynamic first-law efficiency19 (the ratio of
the output laser power to the input pump power). How-
ever, the second law of thermodynamics further restricts
the performance of the system by considering not merely
the energies but how much is useful or available for con-
version into high-grade form. Specifically, a computation
of the free energy requires knowledge of the radiation en-
tropy. The product of the entropy and the thermody-
namic brightness temperature19 can be defined as the
heat transported by the pump beam, as sketched in Fig. 4.

3. OPTICAL ANALYSIS OF
RADIATION-BALANCED LASING
Assume that the optical system depicted in Fig. 1 satisfies
the three basic conditions for laser cooling: rapid intra-
band thermalization within each manifold (i.e., level split-
tings small compared to kT); purely radiative interband
relaxation (i.e., a bandgap large compared to the energies
of the phonons and local modes); and the absence of com-
petitive excited-state absorption, energy transfer, and ab-
sorption by nonradiative background impurities. In that
case, the excited-to-ground-state spontaneous emission
has a characteristic mean photon energy EF 5 hnF
5 hc/lF , which can be computed from the measured
fluorescence intensity InFdn 5 IlFdl (W/cm2). For this
purpose, the spectral intensity must be converted to pho-
ton spectral flux density, InF /hn (s21 cm22 Hz21). That
is, the averaging of photon energy E must be weighted by
the spontaneous emission rate rather than by power:

EF 5
* EInFh21n21dn

*InFh21n21dn
⇒ lF 5

* lIlFdl

*IlFdl
. (1)

The second form is useful for typical spectrometric data
measured in fixed-slit wavelength increments. In the
case of a biaxial sample, relation (1) must be generalized
by separate summing of the numerators and the denomi-
nators over the intensities emitted along the three crys-
tallographic axes.21 For Yb:KGW this gives lF
5 993 nm.

Fig. 4. Energy-flow diagram for a practical radiation-balanced
laser. To make contact with the subsequent quantitative analy-
sis, note that the output laser energy is EL 5 Wbeam per cycle.
Two conditions are necessary for radiation balance.
First, the absorption rate density (cm23 s21) must equal
the sum of the stimulated and spontaneous emission rate
densities:

IP

hnP
~N1sAP 2 N2sEP! 5

IL

hnL
~N2sEL 2 N1sAL! 1

N2

t
.

(2)

Throughout this paper, subscript P denotes the optical
pump; L, the output laser beam; and F, the spontaneous
fluorescence. The optical intensities and frequencies are
denoted I and n, respectively. The volume densities
(cm23) of active ions in the ground and excited states are
labeled N1 and N2 . In accordance with the discussion
beginning this section, it is assumed that N1 1 N2 5 N
is the constant total density. For a doped solid, this den-
sity can be calculated from atomic fractional concentra-
tion n as nNAr/M, where M is the molecular weight when
one substituent atom per formula unit is assumed, r is
the mass density of the pure host, and NA is Avogadro’s
number. Lifetime t can be determined by time-resolved
fluorescence. Finally, sAP and sAL are the absorption
cross sections at the pump and the output laser wave-
lengths, respectively, and sEP and sEL are the correspond-
ing emission cross sections. (Note that the absorption
and emission cross sections are not in general equal to
each other at the same wavelength, because they are
sums over a large number of overlapping ground-state-
sublevel to excited-state-sublevel transitions. To empha-
size this fact, they are sometimes called the effective cross
sections.) The absorption cross section is simply the un-
saturated absorption coefficient (cm21) divided by N. In
contrast, the emission cross section must be determined
either from the fluorescence spectrum by use of the
Füchtbauer–Ladenburg equation or from the absorption
cross section by the principle of reciprocity.22 The six in-
dependent polarized absorption and emission cross sec-
tions for Yb:KGW have been graphed and discussed in
Ref. 21.

The second condition for athermal lasing is that the ab-
sorbed and emitted power densities (W/cm3) must bal-
ance:

IP~N1sAP 2 N2sEP! 5 IL~N2sEL 2 N1sAL! 1
N2hnF

t
.

(3)

It has been implicitly assumed in writing Eqs. (2) and (3)
that the pump and output laser bandwidths are narrower
than the linewidths of the interband transitions. (Other-
wise it would be necessary to integrate the spectral inten-
sities over the wavelength-dependent cross sections.)
Substitute N1 5 N 2 N2 into these equations to elimi-
nate the unknown N1 , where N, t, and nF are fixed for a
particular material at a given operating temperature.
Next, the performance of the system is optimized by
choice of nP and nL according to the procedure discussed
in Ref. 4; this consequently determines the values of the
four optical pump and output laser cross sections. Equa-
tions (2) and (3) can then be solved simultaneously for IL
and N2 in terms of pump intensity IP . This sets the ini-
tial conditions at the input face of an athermal amplifier.
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However, the lasing intensity must subsequently grow as
it propagates through the crystal (in a direction defined to
be z) according to the gain equation

dIL

dz
5 IL~N2sEL 2 N1sAL!. (4)

Consequently IP(z) is not arbitrary for z . 0.
Eliminating the population densities N1 and N2 from

Eq. (4) by use of Eqs. (2) and (3) [cf. Eq. (7) below] and
integrating lead to

IL~z !

IL~0 !
5

ILmin

IL~0 !

bP 2 bL

bP
H lnF IL~z !

IL~0 !
G 1 NsALzJ 1 1.

(5)

Equation (5) can be solved for IL(z) by iteration in a
spreadsheet. It is therefore convenient to express IP(z)
and N2(z) in terms of IL(z). After some algebra, Eqs. (2)
and (3) can be rearranged as

IPmin

IP
5 1 2

ILmin

IL
, (6)

N

N2
5

1

bL
1 S 1

bP
2

1

bL
D ILmin

IL
. (7)

Equations (5)–(7) have been written in terms of the two
quantities

IPmin
5

bPbL

bP 2 bL

hnP

sAPt

nF 2 nL

nP 2 nL
,

ILmin
5

bPbL

bP 2 bL

hnL

sALt

nF 2 nP

nP 2 nL
, (8)

where bP [ sAP /( sAP 1 sEP) and bL [ sAL /( sAL
1 sEL). As explained in Ref. 12, these quantities repre-
sent the minimum pump and laser intensities required
for sustaining radiation balancing. In other words, IL is
infinite when IP 5 IPmin

, and IL decreases monotonically
to ILmin

as IP → `. This completes the solution.
Now apply the solution to the following model system:

Ytterbium-doped KGW, specifically KGd(WO4)2 with
3.5% of the gadolinium ions replaced by Yb31, has the
highest figures of merit for radiation-balanced lasing of
any evaluated material.4 Its performance is optimized
by pumping with a polarization at a wavelength of lP
5 1001 nm and amplifying a b-polarized laser beam that
has a wavelength of lL 5 1042 nm. The corresponding
cross sections are sAP 5 1.53 pm2, sEP 5 5.11 pm2, sAL
5 0.083 pm2, and sEL 5 1.88 pm2. To keep the thermo-
optical calculations simple, consider the single-pass edge-
pumped amplifier design sketched in Fig. 5. The laser
crystal is in the shape of an 11-cm-long fiber with a
1 mm 3 1 mm square cross section. Its length has been
chosen to equal 2/(NsAL), where N 5 2.2 3 1020/cm3, in
accordance with the suggestion of Ref. 12. The trans-
verse dimensions of the slab are small, so the pump in-
tensity remains approximately constant across its
width.23 (It is assumed that the sides of the slab are an-
tireflection coated at the pump wavelength and the end
faces at the output laser wavelength.) Otherwise the
longitudinally propagating laser beam could not be a
plane wave but would have to have a specially tailored
spatial profile. The KGW crystal can be conceptually di-
vided into 110 cubic segments, each with a volume of dV
5 l3, where l 5 1 mm is the step size used in numeri-

cally evaluating Eq. (5) for IL(z) from injection to output.
A separate pump source excites each of these volume
elements.24 The brightest pump is needed at the injec-
tion end. Again following the recommendations of Ref.
12, it will be assumed to have an intensity of IP(0)
5 10 kW/cm2 and thus 100 W of power.25 Given that t
5 600 ms for Yb31-doped KGW, the minimum intensities
in Eq. (8) are determined to be IPmin

5 1.37 kW/cm2 and
ILmin

5 4.36 kW/cm2. Thus IP(0) is comfortably larger
than IPmin

, as required for efficient operation.
The injection intensity of the amplified laser beam is

calculated from Eq. (6) to be IL(0) 5 5.05 kW/cm2, which
is about as close in value to ILmin

as one might realistically
hope to achieve. The growth in strength of this laser
beam as it propagates along the slab is now solved by
stepping along of Eq. (5) in increments of dz 5 1 mm.
The result is graphed as the thick curve in Fig. 6, which
quickly settles into a nearly linear slope.12 The required
pump intensity IP to sustain this amplification is plotted

Fig. 5. Single-pass edge-pumped athermal amplifier in the
shape of a 1 mm 3 1 mm 3 110 mm fiber of KGW
1 3.5 at. % Yb31. A set of 110 pump beams is distributed uni-
formly along its bottom face. The amplified beam and each
pump beam have 1 mm 3 1 mm top-hat spatial profiles. For
clarity the fluorescence is shown escaping from the top side of the
slab only.

Fig. 6. IL , IP , and IF versus z for the laser amplifier sketched
in Fig. 5. The fluorescence intensity (expanded vertically by a
factor of 10) is that which crosses the surface of the fiber and is
taken to be hemispherically isotropic; the spectral shift that is
due to photon recycling by repeated absorption and reemission is
neglected.
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as the thin continuous curve, calculated from Eq. (6).
Were the fiber to be semi-infinite in length, then IP would
asymptotically approach IPmin

as z → `.
The efficiency calculations also require knowledge of

the external fluorescence intensity at the surface of the
crystal. Recalling that its power density is given by the
last term in Eq. (3), one can compute this intensity as

IF 5
hnFN2

t

dV

dAs
5

hnFN2l

4t
, (9)

where dV 5 l3 is the volume of each pumped element,
with an external surface area of dAs 5 4l2. Note that
fluorescence generated in element i (where i varies from 1
to 110 along the length of the fiber in Fig. 5) and emitted
rightward into the adjacent element i 1 1 is approxi-
mately balanced by the spontaneous radiation propagat-
ing leftward from emitter i 1 1 back into i. Hence there
is minimal net flux across the end caps of each volume el-
ement. (The areas of the entrance and exit faces of the
fiber can be neglected.) Equation (9), with Eq. (7) used
for calculating N2 , is plotted as the dashed curve in Fig.
6. As the fluorescence energy has merely to balance the
quantum defect of the quasi-two-level laser cycle, IF is
small and has consequently been expanded vertically in
this figure by a factor of 10.

The analysis in this section was predicated on several
idealizations. In particular, radiation trapping of the
fluorescence and heating by nonradiative decay processes
were neglected. Consider the effect of each of these in
turn. The refractive index of KGW is approximately 2.0
for all three crystallographic axes. Suppose that the la-
ser rod is cut such that a is parallel to longitudinal axis z,
while b and c span the edges of the 1 mm 3 1 mm end
faces. (The slight distortion of KGW from tetragonal
symmetry has been neglected because the monoclinic
angle is only 4° off normal.) The internal fractions of the
spontanteously emitted light that have each polarization
(i.e., 59% a, 29% b, and 12% c) can be computed from the
emission cross sections. These photons are emitted with
a dipolar angular distribution and either escape or reflect
when they strike a crystal boundary. Light incident at
greater than the critical angle of 30° will be trapped; that
incident at lower angles can be assumed to escape (in
view of the antireflection surface coatings and the inter-
nal Brewster angle). Consequently one might expect
that a substantial fraction of the fluorescence would be
waveguided along the slab. However, those photons will
be reabsorbed after traveling only 7 mm on average, thus
attenuating the blue end of the fluorescence, where there
is a strong overlap between the absorption and the emis-
sion cross sections. The net effect of single-photon recy-
cling after integration over solid angles and performance
of an absorptance-weighted average over polarizations is
to redshift lF by 7 nm.

Next consider the effects of nonradiative relaxation.
Excited ytterbium ions can transfer their energy to
quenching centers or modes, such as foreign rare-earth
atoms or host vibrations. This has the effect of shifting
lF to lF* [ lF /hF , where the radiative quantum
efficiency21 of Yb:KGW is hF 5 0.987, resulting in a
13-nm redshift. (Direct absorption of the pump by back-
ground impurities such as transition metals, with absorp-
tion coefficient ab , can also occur in principle,11 but the
tungstate samples do not show convincing evidence that
they have done so.4,21 Modeling its effects would require
more-detailed knowledge of its polarization and wave-
length dependence.)

The upshot of these two effects is to increase the effec-
tive mean fluorescence wavelength, although the exact
shift depends on the details of the sample geometry and
purity. To compensate for it, the pump wavelength can
be detuned to the red. Increasing lP from, say, 1001 to
1019 nm decreases sAP from 1.53 to 0.45 pm2. This low-
ers but does not negate the cooling efficiency,21 so ather-
mal operation is still possible. More realistically, the ini-
tial experimental goal is to reduce rather than eliminate
the need for an external coolant.26

4. THERMODYNAMIC EFFICIENCY OF THE
MODEL SYSTEM
To quantify the thermodynamics of the energy conversion
processes within a radiation-balanced laser it is necessary
to consider the rates at which both energy (E) and entropy
(S) flow through the device.19 Therefore Fig. 4 is re-
drawn in the form of Fig. 7. Here ĖP and ṠP are the
rates at which the active material absorbs energy and en-
tropy from the pump lasers, ĖL and ṠL are the net rates
with which energy and entropy are added to the amplified
laser field, and ĖF and ṠF are the rates at which energy
and entropy are carried away by spontaneous fluores-
cence. Assuming steady-state operation, the first law of
thermodynamics implies that

ĖP 5 ĖL 1 ĖF , (10)

whereas the second law gives rise to the inequality

ṠL 1 ṠF 2 ṠP > 0. (11)

Irreversible processes cause the left-hand side to be
strictly greater than zero; examples of such processes are
discussed in Ref. 11. (The arrows in Fig. 3 cannot be

Fig. 7. Energy and entropy transported optically into and out of
an athermal laser. The dots denote time derivatives; i.e., Ė is
power in units of watts, whereas Ṡ has units of watts per kelvin,
both sometimes referred to as fluxes.
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wholly reversed and hence the Carnot efficiency derived
below can never be fully attained by an athermal laser.27)

Introducing the flux temperatures TP [ ĖP /ṠP , TL

[ ĖL /ṠL , and TF [ ĖF /ṠF , one can combine Eqs. (10)
and (11) to derive an upper limit on the efficiency of opti-
cal amplification:

h [
ĖL

ĖP

<
1 2 TF /TP

1 2 TF /TL
' 1 2 TFS 1

TP
2

1

TL
D . (12)

The last step follows from the fact that the fluorescence
carries much lower energy and much higher entropy than
both the pumped and the amplified laser beams. It can
be written in the Carnot form (Th 2 Tc)/Th , where the
effective temperatures of the hot and cold reservoirs are
Th 5 (1/TP 2 1/TL)21 and Tc 5 TF , respectively. In the
case of an ideal laser output beam (i.e., a beam that occu-
pies a single optical mode), TL → ` and consequently the
ideal Carnot efficiency is hc 5 1 2 TF /TP .

The optical flux temperatures can be calculated from
the flux densities (i.e., energy or entropy per unit time per
unit area) of the corresponding beams.19,28 Specifically,
the external fluorescence power is

ĖF 5 EIFdAs 5 4 EIFdA. (13)

The first integral is over the surface area As of the entire
sample. But the fluorescence can be approximated as be-
ing symmetrically emitted by the four rectangular faces,
each of area A 5 110 mm2, in Fig. 5. (For consistency,
dA has the same range of integration in every equation in
this section.)

The contribution of photons from the ambient sur-
roundings to the entropy flux density is negligible because
TF turns out to be much larger than room temperature.
Therefore the rate at which the fluorescence carries off
entropy is

ṠF 5 4kc EEE @~1 1 nF!ln~1 1 nF!

2 nF ln nF#gdE cos udVdA

5 8pkc EE @~1 1 nF!ln~1 1 nF!

2 nF ln nF#l24dldA, (14)

where g 5 2E2(hc)23 is the density of photon states
[J21 cm23 sr21, with the factor of 2 arising from the two
independent transverse polarizations (Ref. 17)] and
where cos u is the radiometric projection factor. The an-
gular integral gave rise to the factor of p, because the
fluorescence is assumed to be isotropically emitted into
the outgoing hemisphere about each point on the surface
of the crystal. Here nF is the (dimensionless) fluores-
cence photon occupation number. It is related to the
spontaneous emission spectrum as follows:
IlFdl 5 S c E EnFg cos udV DdE 5 2phc2nFl25dl

⇒ nF 5
IFl5

2phc2

IlFn

*IlFn
dl

, (15)

where the subscript n on the spectral intensity denotes
that the spectrum has been normalized to unity at a peak
wavelength lmax . (Sometimes IlFn

is called the normal-
ized emission spectral density.)

The power absorbed from the pump sources is

ĖP 5 EIP~N1sAP 2 N2sEP!ldA, (16)

where the area integral spans the 110 pump beams irra-
diating the bottom face of the fiber in Fig. 5 and where the
absorption has been computed in the linear limit.23 The
rate at which entropy is deposited in the sample is

ṠP 5 4pkc EE @~1 1 nP in
!ln~1 1 nP in

!

2 nP in
ln nP in

#l24dldA 2 4pkc EE @~1

1 nPout
!ln~1 1 nPout

! 2 nPout
ln nPout

#l24dldA.

(17)

Because the pump beams have a top-hat profile directed
normal to the sample surface, the projection factor is 1 in
this case and hence the angular integration gave 2p
rather than p. In analogy with relation (15), the occupa-
tion number for pump photons entering the bottom face of
the sample is

nP in
5 H IPl5

4phc2DlP

l P DlP

0 otherwise

, (18)

where the spectral profile of each pump source has been
approximated as a square pulse with a (small) bandwidth
of DlP . Not all the pump photons are absorbed by the
sample, and hence their occupation number on exiting the
top face of the slab is

nPout
5 nP in

~1 2 N1sAPl 1 N2sEPl !. (19)

The area integrals over dA in Eqs. (13)–(17) can be re-
placed by l2 times a summation over the 110 elements
that compose the fiber. Approximating25 l by lP and dl
by DlP 5 4 nm in Eq. (17) then results in

TP 5

lP
4l ( IP~zi!a i

4pkcDlP ( sPi

. (20)

Whereas it is not hard to integrate Eq. (14) exactly over
the sum of the three polarized emission spectra graphed
in Ref. 21, the dominant a-polarized spectrum is suffi-
ciently narrow that an expression similar to Eq. (18) suf-
fices to approximate nF , and consequently the analog of
Eq. (20) becomes
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TF 5

lmax
4 ( IF~zi!

2pkcDlF ( sFi

. (21)

The averaged fluorescence spectrum for Yb:KGW is found
to peak at lmax 5 982 nm with a bandwidth of DlF
5 * IlFn

dl 5 28 nm. The summations in Eqs. (20) and
(21) run over i from 1 to 110, and the new variables intro-
duced in these expressions are

a i 5 N1~zi!sAP 2 N2~zi!sEP ,

sFi 5 ~1 1 nFi!ln~1 1 nFi! 2 nFi ln nFi ,

sPi 5 ~1 1 nPi in
!ln~1 1 nPi in

! 2 nPi in
ln nPi in

2 ~1 1 nPiout
!ln~1 1 nPiout

! 1 nPiout
ln nPiout

,

nPi in
5

IP~zi!lP
5

4phc2DlP
, nPiout

5 nPi in
~1 2 a il !,

nFi 5
IF~zi!lmax

5

2phc2DlF
.

Using the data graphed in Fig. 6, one finds that nP in
de-

creases from 34 at z 5 0 to 6 at z 5 11 cm. These values
are large owing to the high brightness of the pump
sources. Over the same range, nF drops from 0.23 to
0.088.

Finally, the flux temperatures are computed from Eqs.
(20) and (21) to be TP 5 11,000 K and TF 5 4500 K, im-
plying that the Carnot efficiency for this model athermal
amplifier is hc 5 60%. In comparison, its internal opti-
cal efficiency is

ho 5
IL~11 cm! 2 IL~0 !

( IP~zi!a il
5 17%, (22)

assuming 100% radiative quantum efficiency. This
agrees with the value tabulated in Ref. 4, thereby con-
firming the calculations.

5. CONCLUSION
Because an Yb:KGW athermal laser has an optical effi-
ciency of 17%, the gain for the model system depicted in
Fig. 5 is G [ IL(11 cm)/IL(0) 5 3.2 for an absorbed
pump power of ( IP(zi)a il

3 5 660 W. The maximum
possible gain that could be achieved with any kind of op-
tical device (with the same injected laser and absorbed
pump powers and bandwidths) is 8.9, which would re-
quire a fully reversible photon amplifier that had an effi-
ciency of 60%. This difference between ho and hc reflects
the generation of entropy Sg by processes that are inter-
nal to the athermal amplifier. In contrast, the Carnot ef-
ficiency considers only the optical beams that cross a con-
trol surface surrounding the device.29 But, seen from
another point of view, 17% is a constant for an Yb:KGW
radiation-balanced laser (given wavelengths lF , lP , and
lL) regardless of its geometry and the nature of its optical
sources. That is, the ratio of the stimulated emission
and absorption power densities is
ho [
IL~N2sEL 2 N1sAL!

IP~N1sAP 2 N2sEP!
5

lP 2 lF

lL 2 lF
(23)

from Eqs. (2) and (3). In contrast, the 60% result de-
pends on, for example, the bandwidth of the pump lasers.

In particular, the highest Carnot efficiencies result only
when the system is pumped into saturation, as can be
seen from Fig. 8, where IP(0) has been varied but all
other user-defined parameters have been kept the same.
The left-hand edge of the figure corresponds to pumping
at the minimum intensity, IPmin

, and the right-hand edge
is close to the intensity at which the model system de-
scribed in this paper was driven. The dashed line across
the middle of the figure indicates the intensity at which
IP(0) 5 IPsat

. This is the pump saturation intensity de-
fined in Ref. 12, which explains the knee in the curve.
However, a linear graph results if hc is plotted against ab-
sorbed rather than incident pump power.

It is helpful to review the origin of the numerical value
of hc . The amplified laser beam was assumed to trans-
port no entropy (i.e., TL → `). Therefore the spontane-
ous emission field must carry away all the entropy ab-
sorbed from the pump. For a given pump power,
wavelength, and bandwidth, this fact determines the
minimum required fluorescence power and hence the
maximum possible thermodynamic efficiency.30

The increase in the Carnot efficiency with pump ab-
sorption in Fig. 8 can now be understood conceptually as
follows: The energy of a collection of photons of fixed
mean frequency and angular divergence scales linearly
with the number of photons. In contrast, the entropy of
the set depends not only on the number but also on the
energy distribution of the photons. If all the photons are
in the same quantum state, the beam has zero entropy.
(This again is what is meant by categorizing ideal laser
radiation as ‘‘pure work.’’) However, if the photons are
spread into a blackbody spectrum, the beam transports
heat with an entropy that corresponds to the actual
brightness temperature of the spectrum.31 It is therefore

Fig. 8. Carnot efficiency hc for the athermal amplifier sketched
in Fig. 5 as a function of IP(0)/IPmin

. When the system is
pumped at its minimum operational intensity, 410 W of pump
power is absorbed and hc 5 38%. The pump intensity satu-
rates when IPsat

/IPmin
5 (bP 2 bL)/bL 5 4.45; at this point, it re-

quires 640 W of pump power to run the Yb:KGW laser and hc
5 59%. In the limit as IP(0) → `, the system absorbs only an-
other 50 W of power, and its Carnot efficiency barely increases to
62%.
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clear that, as photons are added to the pump beam, the
entropy that the beam carries per photon decreases be-
cause it is becoming more sharply peaked. This is also
true for the fluorescence, except that, as IF is increased,
the entropy that it transports per photon does not de-
crease as rapidly as does the pump beam. There are
three reasons for this: The spontaneously emitted light
is less intense, broader in bandwidth, and distributed
over a larger range of solid angles than is the pump ra-
diation. [These are the relevant factors that appear in
Eqs. (20) and (21).] Therefore, because the entropy ab-
sorbed by the pump balances the entropy carried away by
the fluorescence, the number of fluorescence photons
grows sublinearly with the number of absorbed pump
photons. This leaves more of the pump photons for con-
version into laser photons, thus improving the Carnot ef-
ficiency.
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