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Abstract
An Atwood-type machine is investigated in which one block moving along a
frictionless horizontal track is connected by a string over an ideal pulley to a
hanging block. In the usual setup, the pulley is located at the corner between
the end of the track on a tabletop and a vertical drop down to the floor. An
alternative geometry analysed by Herrera-Suárez, Machado-Higuera, and
Muñoz (Phys. Educ. 55 055022) raises the pulley above this corner, so that
the portion of the string connecting the pulley to the horizontally moving
block makes a nonzero angle relative to the track. Assuming the track
extends beyond the edge of the table, both blocks are shown here to exhibit
oscillations about the equilibrium configuration as the horizontal block
passes under the pulley.

Keywords: Atwood machine, Newton’s second law, numerical solution,
oscillatory motion

1. Introduction
A recent article [1] by Herrera-Suárez, Machado-
Higuera, and Muñoz (hereafter HMM) considers
an Atwood-typemachine with two blocks connec-
ted by a string passing over a pulley. All the usual
assumptions are made (both blocks move without
friction or drag, the pulley is massless and its axle
is frictionless, the string does not stretch or slip
on the pulley) except that the pulley is not collin-
ear with the direction of motion of both blocks.
Instead it is displaced above the line of motion
of one of the blocks, so that the angle that the
string pulls on it changes as that block moves. As

a result, the tension in the string and the accelera-
tions of the two blocks are no longer constant and
require numerical solution to determine.

A clear explanation is given by HMM of how
to set up the analysis and useMathematica to solve
the final differential equation. However, they have
some signs in their equations wrong which results
in a solution that is incorrect. It appears to give
a reasonable match to their experimental results,
but only over a limited time range. When plot-
ted over a longer duration, their prediction for the
motion of each block diverges to infinity, rather
than oscillating. A key to a correct solution is to
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Figure C1. Comparison of experimental and theoretical curves describing the vertical position of the hanging
block as a function of time after release. For this graph only, the positive direction of the y axis has been redefined
to be upward, to permit a direct comparison with figure 5 of HMM. The red and blue curves in both figures are
identical.

label the positive directions of the coordinate axes
on the free-body diagram and use them to choose
appropriate signs in the component equations.

2. Newtonian analysis
In this Comment the analysis is repeated with
a clearly defined choice of axis directions, not
necessarily identical to the ones HMM intended.
The same setup and symbols are adopted as in
their figure 1. In the theoretical system of equa-
tions, nothing limits the length of the horizontal
track along which block 1 can move in either dir-
ection. However, to avoid having hanging block 2
hit a track which extends past the edge of the table
during experiments, the pulley can be slightly
twisted with its back edge out of the plane of the
page so that the hanging block can pass just in
front of or behind the track. That allows for oscil-
latory motion of the blocks, relative to the stable
equilibrium configuration of the system in which
both blocks are at rest directly below the pulley.

Put the origin at the center of the pulley. Let
the y axis point positive downward, with hanging
block 2 at position y below the pulley. Then y

must always be positive. In contrast, HMM use
negative values of y (presumably by having the
y axis point positive upward). Accordingly, all of
the signs for the numerical values of y here are
reversed compared to HMM, and the initial posi-
tion of block 2 is taken to be y0 = 0.255 m. Sim-
ilarly, let the x axis point positive leftward. Given
that the length of the string is l= r+ y= 2.09 m
(where r is the diagonal distance from block 1 to
the pulley), block 1 is initially at position

x0 =
√
(l− y0)

2 − h2 = 1.48 m (C1)

in accordance with equation (5), where the vertical 
height of the pulley above the track is h = 1.08 m.
(All equation and figure numbers in this Comment 
are labeled with a ‘C’ to distinguish them from 
equation, figure, and table numbers in HMM that 
do not carry a ‘C’.) Both blocks start from rest, so 
that υx0 = 0 for block 1 and υy0 = 0 for block 2. 
However, as time elapses, the values of x, vx, vy, 
ax, and ay all alternate between positive and neg-
ative in value. That implies equation (5) in gen-
eral should have a ± sign factor in front of the 
square root, depending on whether x is positive or
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Figure C2. Oscillations of both blocks as a function of time. The green curve in this figure is the same as the solid
green curve in figure C1 except without reversing the sign of y.

negative. As a check on the solution, we expect
υy > 0 and thus ay > 0 immediately after the sys-
tem is released and hanging block 2 begins to fall;
in turn, that means block 1 gets pulled toward the
origin and thus υx < 0 and ax < 0 initially.

Now proceed by following similar steps as in
HMM. Newton’s second law in the x direction for
block 1 becomes

−Tcosθ = m1ax. (C2)

The angle θ  the string makes relative to the 
horizontal is between 0◦ and 90◦ when x is pos-
itive (i.e. block 1 is to the left of the pulley) 
whereas θ ranges from 90◦ to 180◦ when x is neg-
ative. With that convention, cosθ = x/r changes 
sign as block 1 passes through its x = 0 equilib-
rium position (because r is always positive). Thus 
equation (C2) correctly shows that ax is negat-
ive immediately after the system is released. Like-
wise, Newton’s second law in the y direction for 
block 2 is

m2g−T= m2ay. (C3)

Solve equation (C3) for T and substi-
tute it into equation (C2) along with cosθ =

x/(x2 + h2)
1/2

to obtain

m2(ay− g)
x√

x2 + h2
= m1ax. (C4)

Equation (4) can be solved for y as

y= l−
√
x2 + h2 (C5)

which, unlike x, never changes sign. Take the first
and second time derivatives of this equation to get

υy =− xυx√
x2 + h2

(C6)

and

ay =−x(x2 + h2)ax+ h2υ2
x

(x2 + h2)3/2
. (C7)

Just after release, we have x large and posit-
ive, υx small and negative, and ax large and neg-
ative; thus these two equations correctly predict
that υy > 0 and ay > 0 initially. Next substitute 
equation (C7) into (C4) to obtain

ax =− m2gx(x2 + h2)
3/2

+m2h2xυ2
x

(x2 + h2)(m1x2 +m1h2 +m2x2)
(C8)

which changes sign with the sign of x, as expec-
ted when the string starts pulling block 1 in the
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opposite direction. Another check on the consist-
ency of this analysis is important. We need to
ensure that the tension never gets large enough to
lift the horizontally moving block off the track.
That requires

Tsinθ < m1g ⇒ −ax tanθ < g ⇒ −ax
x
<
g
h
(C9)

using equation (C2). It can be verified for the solu-
tion presented in the next section that this inequal-
ity is satisfied at all times. Note that equation (C8)
shows that −ax/x is always positive.

3. Numerical solution
Equation (C8) is solved numerically. Using
the corrected [2] values m1 = 0.57412 kg,
m2 = 0.01 kg, L≡ l= 2.09 m, h= 1.08 m, and
g= 9.8 m s−2 the two relevantMathematica com-
mands are

s= NDSolve[{ x ′′[t] ==−(m2gx[t](x[t]
2

+ h2)3/2 +m2h
2x[t]x′[t]2)/(x[t]2 + h2)/

(m1x[t]
2 +m1h

2 +m2x[t]
2),

x[0] == Sqrt[(L− 0.255)2 − h2], x′[0] == 0,

y[t] == L−Sqrt[x[t]2 + h2]}, {x, y}, {t, 0, 30}]

Plot [Evaluate[ f [t]/.s ], {t, 0, 30}]

where f [t] can refer to any of x[t], x′[t], x′′[t], y[t],
y′[t], or y′′[t] for the position, velocity, or acceler-
ation of blocks 1 or 2, respectively. For compar-
ison with HMM, their equation (8) is also solved
in the sameway. The solid curves in figure C1 plot
both solutions and their data acquisition system
(DAS) measurements (using the fit function lis-
ted in their table 1). Over this time range, the the-
oretical predictions from equations (C8) and (8)
give almost equally fair (but different!) matches
to the experimental DAS data. However, on a
longer timescale, equation (8) diverges without
bound, which is not what should happen. In con-
trast, equation (C8) correctly leads to oscillations

of both masses, as plotted in figure C2. Block 1
moves between x values of +x0 and −x0 from
equation (C1). Simultaneously, block 2 moves
between a minimum value of y0 = 0.255 m and a
maximum value of ymax = 1.01 m from equation
(C5) when x= 0.

Improved agreement is obtained between the
DAS experimental data and the theoretical pre-
diction from equation (C8) if the values of h and
l are slightly adjusted to 1.03 m and 2.16 m,
respectively, giving the dashed curve in figure C1.
The values of h and l are not precisely defined
and instead vary over some experimental range,
because the pulley, horizontally moving aircart,
and cylindrical hanging weight have finite dimen-
sions rather than being point-sized as assumed in
the theory.

4. Conclusion
In closing, HMM have presented an intriguing
problem and explained how the analysis should be
done and how to test the predictions experiment-
ally. In this Comment, the details of their analysis
have been corrected. The new results predict that
both blocks will oscillate about their equilibrium
positions. These ideas open up avenues for com-
putational and experimental investigations in clas-
sical mechanics courses by exploring alternative
geometries for Atwood-type machines.
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Addendum: Direct comparison of equations of motion for the hanging block 
 

Equation (8) of HMM is 

 

  

ay =
m2g (l − y)2 − h2⎡

⎣
⎤
⎦
2 + (l − y)m1h

2υy
2

(l − y)2 − h2⎡
⎣

⎤
⎦ m2 (l − y)2 − h2⎡

⎣
⎤
⎦−m1(l − y)2{ }

. (A1) 

This equation assumes negative values of y with initial values of   y0 = −0.255 m  and   
υy0 = 0 . In 

contrast, my equation (C7) can be rearranged into 

 

  

ay =
m2g (l − y)2 − h2⎡

⎣
⎤
⎦
2 − (l − y)m1h2υy

2

(l − y)2 − h2⎡
⎣

⎤
⎦ m2 (l − y)2 − h2⎡

⎣
⎤
⎦+m1(l − y)2{ }

 (A2) 

using equations (C5), (C6), and (C8). Equation (A2) assumes positive values of y with initial 
values of   y0 = 0.255 m  and   

υy0 = 0 . 
The difference between these equations (A1) and (A2) is that they have opposite signs in 

front of the m1 terms in both the numerator and denominator. They cannot be made to agree for 
any choice of positive directions of the coordinate axes, nor do these equations depend on how 
long the track is that block 1 moves along. Equation (A1) is simply incorrect. 
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2 Departamento de Físíca, Ibagué-Colombia, Universidad del Tolima, Barrio Santa,
Helena Parte Alta

E-mail: hernan.herrera@unibague.edu.co, maximiliano.machado@unibague.edu.co
and jhmunoz@ut.edu.co

Abstract
In this paper, the dynamic case of a system made up of two blocks connected
by a string over a smooth pulley is revisited. One mass lies on a horizontal
surface without friction, and the other mass has a vertical displacement. The
motion equation is obtained and its solution is determined using the
Mathematica package. Also an experimental montage for this system is
made and experimental data for the vertical position y in the function of time
t are obtained using a data acquisition system and Tracker video analysis.
The relation y vs t can be represented by a polynomial of degree six. An
average relative error of 3.61(10.14)% is obtained between the theoretical
results acquired with Mathematica and the data taken from Tracker (data
acquisition system).

Keywords: newtonian mechanics, tracker, data acquisition system.

1. Introduction
In this work, a system of two blocks of masses,m1

and m2, connected by a string over a smooth pul-
ley and subjected to variable acceleration is stud-
ied. The mass m2 is suspended, and the mass m1

moves on a horizontal surface without a coeffi-
cient of dynamic friction. The string is extension-
less, and uniform, and its mass is negligible. Fig-
ure 1 shows the forces acting on this system.

Unlike other systems made up of two masses
tied to a rope that passes through a pulley (such
as those shown in figure 2), this problem is
significant because the tension T, the normal force

N and the acceleration are not constant because
they depend on the variation of the angle θ. This
system is a more complex progression of the four
common configurations shown in figure 2.

The static situation of this problem has been
studied previously in some fundamental physics
textbooks [1–6], in several papers [7–12] and on
the website of Franco [13]. The dynamic case, in
which there is no friction between the horizontal
surface and the mass m1, was proposed as a prob-
lem in Serway–Jewett’s physics textbook [1] and
its solution appears in the Instructor’s Solution
Manual of the same author [2]. In this paper, this
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Figure 1. Two blocks tied to an extensionless string.
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Figure 2. Systems made up of two masses tied to a rope that passes through a pulley. The tension and the accel-
eration are constant.

case is revisited with the purpose of performing
a complete analysis of this system. The motion
equation is explicitly obtained, and its solution is
found using theMathematica package. An exper-
imental montage is made, and experimental data
for the position in the function of time for themass
m2 are obtained using a data acquisition system

(DAS) and Tracker video analysis. The experi-
mental results are then compared with the theor-
etical solution.

This paper is organized as follows. In sec-
tion 2, the experimental arrangement built by the
authors to represent the system shown in figure 1
is displayed; in section 3, the theoretical analysis
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Figure 3. Experimental arrangement: (a) mass m1; (b)
mass m2; (c) combination spoked wheel; (d) air track;
(e) sensor CASSY 2; (f) timer S; (g) multi core cable,
6 pole, 1.5 m; (h) computer; (i) air supply, and (j) com-
bination light barrier.

is presented, and the results are briefly discussed
in section 4. Finally, in section 5, some conclud-
ing remarks are given.

2. Experimental arrangement
Figure 3 shows the experimental arrangement
used to represent the system in figure 1. The two
masses are m1 = 574.12 g and m2 = 100 g (meas-
ured with a WTC 2000 precision balance [20]),
and the length of the string is l= r+ y= 2.09 m
and h= 0.98 m. Mass m2 moves down in the ver-
tical direction, and mass m1 moves horizontally
over the linear air track, reference 11202−88, of
the company Phywe [14]. The DAS used is made
up of a sensor-CASSY 2, reference 524013 [15]; a
timer S [16]; a multi core cable, 6 pole, 1.5 m, ref-
erence 50116 [17]; a combination spoked wheel,
reference 337464 [18]; and a combination light
barrier, reference 337462 [19], of the company
Phywe, and a computer, which are fundamental
to the acquisition of data.

The air supply (see figure 3(i)) is used to
reduce the friction between mass m1 and the air
track. The data for the variable y in the function
of time were registered for the DAS with the ini-
tial condition y(0)=−0.255 m. The movement of
the two masses was also recorded with a smart-
phone, and the video was analized using Tracker
video analysis [21].

3. Theoretical analysis
The system displayed in figure 1 is analyzed using
Newton’s second law. The sum of the forces for
the particle m1 in the x direction is

Tcosθ = m1ax; (1)

and the sum of the forces for the mass m2 in the y
direction gives

T−m2g = −m2ay. (2)

From this equation, the tension T is obtained
and by substituting it in equation (1), the following
is obtained:

(m2g−m2ay)
x√

x2 + h2
= m1ax, (3)

where cosθ = x/r= x/
√
x2 + h2 (according to

figure 1). Considering figure 1, the length l of the
rope is given by

l=
√
x2 + h2 + y. (4)

From this equation, the following is obtained:

x=
√
(l− y)2 − h2. (5)

On the other hand, if differentiated with
respect to time in equation (4), the equation below
is obtained:

vy =−xvx(x2 + h2)−
1
2 , (6)

where vx = dx
dt and vy =

dy
dt are the speeds of mass

m1 and m2, respectively. Now, by differentiating
this expression with respect to time, after repla-
cing x and vx, by means of equations (5) and (6),
respectively, the below expression is obtained

ax =−

 h2v2y(
(l− y)2 − h2

) 3
2

+
(l− y)ay(

(l− y)2 − h2
) 1

2

 ,

(7)

where ax =
dvx
dt and ay =

dvy
dt are the accelerations

of mass m1 and m2, respectively. If vy= 0, then
ax =−uay with u= (l− y)((l− y)2 − h2)−

1
2 .

This result agrees with the one presented in [1, 2].
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Figure 4. An image of the movement of the mass m2 using Tracker.

Figure 5. Graph of y versus t for the mass m2. The
solid black (blue) circles represent the experimental
data obtained with Tracker (DAS). The red circles rep-
resent the solution of the differential equation obtained
with Mathematica.

By replacing the last expression for ax in equation
(3), the following expression is obtained:

ay=
m2g

(
(l− y)2 − h2

)2
+(l− y)m1h2v2y

((l−y)2−h2)
(
m2

(
(l− y)2 − h2

)
−m1 (l−y)2

).
(8)

This differential equation gives the equation
motion for y.

4. Results and discussion
The evolution of the variable y in the function of
time t has been obtained via three different ways:
(i) employing Tracker, (ii) manipulating the DAS,
and (iii) using the Mathematica package.

As mentioned in section 2, the movements of
masses m1 and m2 were recorded with a smart-
phone and the video was analyzed with Tracker.
Figure 4 (see left side) shows a picture of the
movement of the mass m2 using this compu-
tational tool. The vertical displacement of the
particle m2 in function of the time, y vs t, is dis-
played in the top-right of this figure, and the data
are shown in the bottom-right. Figure 5 shows the
graph of y vs t obtained with the Tracker (see the
solid black circles). On the other hand, the soft-
ware CASSY was also used to obtain y vs t from
the DAS (see the solid blue circles).

The solution of the differential equation
shown in equation (8) was obtained by means of
the Mathematica, using the commands NDSolve
and Plot[Evaluate[y[t] /. s, t, 0, 1]. This solution is
displayed in figure 5 (see the solid red circles).

Figure 5 was obtained using the OriginPro
package [22]. This software allows the res-
ults obtained by Tracker, the DAS, and Math-
ematica to be presented in a single image.
The experimental data confirm that the motion
of mass m2 is neither uniform nor uniformly
accelerated.
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(a) (b)

Figure 6. Comparison of the obtained results from Mathematica and Tracker (a) and the DAS (b).

Table 1. y versus t for the obtained data with Tracker, the DAS and the theoretical solution given byMathematica.

Mathematica y= −1.45919× 10−6t6 +
5.66164× 10−5t5−1.76691×
10−4t3 − 0.06829t2+2.75608×
10−5t− 0.255

DAS y= 1.60902×
10−4t6 − 0.00132t5 +
0.00502t4−0.00811t3 −
0.0576t2 + 0.01529t− 0.25567

Tracker y= −1.75581×
10−4t6 + 0.00213t5 −
0.00773t4+0.01381t3 −
0.07397t2 − 0.0118t− 0.25406

The obtained data with the DAS and Tracker,
as well as the acquired result with Mathemat-
ica, were fitted by means of the OriginPro. The
best fit is given by a polynomial of degree six
with a correlation coefficient of, approximately,
0.999. The corresponding expressions are dis-
played in table 1. The curves and the errors
shown in figure 6 were obtained from these
equations. The results obtained with Mathemat-
ica and Tracker (DAS) were compared (see fig-
ures 6(a) and (b)), given that the average relat-
ive error of the theoretical results acquired with
Mathematica in relation to the data taken with
Tracker and the DAS is 3.61% and 10.14%,
respectively.

It is important to note that both meas-
ured curves indicate lower accelerations than the
calculated, indicating that there is some small

friction. Further, the acceleration obtained with
the DAS is slower than the one obtained with
Tracker probably because of cord slippage around
the pulley. The curves show good agreement at the
beginning and then diverge because the increasing
angle alters whatever friction there is.

5. Concluding remarks
The authors studied the dynamic situation of a
block of mass m1 on a horizontal plane being
pulled at an angle θ with the horizontal by a ten-
sion due to a suspended mass m2, without consid-
ering the friction between m1 and the horizontal
plane. The experimental results were obtained
using Tracker and the DAS shown in figure 3, and
the theoretical solution to themotion equation was
found using Mathematica.
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The movement of the mass m2 along the y-
axis is neither uniform nor uniformly accelerated.
The best fit for y in function of the time is a poly-
nomial of degree six. The theoretical prediction
obtained with Mathematica gives a better agree-
ment with data taken using the Tracker than using
the DAS.

This work is worthwhile because it allows
the articulation between experiment and theory,
facilitating students’ understanding of the physics
behind the theory. Besides, it allows one to check
the experimental viability of theoretical problems
proposed in physics textbooks.
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Abstract
In this corrigendum we correct some typing errors. The corrections do not
have any impact on the conclusions of the paper.

The published paper has the following typing
errors: In the first paragraph of section 2, m2 = 10
g instead of 100 g, and, h = 1.08 m rather
0.98 m. In the third paragraph of section 4,
the time range for obtaining the solution of
equation (8) is from t = 0 s to t = 3.5 s
instead of t = 0 s to t = 1 s. Also, figure 4
in the published paper is wrong and must be

changed to figure 4 displayed herein. This picture
shows the right time interval in our experiment.
The aforementioned changes do not affect the
results.

In relation to the length of the string l= r+
y= 2.09 m, we are considering that r and y are
distances, so these parameters are positive in this
expression.
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Figure 4. An image of the movement of the mass m2 using the Tracker.
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