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Abstract
Rod Cross (Phys. Educ. 56 035017) has investigated the translational and
angular accelerations of a rigid body rolling down a ramp inclined at angle Θ
relative to the horizontal. The transition from rolling without slipping to
rolling with slipping is explicitly included. Experimental results (obtained by
digitizing movies of the motion of the object with reference lines drawn on
it) are plotted as a function of Θ varying from 10◦ to 60◦ in 10◦ steps. In this
Comment, the theoretical predictions for these accelerations are graphed
over the continuous range of angles from 0◦ to 90◦. The resulting curves
have some features that are not visible in the experimental data.
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Interesting curves are predicted for the transla-
tional and angular accelerations of a round object
rolling down a ramp of variable angle of inclin-
ation. To obtain these predictions, the theory of
Cross [1] is carried over into this Comment,
except for a few changes explained below. The
object has mass m and radius R. It is symmet-
ric about its geometric centre with moment of
inertia I= γmR2 where the dimensionless shape
factor is denoted by symbol γ (rather than α as
in Cross) equal for example to 2/5 for a uni-
form solid sphere, 2/3 for a hollow spherical shell,
1/2 for a uniform solid cylinder, or 1 for a hol-
low cylindrical shell. The value of γ can greatly
exceed 1 for a spiderwheel [2] or a Maxwell
yo-yo [3, 4]. The coefficients of static and kin-
etic friction are taken to be positive constants
µs and µk, respectively, where µs > µk (rather
than setting them equal as in Cross). Assume

that there is no air drag or rolling friction (so 
that Cross’s offset distance D of the normal force 
from a line through the geometric centre of the 
object perpendicular to the incline is equal to 
zero).

The three forces acting on the object as it 
rolls down the incline are the normal force N due 
to the ramp, the gravitational force mg due to 
earth’s surface gravitational field of magnitude g, 
and the frictional force µN, as sketched in figure 
2 of Cross. Here µ = µk if the object slips while it
rolls, whereas µ ⩽ µs if it rolls without slipping. 
Consequently the translational acceleration a of 
the object downward along the ramp is obtained 
from the two components of Newton’s second 
law as

a= gsinθ−µgcosθ (1)
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and its angular acceleration α is the ratio of the
torque and moment of inertia, both about the geo-
metric centre of the object, so that

α=
µgcosθ
γR

. (2)

If the object does not slip, then these two accel-
erations are linked by a= Rα which can be sub-
stituted into the left-hand side of equation (1) to
obtain two equations in α and µ. Solving them
simultaneously, one finds

αno slip =
gsinθ

(1+ γ)R
(3)

and

µno slip =
γ tanθ
1+ γ

. (4)

Thus µno slip increases from zero as the incline
angle Θ is increased starting from a horizontal
ramp at 0◦. The object begins to slip when µno slip

attains the value µs which thus occurs at the crit-
ical angle

θc = tan−1 (1+ γ)µs

γ
. (5)

In the limit that γ →∞ this expression reduces
to the familiar formula for the angle at which a
nonrotating object begins to slide down a ramp,
because in that limit α is always zero according to
equation (2). Substituting this critical angle back
into equation (3), the angular acceleration will
attain a maximum value at the instant before slip-
ping,

αmax =
µsg

R
√
γ2 +(1+ γ)

2
µ2
s

. (6)

After slipping occurs at any angle θ ⩾ θc the angu-
lar acceleration of the rolling object will be given
by equation (2) with µ= µk so that

αslip =
µkgcosθ

γR
. (7)

In contrast to αno slip given by equation (3), αslip

decreases with increasing ramp angle, finally
becoming zero when the object is in freefall at
θ = 90◦ and no longer makes contact with the

surface. Therefore, the maximum value of the
slipping angular acceleration occurs at the crit-
ical angle; substituting equation (5) into (7), that
maximum value is found to be αmaxµk /µs. Thus
the angular acceleration will suddenly drop in
value at the critical angle because µk is smal-
ler than µs. In contrast, the translational acceler-
ation will discontinuously rise in value at the crit-
ical angle, because equation (1) has µ= µs at the
instant before slipping occurs, but µ= µk at the
instant after. Provided the object does not slip, its
translational acceleration is given by multiplying
equation (3) by R to obtain

ano slip =
gsinθ
1+ γ

. (8)

On the other hand, if the object slips then equation
(1) becomes

aslip = gsinθ−µkgcosθ. (9)

As an illustration of these results, figure 1 plots
the accelerations for the values γ = 0.4 (for a uni-
form solid ball), µs = 36.75−1/2 ≈ 0.165 (so that
θc = 30◦), and µk = 0.14, all chosen to match the
work of Cross. The accelerations are scaled, such
that the plotted quantities are the dimensionless
valuesαR/g and a/g. That means the translational
and angular scaled accelerations for θ ⩽ θc from
equations (3) and (8) are identical, as plotted in
red. On the other hand, for θ ⩾ θc from equations
(7) and (9), αslipR/g monotonically decreases to
0 in green and aslip/g monotonically increases
to 1 in blue at θ = 90◦. Experimentally, Cross
measured the accelerations only at the six angles
10◦, 20◦, 30◦ (with slipping), 40◦, 50◦, and 60◦.
That explains why the predicted discontinuities
are not evident in his figure 4 and the data are
well approximated by a single straight line for
the six values of translational acceleration, and
by a triangular shape (i.e. two straight line seg-
ments joined at 30◦) for the six values of the angu-
lar acceleration. It would be interesting to find
a rolling object which has large enough discon-
tinuities and/or curvatures in these predicted line
shapes that they would be apparent in the experi-
mental data.
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Figure 1. Theoretical predictions for the translational and angular accelerations (scaled to dimensionless form)
both in the no slipping and slipping ranges of angles, with discontinuities (plotted in black) at the critical angle
θc = 30◦.
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Abstract
A standard problem for physics students is to calculate or measure the
acceleration of an object down an inclined plane. Additional information can
be obtained by measuring the angular acceleration as well as the linear
acceleration. An experiment is described where a billiard ball was filmed as
it rolled down an inclined plane at different inclination angles. The transition
from rolling without slipping to rolling with slipping was identified, and the
relevant friction coefficients were measured independently from the linear
and angular accelerations.

Keywords: Rolling, Sliding, coefficient of friction

Supplementary material for this article is available online

1. Introduction

The acceleration of a circular object down an
inclined plane is a well known problem in ele-
mentary mechanics and has been widely repor-
ted in physics teaching journals [1–6]. It is known
that at low inclination angles the object will roll
down the incline without slipping and that at high
enough angles the object will slip and roll at the
same time. If the object rolls without slipping then
the condition υ=Rω is satisfiedwhere υ is the lin-
ear velocity of the object, R is its radius and ω is
its angular velocity. If the object is slipping and
rolling then υ > Rω.

Experiments have been reported where υ or
ω is measured separately, with results consistent
with theoretical predictions, but there appear to be
no experimental studies where υ and ω are meas-
ured simultaneously. Such a measurement would
provide a direct check on the rolling condition and
would also help to determine whether the object
is slipping. Even at a basic level, it may not be
obvious to some students that the acceleration of

a ball down an inclined plane is determined by
conversion of its initial potential energy into both
translational and rotational energy.

In the present paper, an experiment is
described where υ and ω were measured sim-
ultaneously for a 48 mm diameter billiard ball
rolling down a smooth, laminated wood plane.
The ball was filmed at 300 frames s−1 with a
video camera and analysed with Tracker motion
analysis software. Equator lines drawn on the
ball were used to measure the rotation angle of
the ball as a function of time and the leading
edge of the ball was digitised to measure its lin-
ear velocity as a function of time. Results were
obtained for inclination angles from 10◦ to 60◦.
The arrangement is shown in figure 1 and in sup-
plementary video Incline.mov (available online at
stacks.iop.org/PED/56/035017/mmedia).

2. Theoretical discussion
The geometry of the experiment is shown in
figure 2. The ball has mass m, radius R, and
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Figure 1. Experimental arrangement.

Figure 2. Inclined plane geometry.

moment of inertia Icm = αmR2 for rotation about
an axis through the centre of mass. For a solid,
uniform ball, α= 2/5. The plane is inclined at an
angle θ to the horizontal. Motion of the ball down
the incline is resisted by a friction force F direc-
ted up the incline. The normal reaction force on
the ball is N=mg cos θ, and F=µN where µ is
an effective coefficient of friction defined by the
relation µ=F/N.

There is no particular term in physics for the
‘effective’ coefficient of friction, F/N. The coeffi-
cient of static friction, µS, refers to the maximum
possible value of F/N that arises just before the
ball starts to slide, or just before a block of wood
starts to slide down an inclined plane. If a block
of wood slides down an incline then µ=µk, the
coefficient of sliding friction. If a ball is sliding
and rolling down an incline then µ= µk. In gen-
eral, µS is slightly larger than µk, but if a block
of wood is at rest on an incline or if a ball rolls
down an incline without slipping, then the friction

force arises from static friction and F/N is less
than (or equal to) µS and depends on the incline
angle.

The relevant equations of motion are

dv
dt

= g sin θ−µg cos θ (1)

and

dω
dt

=
µg cos θ

αR
. (2)

If the ball rolls without slipping then
dv/dt= Rdω/dt so

a=
dv
dt

=
g sin θ

1+α
(3)

and

µ=
α tan θ

1+α
. (4)

Since µ cannot exceed the coefficient of sliding
friction, µk, there is a limiting angle θk at which
the ball will start to slip, given by

tan θk =
(1+α)µk

α
. (5)

For example, if µk= 0.2 then a solid ball will slip
if θ is larger than 35◦. If the ball slips then µ=µk
in equations (1) and (2) and equations (3) and (4)
are no longer valid.

3. Experimental results
Results obtained at θ= 30◦ are shown in figure 3,
giving the displacement, x, down the incline and
the rotation angle, β, of the ball as functions of
time. The ball was released from rest at t= 0.
Both data sets could be fit accurately by quad-
ratic curves giving an average linear accelera-
tion a= 3.59 ms−2 and average angular acceler-
ation dω/dt= 137 rad s−1. The estimated error in
measuring the acceleration values was ±2%. The
error was estimated by fitting quadratic curves
to different segments of the data from t= 0 to
t= 0.4 s and from t= 0.2 s to t= 0.6 s. The ratio
a/(dw/dt) = 0.026 m, slightly higher than the
measured ball radius R= 0.0240± 0.0002 m,
indicating that the ball was slipping as it rolled
down the incline.
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Figure 3. Experimental results at θ= 30◦ showing data points and quadratic fit curves.

Figure 4. Experimental results with linear fits to the
a vs θ and dω/dt vs θ data, and the rolling solution for
a given by equation (3).

Experimental results at other values of θ are
shown in figure 4, together with the theoretical
result given by equation (3). The linear accel-
eration increased linearly with θ, while dω/dt
increased linearly to a maximum at θ= 30◦. The
experimental results indicate that the ball rolled
without slipping when θ < 30◦ but began to slip
when θ was increased to 30◦. Additional evid-
ence of slipping is shown in figure 5 where the
coefficient of friction, µ, is plotted vs θ, obtained
from equations (1) and (2). For comparison,
the theoretical value of µ for rolling, given by
equation (4), is also shown.

It is clear from figure 5 that µ increases with θ
up to the point where slipping commences. Up to
and beyond that point, the values of µ obtained
from the linear acceleration data agree closely
with those obtained from the angular acceleration
data. Beyond that point, the experimental results
show that µ remains constant with a value equal
to µk.

An independent measurement of µk was
obtained by projecting the ball across the inclined
plane when the plane was horizontal. The ball
was projected at a speed of 2.0 m s−1 using
a billiard cue to impart backspin so that the
ball would slide along the whole length of
the plane, as shown in supplementary video
Backspin.mov. Measurements were taken of the
linear and angular accelerations of the ball, giv-
ing a similar result to that shown in figure 5.
However, the value of µk obtained from the lin-
ear acceleration data (0.140± 0.003) was slightly
larger than that obtained from the angular accel-
eration data (0.122± 0.003) a result that can
also been seen in figure 5 at large values
of θ.

An explanation of these results is that the
normal reaction force does not necessarily act
along a line through the centre of the ball, as
assumed in figure 2. If the normal force is offset
by a distance D, then the geometry is as shown in
figure 6. In that case, equation (1) remains valid,
but the net torque on the ball is different and is
given by FR−ND= Icmdω/dt so
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Figure 5. Measured values of µ and the theoretical
value given by equation (4) vs θ.

Figure 6. A ball sliding down an incline plane with an
offset in N.

dω
dt

=
(µ−D/R)gcosθ

αR
(6)

or

µ=
D
R
+

αR(dω/dt)
gcosθ

. (7)

The value of µ obtained from equation (7) is
therefore increased by an amount D/R com-
pared with value obtained from equation (2). An
increase in µ of 0.02, observed when the inclined
plane was horizontal, could therefore arise if D
is 0.48 mm for the 24 mm radius ball. Alternat-
ively, if the ball rolls without slipping on the hori-
zontal surface, then the coefficient of rolling fric-
tion would be [7] D/[R(1+α)] = 0.014, a value
that was too small to be measured reliably in the

present experiment. The coefficient of rolling fric-
tion for the billiard ball on a smooth surface could
well be smaller than 0.014 since the offset distance
D for a rolling ball is not necessarily the same as
that for a ball that is rolling and sliding at the same
time.

4. Discussion and conclusion
The acceleration of a ball down an inclined plane
could be analysed as a first approximation by
ignoring the friction force. In that case, the ball
would simply slide down the incline without rotat-
ing, with acceleration a= g sin θ, since there is
then no torque on the ball to rotate it. If the fric-
tion force is large enough then the ball can roll
without sliding, in which case the acceleration
down the incline is reduced by a factor of 1+α,
as described by equation (3). At high inclination
angles where the ball rolls and slides, the accelera-
tion down the incline is larger than the pure rolling
value and smaller than the pure sliding (µ= 0)
value.

The angular acceleration of the ball behaves
in a different manner. If there is no friction,
then the angular acceleration is zero. If the ball
rolls without slipping then the angular accelera-
tion increases as θ increases, up to the point at
which the ball starts to slip. The angular accelera-
tion then decreases as θ increases, while the linear
acceleration continues to increase as θ increases.
The angular acceleration is proportional to the
torque FR=µmgR cos θ which decreases to zero
as θ increases to 90◦. However, µ does not remain
constant and has a maximum value µk. At small θ,
µ is small since only a small static friction force
is required for the ball to roll. As θ increases µ
increases at a faster rate than the decrease in cos θ
so the torque increases up to the point at which
the ball begins to slip. At higher values of θ, µ
remains constant so the torque decreases since
cos θ decreases.

The acceleration of a ball down an inclined
plane provides an opportunity for students to
examine both the linear and the angular velo-
city of the ball. The experiment is relatively
simple, although care needs to be taken when
calibrating the distance scale on video film. If
the incline angle is altered, both the camera and
the incline itself may need to be moved to new
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positions, requiring a new calibration. The cal-
culation of µ from equation (1) can be prone
to large errors since µ= tan θ− a/(g cos θ) is
obtained by subtracting terms that are similar in
magnitude. The problem was minimised in the
present experiment by measuring θ to better than
0.5◦ and by measuring a with a maximum error
of ±2%.
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