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1. Problem statement
A pipe is horizontally pivoted about a frictionless 
pin through its centre. The pipe is initially spun 
up to angular speed ω0 while a marble (of slightly 
smaller diameter than the pipe) is held by a catch at 
a distance r0 from the centre of the pipe. The catch 
is released at the instant shown in figure 1 and the 
marble slides frictionlessly outward along the bore 
of the pipe. The pipe and marble continue to freely 
spin together at (decreasing) angular speed ω about 
the pivot. Which of the four possible trajectories A 
through D does the marble follow (in the labora-
tory frame) while it is inside the pipe? Neglect air 
drag on the pipe and marble, and treat the marble 
as a point mass m so that any rotational energy 
about its centre of mass can be ignored.

2. General solution
A recently published solution [1] argues that the 
marble will follow path C. However, that solu-
tion is only valid if the mass of the pipe is negli-
gible compared to that of the marble, so that the 
marble’s inertia keeps its initial velocity (directed 
leftward in figure 1) constant. The massless pipe 
will be forced to rotate in such a manner that it 
keeps pace with the marble.

In the present article, the general solution 
will be found for any ratio of the mass of the pipe 

to that of the mass of the marble. More specifi-
cally, it is convenient to characterize the situa-
tion in terms of the dimensionless ratio γ of the 
moment of inertia I of the pipe alone to the ini-
tial moment of inertia mr0

2 of the marble alone. 
Notwithstanding the way that the pipe is drawn 
in figure 1, we are only interested in the marble’s 
trajectory while it remains inside the pipe, and 
hence the pipe will be considered to be arbitrarily 
long, while remaining perfectly rigid.

Measure the marble’s position either in rec-
tangular coordinates, with <x 0 and >y 0 at the 
instant drawn in figure 2, or in plane polar coor-
dinates, where r is the distance from the pin at 
the centre 0 of the pipe to the marble and φ is 
the angle that the pipe (and enclosed marble) has 
rotated counter-clockwise relative to its initial 
orientation. The corresponding polar directions 
will be referred to as ‘radial’ and ‘azimuthal’, 
respectively.

If the velocity of the marble were constant in 
magnitude and direction, y would always be equal 
to r0. One then sees from figure 2 that φ=x r tan0  
and differentiating both sides of that with respect 
to time would give the speed of the marble as 
υ ω φ= r sec0

2 . With υ equal to its initial value 
of υ ω= r0 0 0, it follows that the marble’s angu-
lar speed would decrease with increasing angle of 
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rotation as ω ω φ= cos0
2 , falling to zero when it 

is arbitrarily far away to the left of the origin 0 
(such that φ = °90 ). In contrast, if the pipe were 
replaced by a short flashlight rotating at constant 
angular speed, the beam spot along path C in fig-
ure  1 would have a linear speed that increases 
in proportion to φsec2 . (Thus its speed would 
eventually exceed c, which however does not 
violate the special theory of relativity [2] because 
no information can be transmitted by that spot 
between two observers located along path C.) 
Hence it is not possible for the marble to move 
along path C simultaneously at constant velocity 
and at constant angular speed, in contradiction to 
the previously published closing summary [1].

The only force acting between the marble 
and pipe is the normal force N, which is in the 
azimuthal direction and is equal and opposite on 
the two objects. Thus it exerts no net torque on the 
system of pipe plus marble. Furthermore it does 
equal and opposite work on the pipe and marble, 
because the two objects rotate together through 
the same azimuthal displacement. The only other 
force in the problem is the reaction force of the 
pin on the pipe. It is directed radially inward to 
produce a centripetal acceleration of the marble. 
Since the pin does not move, that reaction force 
does zero work. There is no reaction torque since 
the pin is frictionless. To sum up, no net work is 
done on the system of pipe plus marble and so 
the kinetic energy K of the system is conserved, 
given that there is no potential energy involved in 
this problem. In addition, there is no net torque 
on the system and thus its angular momentum L 
is also conserved. The present problem is thus a 
rare example of a nontrivial rotational interac-
tion between two objects in which both angular 
momentum and kinetic energy are conserved [3].

Setting the initial angular momentum of the 
system equal to its angular momentum at the 
instant indicated in figure 2, one finds

ω ω
ω
ω

γ
γ

+ = + ⇒

=
+
+

I mr I mr

R

1
,

0
2

0
2

0
2

( ) ( )
 

(1)

where γ≡ I mr/ 0
2, and ≡R r r/ 0 is the dimension-

less radial position of the marble normalized to its 
initial position. Likewise equating the initial and 
current kinetic energies gives
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using equation  (1), where υr is the rate of change 
of the radial position of the marble in the pipe. 
Introducing the dimensionless time ω≡T t0 , then 

Figure 1. Top view of some possible paths of a marble 
inside a pipe that is rotating counter-clockwise at 
angular speed ω.

Figure 2. Coordinates of the marble inside the pipe 
after the catch holding it has been released.

mungan
Rectangle

mungan
Typewritten Text
October 2015

mungan
Typewritten Text

mungan
Typewritten Text

mungan
Typewritten Text

mungan
Typewritten Text

mungan
Typewritten Text



C E Mungan 

724 Physics  Education November 2015

υ υ = R T/ d /dr 0  so that equation (2) is a differential 
equation for the radial position as a function of time. 
Separating variables, it can be directly solved for 

( )T R . Unfortunately it is an elliptic integral and can-
not be analytically inverted to get ( )R T . However 
it can be numerically integrated using a tool such 
as WolframAlpha [4] for various values of >R 1f  
(starting at =R 1i  with some chosen fixed value 
of γ) and then graphically inverted by plotting the 
results in a spreadsheet such as Excel. For example, 
the line of code that can be typed into WolframAlpha 
(or Mathematica) for γ = 4 and =R 3f  is

+ +

−

NIntegrate Sqrt R 2 4 / 1 4 /

R 2 1 , R, 1, 3

[ [( ^ ) ( )

( ^ )] { }]
 

(3)

to get ( )T 3 . For other values of γ and Rf, respec-
tively replace the ‘4’ and ‘3’ everywhere in line 
(3) with the appropriate numbers. Next, dividing 
equation (1) by (2) gives a separable differential 
equation for ( )φ R . For the same numerical exam-
ple as above, the WolframAlpha code is then

[ ( ) ( ^ )

( ^ )] { }]

+ +

−

NIntegrate Sqrt[ 1 4 / R 2 4 /

R 2 1 , R, 1, 3
 

(4)

to get φ(3) in radians. This second line of code is 
all one needs to compute the lab trajectory of the 
marble (see figure 2) as

φ φ= − =x r R y r R/ sin and / cos .0 0 (5)

For example, figure 3 plots in blue the path for 
the case γ = 1 (i.e. the moment of inertia of the 
pipe equals mr0

2) computed by evaluating line (4) 
at about ten values of R between 1 and 8 (which 
suffices to get a smoothly interpolated curve in 
Excel). Figure  4 graphs the angle φ of the pipe 
as a function of the normalized radial coordinate 
R of the marble inside it for this value of γ. The 
angle asymptotically approaches a finite value 
as →∞R . That implies the angular speed →ω 0 
and the pipe eventually stops rotating. This result 
holds for any finite value of γ as one can see by 
examining equation (1). By conservation of angu-
lar momentum, it must be the case that →ω 0 as 

→∞r  (with the sole exception of the case of a 
massless marble discussed below). Specifically, 
the final angle φ∞ that the pipe rotates through 
(after the catch is released) is given by replacing 
‘3’ by ‘Infinity’ in line (4) in Mathematica. The 
results are plotted in figure 5 for a range of values 
of γ. The final angle increases fairly slowly with 
γ. For example, φ∞ does not hit 180° (so that the 
marble follows path D in figure 1) until ≈I mr32 0

2.

Figure 3. Laboratory trajectories of the marble inside 
the pipe for three different values of the ratio of the 
pipe’s moment of inertia I to the initial moment of 
inertia of the marble mr0

2. The horizontal axis plots x r/ 0 
while the vertical axis plots y r/ 0 to the same scale. The 
dashed green curve is for =I 0, the solid blue curve is 
for =I mr0

2, and the dotted red curve is for →m 0.

Figure 4. Angular rotation of the pipe as a function 
of the normalized radial position of the marble along 
the pipe for the case of =I mr0

2. The catch holding the 
marble is released when it is at φ = 0 and =R 1. The 
marble then slides frictionlessly outward along the pipe.
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Two interesting limiting cases of γ can be 
evaluated analytically. First, if =I 0 (i.e. the pipe 
is massless) then γ = 0 and equation (2) can be 
integrated and inverted to obtain

( ) ω= +R t t1 .0
2 2 (6)

That result can then be substituted into equa-
tion (1) and integrated to get

( )φ ω= −t ttan .1
0 (7)

Eliminating t between equations  (6) and (7) 
implies that φ=R sec , and hence equation  (5) 
predicts that y is always equal to r0 and the marble 
follows path C, as claimed in the first paragraph 
of this section. That trajectory is indicated by the 
dashed green line in figure 3.

The opposite limit takes the marble to be 
nearly massless (i.e. →m 0) so that →γ ∞. 
Equation (1) then predicts that ω will always be 
equal to its initial value ω0, while equation (2) can 
be integrated to get

( ) ( )ω φ= =R tcosh cosh ,0 (8)

as plotted by the dotted red curve in figure 3. This 
case corresponds to a bead sliding on a friction-
less straight wire that is forced (say by an exter-
nal motor) to rotate at constant angular speed, 
a problem typically solved using Lagrange’s 
equation  [5]. This result implies that φ∞ in  
figure 5 does not level off but slowly diverges as γ 
increases in value.

3. Discussion
One important matter remains. What is wrong 
with the previously published argument [1]? It 
correctly proves that if a straight rod (drawn in red 
at angle φ in figure 6) rotates at constant angular 
speed ω0, then the intersection point between that 
rod and a horizontal rail (drawn in green at a ver-
tical distance r0 away from the axis of rotation of 
the rod) has a constant horizontal velocity compo-
nent of υ ω υ= ≡rxrod  0 0 0. Doesn’t that imply that 
an object travelling at speed υ0 along the green 
rail would keep pace with the rod? No! Consider 
threading a bead (drawn in blue in figure 6) onto 
the rod, such that it can slide frictionlessly along 
its length. But suppose the bead also contacts the 
rail, such that it is forced to slide (frictionlessly) 
along it to the left. That bead is now a proxy for a 
marble inside the pipe that follows the green rail, 

matching path C in figure 1. However, as argued 
above, since the bead has constant angular speed 
about the axis of rotation of the rod, its linear 
speed along the green rail must increase in pro-
portion to φsec2 . What causes that linear accel-
eration? Figure 6 shows that there are two normal 
forces on the bead: Nrod perpendicular to the rod 
and Nrail perpendicular to the rail. The vector sum 
of those two forces must have zero vertical com-
ponent because the bead does not move vertically. 
They therefore add up to a net leftward force 
which accelerates the bead. To summarize, the 
horizontal component of the velocity of the inter-
section point between the red rod and the green 
rail is not equal (except at φ = °0 ) to the veloc-
ity of the blue bead. Each point on the rod moves 
purely azimuthally, whereas the bead moves both 

Figure 5. Total angle through which the pipe rotates 
between the instant the catch is released and the instant 
that the pipe stops rotating, plotted as a function of the 
moment of inertia ratio γ.

Figure 6. Frictionless motion of a bead threaded on a 
rotating red rod but compelled to move horizontally by 
a fixed green rail.
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azimuthally and radially. As the bead moves left-
ward along the rail, it is continuously encounter-
ing points on the rod that are radially farther away 
from the axis (and hence have a higher azimuthal 
speed). To match their azimuthal speeds (so that 
the bead stays on the rod) the bead must therefore 
speed up. In the original problem of a marble in 
a pipe, the constraint that the marble remains in 
the pipe requires that the azimuthal speed of the 
marble at any point match the (azimuthal) speed 
of the pipe at that same point; the constraint does 
NOT require that the horizontal speed of the mar-
ble match the horizontal speed of the pipe at that 
point.

As a closing remark, observe in figure 3 that 
the marble approximately follows the green path, 
regardless of how large or small γ is, for angles of 
rotation of the pipe up to about 45° (indicated by 
the black line in the top right corner of figure 3). 
If the pipe has a total length of r23/2

0, the marble 
would escape from its end at that angle. Thus, the 
previously published solution [1] would after all 
have been correct (allowing for a bit of wiggle 
room of the marble inside the pipe) if r0 had been 
chosen to be one-third (approximately −2 3/2) of 
the length of the pipe!
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