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Creative problem solving is part of what makes 
physics special among the liberal arts [1]. If students 
are to learn to think like physicists, they need oppor-
tunities to expand their physical intuition [2]. By 
way of illustration, consider the following problem:

If two projectiles are launched from the 
ground with the same launch speed at com
plementary launch angles, they will hit the 
ground at the same location [3]. Generalize 
that result to find a relationship between the 
two launch angles if their trajectories inter
sect at some point above ground level.

As a practical application of the solution, a 
projectile launcher (whose muzzle is designated 
as the origin) could be used to fire a marble at 
launch angle θ1 through a hoop located horizon-
tally a distance x and vertically a distance y away. 
At what other angle θ2 should the launcher be ori-
ented to hit that target, assuming it fires the mar-
ble at the same speed at all angles? This question 
is also relevant to basketball free throws and to 
mortar launching on non-level terrain.

Lengthy brute-force algebraic solution
With reference to figure 1, the coordinates of the 
projectile after flight time t are

x = υt cosθ (1)

and

y = υt sin θ − 1
2 gt2 (2)

where g is the magnitude of earth’s surface gravi-
tational field. Solve equation (1) for the time as

t =
x

υ cos θ
 (3)

and substitute that into equation (2) to obtain

y = x tan θ − gx2

2υ2

(
1 + tan2θ

)
 (4)

after applying the Pythagorean trigonometric 
identity sec2θ = 1 + tan2θ . Equation (4) is qua-
dratic in tan θ with its two roots given by

θ = tan−1

ñ
υ2 ±

√
υ4 − g2x2 − 2gyυ2

gx

ô
. (5)

The argument of the square root will be positive if

υ4 − g2x2 − 2gyυ2 > 0. (6)

The limiting case (corresponding to maximum 
range xmax for a given launch speed υ and tar-
get height y) occurs when the left-hand side 
equals zero, resulting in a quadratic equation  in 
υ2. Applying the quadratic formula and discard-
ing the negative root implies that equation (5) will 
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have two real and distinct solutions provided that 
the launch speed exceeds the critical value

υmin =
»

g (y + r) (7)

in agreement with equation  (7) of Mungan [4] 
where the radial distance from the origin to the tar-

get is r ≡ (x2 + y2)
1/2

. When υ  =  υmin the target 
will be barely within range for that launch speed. 
Assume in what follows that υ  >  υmin. Designate 
the root with the minus sign in the numerator of 
equation (5) as θ1, and the root with the positive 
sign as θ2. Since tanθ is an increasing function of 
θ, the smaller launch angle corresponds to θ1 and 
the larger one to θ2.

One can calculate these two launch angles 
in a spreadsheet for a variety of values of x, y, 
g, and υ subject to the restriction that υ  >  υmin 
from equation  (7). If the two launch angles θ1 
and θ2 are added together, one discovers that 
the sum exceeds 90° whenever both x  >  0 
and y  >  0. Further exploration shows that the 
sum is independent of g and υ. It only depends 
on the values of x and y, and only in the ratio 
y/x. Specifically it appears that the sum exceeds 
90° by the azimuthal coordinate of the target, 
φ = tan−1(y/x) as sketched in figure  2. Thus, 
inductive exploration can lead a student to 
hypothesize that the solution to the problem  
is

θ1 + θ2 = φ+ 90◦, (8)

consistent with Rizcallah’s vector approach [5]. 
(If x is negative, then the positive sign on the 
right-hand side needs to be replaced with a minus 
sign.) This equation  correctly predicts that the 
two launch angles are complementary if the tar-
get is at the same height as the launch point. Other 
special cases include θ1 + θ2 = 135◦ when x  =  y, 
and θ1 → φ and θ2 → 90◦ as the launch speed 
becomes arbitrarily large.

To verify equation  (8), take the tangent of 
each side. Apply the double-angle formula to the 
left-hand side,

tan(θ1 + θ2) =
tan θ1 + tan θ2

1 − tan θ1 tan θ2
, (9)

and rewrite the right-hand side as

tan(φ+ 90◦) = − cot(φ) = −x
y

. (10)

Substituting equation (5) for θ1 and θ2 into equa-
tion (9) and simplifying, the result is finally found 
to agree with equation  (10). However, quite a 
lot of steps and algebra are involved, and it is 
doubtful one would have known to proceed via 
equations  (9) and (10) unless one already had 
equation (8) in hand.

Simpler solution based on physical insight
Figure 2 suggests defining a primed launch angle 
θ′ ≡ θ − φ relative to the surface of an inclined 
plane. That in turn leads to the familiar idea 
(from free-body diagrams of objects moving 
along such an incline) of tilting the coordinate 
axes. Call these new axes x′ and y′ as indicated 
in figure 3. Noting that the scalar flight time t, 
and the magnitudes of the launch speed υ and 
acceleration g of the projectile are unaffected 
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Figure 1. A projectile is launched from the origin with 
speed υ at angle θ so that it hits a target at rectangular 
coordinates (x, y).

φ

Launch

Target

x

r
y

Figure 2. Rectangular (x, y) and polar (r,φ) 
coordinates of the target relative to the launch point.
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by this rotation of the axes, whereas the comp
onents of the kinematic vectors are changed, 
equation (2) becomes

y′ = υt sin θ′ − 1
2 gt2 cosφ. (11)

Substitute equation (3) into (11), set y′ = 0 at the 
target, and rearrange to obtain

cos θ sin θ′ =
gxcosφ

2υ2 . (12)

The right-hand side of this equation has the same 
value for both projectiles that hit the target so 
that

cos θ1 sin θ
′
1 = cos θ2 sin θ

′
2 (13)

whose nontrivial solution

cos θ1 = sin θ′2 and sin θ′1 = cos θ2 (14)

implies that θ1 and θ′2 = θ2 − φ are complemen-
tary (as are θ2 and θ′1 = θ1 − φ) which immedi-
ately leads to equation (8).
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Figure 3. Rotated (primed) and unrotated (unprimed) 
reference frames for analyzing the motion of the 
projectile.

Received 20 July 2018, in final form 10 August 2018
Accepted for publication 22 August 2018
https://doi.org/10.1088/13616552/aadc1e

Carl E Mungan is a Professor of 
Physics at the US Naval Academy, 
preparing naval and marine officers for 
leadership and national service.

Phys .  Educ .  53  (2018)  063003

https://orcid.org/0000-0001-7084-5402
https://orcid.org/0000-0001-7084-5402
https://orcid.org/0000-0001-7084-5402
http://www.forbes.com/sites/chadorzel/2017/11/20/physics-is-a-creative-endeavour
http://www.forbes.com/sites/chadorzel/2017/11/20/physics-is-a-creative-endeavour
http://www.aapt.org/Conferences/newfaculty/upload/Coop-Problem-Solving-Guide.pdf
http://www.aapt.org/Conferences/newfaculty/upload/Coop-Problem-Solving-Guide.pdf
http://www.aapt.org/Conferences/newfaculty/upload/Coop-Problem-Solving-Guide.pdf
https://doi.org/10.1119/1.5011825
https://doi.org/10.1119/1.5011825
https://doi.org/10.1119/1.5011825
https://doi.org/10.1088/1361-6552/aab84b
https://doi.org/10.1088/1361-6552/aab84b
https://doi.org/10.1088/1361-6552/aadc1e

	Solving a projectile motion problem by thinking like 
a physicist
	Abstract
	Lengthy brute-force algebraic solution
	Simpler solution based on physical insight
	ORCID iDs
	References




