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In physics, a differential is an infinitesimal change in or amount of some quantity. For example, dp 
is a small change in linear momentum, and dm is a small amount of mass. Ratios of differentials 
become derivatives, while Riemann sums of differentials become integrals. Given some vector 
quantity X, what is the relationship between dX and dX according to the standard conventions 
of introductory physics? Surprisingly, there are two distinct answers, depending on exactly what 
quantity X happens to be. The distinction is illustrated here with specific examples. After 
discussing this ambiguity in some detail, some recommendations to physics instructors and 
textbook authors are proffered. Although not everyone will agree with these conclusions and 
suggestions, this article provides a starting point for further deliberations.
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1. Introduction

Physics education researchers have investigated stu-
dent difficulties with the topic of differentials of
both vector and scalar quantities.1–4 Introductory
college physics textbooks introduce the vector dif-
ferential in the form dX. (Technically, the differ-
ential operator should not be italicized5 and thus
this differential should be written instead as dX,
to distinguish it from the multiplication of a scalar
quantity d with a vector quantity X. However, all
standard introductory physics textbooks that I con-
sulted6 write the differential operator in italics.
Since this article is concerned with the conventions
used by such books, I will follow their lead here.)
For example, X could refer to velocity υ, in which
case dυ means an infinitesimally small change in
velocity, or X could refer to electric field E, where
dE is the infinitesimal electric field produced by
the infinitesimal charge element dq of a continuous
distribution of charge along a curve, surface, or

volume. In these two examples, the corresponding
scalars X are the speed υ and the magnitude of
the electric field E. The question to be addressed in
this article is: What is the relationship between dX
and dX?

Two possible answers are:

(Option 1) dX = d|X|
(Option 2) dX = |dX|

Throughout this article, paired vertical line seg-
ments will always refer to the operation of taking
the magnitude of a vector. (If the vector is one-
dimensional, the magnitude is synonymous with the
absolute value. All vectors treated will be real; no
examples of complex quantities will be considered,
for simplicity.) Readers are strongly encouraged to
pause at this point before reading further and decide
which option they think is the one conventionally
adopted by introductory physics texts.
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Options 1 and 2 give different results, unless
vector X is one-dimensional and is monotonically
increasing in the range of interest. For example,
consider a particle orbiting in two dimensions in a
circle around the origin at constant speed υ and
let X be the position vector r which varies with
time t. In that case, |X| is equal to the constant
radial distance r that the particle is away from the
origin, so Option 1 gives an answer of zero. In con-
trast, Option 2 gives a result of υdt whose integral
is equal to the total distance traveled by the parti-
cle in some time interval of interest (assuming that
time increases during that interval).

The answer to the preceding question is that
textbooks use Option 1 for most vectors, but there
are at least two cases where books use Option 2
instead. However, no warning is provided to read-
ers when a switch is made from one convention to
the other! Textbooks simply assume students will
understand what is meant from the context and
accompanying examples illustrating the usage. It
may come as a shock to physics teachers, who are
used to great precision in how notation is used in
physics, to realize that the meaning of dX is ambigu-
ous unless one specifies X, but it is nonetheless true,
as is demonstrated below by explicit examples.

2. An Example Using Option 1

Again consider a particle moving around a circular
path at constant speed. Let X be the velocity υ of
the particle at any point along its path. Accelera-
tion is defined as

a =
dυ

dt
. (1)

Its magnitude is

a =
|dυ|
dt

(2)

assuming attention is restricted to forward incre-
ments in time so that dt is necessarily positive.
Although the particle is moving at constant speed,
a is not zero because the direction of motion of
the particle is continuously changing. However, the
particle’s tangential component of its acceleration,
denoted at (called the tangential acceleration for
short) is zero. It is defined as

at =
dυ

dt
(3)

where υ is the speed of the object,

υ = |υ|. (4)

Substituting it back into Eq. (3) results in

at =
d|υ|
dt

. (5)

For the example at hand, Eq. (2) gives a nonzero
result, while Eq. (5) equals zero. The object has
a nonzero centripetal acceleration (and thus a
nonzero overall acceleration) but zero tangential
acceleration.

To summarize for the case of X = υ so that
dX = dυ, textbooks adopt Option 1 that

dυ = d|υ|. (6)

In words, dυ means the differential change in the
speed of an object. It is not equal to the magni-
tude of the differential change in the velocity of the
object, except for the one special case of an object
moving in a straight line with a speed that never
decreases.

Almost all vectors used in introductory physics
textbooks follow this convention of Option 1. Exam-
ples include the magnetic field B, force F, angular
momentum L, and many more. However there is
one very important and frequently used differential
vector quantity that instead conforms to Option 2,
as discussed next.

3. A Key Example Using Option 2

Start by considering the position vector r of a par-
ticle. Suppose the particle is initially located at
position ri and finally at position rf . In particular,
assume that these two positions are not equal to
each other, neither of them is at infinity, and they
are separated from each other by a noninfinitesimal
distance. (Unfortunately it is ambiguous to summa-
rize all three of these assumptions by simply stating
they are separated by a finite distance. Does “finite”
mean “not infinite” or does it mean “not infinitesi-
mal”?) In that case, write

∆r = rf − ri. (7)

On the other hand, in the limit that the final
point is infinitesimally close to the initial point,
we can drop the subscripts because vector r is
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physically equal to either position. (I am using
the adjective “physically” to mean “to within any
achievable measurement uncertainty of the position
of an object in the real world.”) Mathematically,
however, there is an infinitesimal difference in their
positions equal to dr. Here the symbol d is a differ-
ential operator which acts on the position vector r.

In physics textbooks, dr frequently appears in
line integrals. For example, the differential incre-
ment of work done by a force F is the dot product

dW = F · dr. (8)

However, several other notations are used for the
differential displacement dr. A particularly com-
mon one, used by many textbooks,7 is ds, probably
because s often refers to an “arclength.” (Another
common one8 is d�, again because � is suggestive of
the “length of a curve.” In what follows, anywhere
I discuss ds and ds, readers can substitute d� and
d� if they prefer.)

We now arrive at a surprise: Although dr is
always synonymous in value with ds, it is not in
general the case that dr is equal to ds! Close exam-
ination of how these two differentials are used in
introductory physics textbooks reveals that dr fol-
lows the convention of Option 1, while ds adheres to
Option 2. Whereas dr means “a differential change
in r”, ds does not mean “a differential change in s”.
In fact, to conform to Option 2, it might be prefer-
able if ds were written with a special notation, such
as a vector arrow extending over both the d and the
s, in contrast to the notation for dr mentioned a
few sentences after Eq. (7).

Once one realizes that this difference exists,
one might be tempted to conclude that it would be
better to standardize in an introductory calculus-
based physics course by only using either dr or
ds, rather than one form in some parts of the
course and the other form in other parts. I will
now show that would not be wise by presenting two
specific problems from electricity and magnetism,
one of which is easiest to follow when dr is used,
and the other which flows most smoothly when
employing ds.

The first problem is to derive the potential dif-
ference ∆V (often abbreviated simply as V and
called the “voltage”) between the two coaxial cylin-
ders of the air-filled capacitor sketched in Fig. 1.
We want ∆V to be positive, and so we calculate it
as the difference in the potentials of the positively
and negatively charged plates by integrating along

Fig. 1. Cross-section of a long capacitor consisting of an
inner solid metal cylinder of radius Rinner carrying constant
linear charge density +λ and a concentric outer cylindrical
metal shell (of inner radius Router) carrying constant linear
charge density –λ.

a radial path dr = dr r̂ so that

∆V ≡ V+ − V−

= −
∫ Rinner

Router

E · dr =
∫ Router

Rinner

E · dr

=
∫ Router

Rinner

Erdr =
∫ Router

Rinner

2kλ

r
dr

= 2kλ ln
Router

Rinner
(9)

where k is the Coulomb constant and the other sym-
bols are defined in Fig. 1. In contrast to this clean
approach using dr, at least one standard textbook9

uses ds in this problem, which requires a confusing
sign change ds = −dr in order to integrate in the
radially inward direction.

The second problem is to find the magnitude
of the magnetic field B at radial distance r out-
side a long straight wire carrying current I using
Ampere’s law, as shown in Fig. 2. If one uses ds in
the line integral, the desired result follows as

∮
B · ds =

∮
Bds = B

∮
ds = B2πr

= µ0Ienc = µ0I ⇒ B =
µ0I

2πr
(10)

where µ0 is the permeability of free space. Now try
repeating every step in this equation but replacing
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Fig. 2. Cross-section of a long wire carrying current I out
of the page. A dashed amperian loop of radius r concentri-
cally encircles the wire. Integrate counter-clockwise around
the loop so that ds is in the direction of B at every point
along the path.

symbol s everywhere with r. It then starts out∮
B · dr =

∮
Bdr. (11)

Unfortunately, r is constant everywhere on the cir-
cular amperian loop of Fig. 2 and thus dr = 0.
The error is that |dr| �= dr, in contrast to |ds| =
ds. While Eq. (11) can be corrected, the point is
that the logic in Eq. (10) is simpler. It is thus
the approach followed by most introductory10 and
intermediate11 textbooks.

4. Further Discussion

Suppose we define a unit vector t̂ tangential to a
path. (The path may be the actual trajectory of a
particle, or it may be a hypothetical curve through
space along which say a line integral is to be eval-
uated.) The path can be parametrized by variable
s representing the arc length along the curve. We
then have

ds = dst̂ (12)

corresponding to representing a vector as a product 
of its magnitude and its direction. (A formal defini-
tion of t̂ is not required to understand the logic here, 
but t̂  ≡ υ/υ is one reasonable starting point.12, 13) 
The magnitude of Eq. (12) is ds, in accordance with 
Option 2. (Note that t̂  is assumed to point in the 
forward direction of ds.) In contrast,

dr = drr̂ + rdθθ̂ + r sin θdφφ̂ (13)

in spherical coordinates. We see from it that the
magnitude of dr is not equal to dr in general. (They
are only equal for a radially outward directed path.)
Instead, following Option 1,

dr = d|r| (14)

which is true because

r = rr̂ (15)

in spherical coordinates. Vector r is special in that
it always has zero angular components, in contrast
to say dr, υ, a, and other vectors.

In particular, ds is a magnitude and so it can
never be negative (whereas dr is negative if one inte-
grates radially inward). More generally ds is equal
to

ds =
√

(dr)2 + (rdθ)2 + (r sin θdφ)2 (16)

from Eq. (13). There are angular terms involved in
this general relationship and not just the radial dif-
ferential dr.

Likewise, it is not the case that s = r. Instead,
r is the radial coordinate whereas s is the arc length
along a path. Again a circular path centered on the
origin makes a compelling example: r is the constant
radius of that path, while s = rθ is arclength which
increases with increasing θ in plane polar coordi-
nates (r, θ). More generally, we can define s as

s =
∫

ds =
∫

|ds| =
∫

|dr| (17)

which however is not equal to
∫

dr. Note that, in
contrast to Eq. (7), these integrals define s not
∆s. The latter would refer to a difference between
two arclengths, instead of to the length of a single
curve. (A similar situation arises in thermodynam-
ics, where heat is symbolized by Q not ∆Q. Typ-
ically we are not trying to calculate the difference
between two different values of heat, unless we are
trying to compare two different chemical reactions,
say!)

A similar distinction arises between the average
speed and the magnitude of the average velocity. If
you get in a car and drive to the mall and then drive
back home (even along a different route than you
took on the outgoing trip), your average velocity for
the trip is zero but your average speed is positive.
In general, the magnitude of the average velocity is

|υavg| =
|∆r|
∆t

(18)
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using Eq. (7) in the numerator (and again assuming
that ∆t is positive), whereas the average speed is

|υ|avg =
s

∆t
. (19)

I do not recommend using the notation υavg, as it is
ambiguous whether it refers to the quantity defined
in Eq. (18) or (19).

Let us further explore some implications of
these ideas. Start with dr which is numerically equal
to ds (although one could argue they have different
conceptual meanings). Integrate it over an arbitrary
path to obtain∫

dr = ∆r ≡ rf − ri (20)

which is the change in position over the path, oth-
erwise known as the displacement. But we normally
have freedom to put the origin of the coordinate
system anywhere we like. Invoke that freedom by
choosing it to be at the initial position. Then make
a reasonable change of notation by indicating the
final position as simply r, i.e. dropping the subscript
“f” on it. Equation (20) becomes∫

dr = r. (21)

One can think of Eq. (21) as the indefinite integral
and Eq. (20) as the definite integral.

Can we likewise define s as∫
ds = s? (22)

Unfortunately not, and this fact is another reason
that ds really deserves a distinct notation, rather
than looking like the differential of some vector s.
Here is the problem. For any vector, we represent
its magnitude by omitting the boldface and writing
it in italics. Thus, whatever s may mean, it must be
true that

|s| = s. (23)

However, combining this result with Eq. (17), we
would then conclude that∫

|ds| = |s| (24)

which is incompatible with Eq. (22) because
|∫ ds| �= ∫ |ds| in general. In fact, s has no robust
universal meaning (because a curve can snake
around in many directions and thus its arc length
cannot be said to point in any one particular direc-
tion) and that symbol should therefore be avoided

in physics! (Unfortunately some introductory text-
books14 do use s.) If one intends to refer to a dis-
placement vector, it would be clearer to label it ∆r
instead.

Next consider the matter of the signs of inte-
grals. Let us take a specific example to make
the issue clear. For simplicity let us make it one-
dimensional, along the x-axis. Suppose we integrate
from position 1 to position 4 (in meters say) to get

∫ 4

1
dx = 4 − 1 = 3. (25)

Now consider reversing the path so it goes from
position 4 to position 1. Then we get

∫ 1

4
dx = 1 − 4 = −3. (26)

Notice that we did not have to fuss around with
the sign of dx (and in particular, we did not have
to replace it with –dx) to get a negative answer.
The limits automatically took care of the sign of
the result. Compare that with the discussion follow-
ing Eq. (9). If one uses dr rather than ds, it will
never be necessary to “manually” adjust the sign of
an integral, because dr is an actual differential of
a vector quantity r whereas ds is not the differen-
tial of s, in general. (One could create an exception
and define s for straight line segments, but I do not
recommend it.)

Is ds the only quantity in physics that follows
the alternative convention of Option 2 rather than
1? No, another example is the infinitesimal angular
displacement dθ of a particle (possibly an element
of an extended body) moving relative to some spec-
ified origin. In general, dθ can be defined via the
relation

rdθ = r̂ × ds (27)

which gives it a definite direction and magnitude.
You can check that this equation gives both the cor-
rect direction and magnitude for a particle moving
in a circle around the origin. However, in general,
dθ/dt is not equal to the angular velocity ω of the
particle.15 For example, Fig. 3 shows that those two
vectors point in different directions if the origin is
displaced out of the plane of the circular motion of a
particle. In fact, if both sides of Eq. (27) are divided
by dt, the result is immediately seen to be propor-
tional to the angular momentum L and it is known
that L and ω do not in general point in the same
directions but are instead related by the moment

1950011-5



September 17, 2019 15:7 WSPC/S2661-3395 1950011

C. E. Mungan

Fig. 3. A particle is moving counter-clockwise in a circle of
radius R in a plane parallel to the xy plane but displaced
upward from the origin by height H . At the instant shown,
the particle has position r, translational velocity υ (directed
tangential to its path), and angular velocity ω (directed
along the z-axis perpendicular to the plane of motion). In
an infinitesimal time interval dt, the particle’s angular dis-
placement has the indicated magnitude dθ in the direction of
dθ/dt perpendicular to the plane defined by r and υ.

of inertia tensor. (Given υ for a rotating particle,
observe that ω is specified entirely by knowledge of
the axis about which it is to be evaluated, because
υ = ω×r has the same value for any choice of origin
along that axis; it only depends on the perpendic-
ular distance R from the axis to the particle. In
contrast, the angular momentum per particle mass,
L/m = r×υ, changes in both magnitude and direc-
tion for different choices of origin along the axis.)
Equation (27) can be used in an introductory course
to evaluate the Biot–Savart law, as demonstrated in
the Appendix.

Whereas dθ is now a vector, if we integrate it
and try to define

θ =
∫

dθ, (28)

the result θ is not a vector (nor is it a pseudovec-
tor16). Not everything that has a magnitude and
a direction is a vector. An arbitrary triplet such
as (1, 3, 2) is not, in general, a three-dimensional
vector. Vectors must obey certain algebraic rules
in addition to having a magnitude and direction.
The quantity defined in Eq. (28) has magnitude
and direction by construction, but it fails the test
of commutativity of addition.17 As in the case of
s discussed in connection with Eq. (22), it would
therefore be wise to avoid introducing θ at all. In
any event, θ does not have a unique direction for
a nonplanar curve; only infinitesimal segments of
it do.

Just as for ds, we follow the convention of
Option 2 that dθ = |dθ| so that the angular speed
is ω = dθ/dt for circular motion about the origin,
as presented in standard textbooks.18 The analog
of Eq. (12) is

dθ = dθ n̂ (29)

where the normal vector n̂ is proportional to r̂ × t̂
but must be scaled to unit magnitude if r and ds
are not perpendicular to each other (as for example,
in the case of Fig. 5 in the Appendix).

5. Recommendations to Physics
Instructors and Textbook
Authors

I suggest using the following notation for line
integrals:

(1) Use ds for the differential if the vector integrand
(say B) maintains a constant angle relative to
ds at all points along the path of integration.
An example is given in Eq. (10).

(2) Use dr for the differential if the vector integrand
(say F) maintains a constant direction relative
to a coordinate axis in space regardless of any
bends in the path of integration. One example
is in Eq. (9) where the electric field is purely
radial. As another example, calculate the work
done by a constant force F (such as gravity
which points purely vertically downward) along
a curved path as

W =
∫

F · dr = F ·
∫

dr = F · ∆r. (30)

Given that there is no accepted equivalent notation
such as s or ∆s, use of ds is less convenient in this
example.

If neither condition 1 nor 2 above applies, then
you can probably use either notation. I further sug-
gest using the following symbols:

r is the position vector
∆r is the displacement
dr = ds is the differential displacement
s is the arc length
ds is the differential arc length
do not use ∆s
r is the radial coordinate (or position or distance) 
∆r is the change in radial position
dr is the differential change in radial distance 
do not use either s or ∆s
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with the corresponding differential equalities:

|dr| = |ds| = ds

d|r| = dr

do not use d|s|
and integral equalities:∫

ds =
∫

dr = ∆r

∫
ds = s

∫
dr = ∆r

and likewise for θ, dθ, ∆θ, and  dθ (but do not use 
θ or ∆θ).
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Appendix

Here the magnetic field at distance R away from an 
infinite straight wire carrying current I is calculated 
by integration. The Biot–Savart law is

dB =
µ0

4π
I r̂ × ds

r2
(A.1)

where ds is tangent to the current segment and
the origin is located at the position where the field
is to be determined, as in Fig. 4. (Textbooks19

usually reverse the direction of vector r so that
ds× r̂ appears in the numerator instead of r̂ × ds.)

Fig. 4. Geometry for applying the Biot–Savart law to cal-
culate the magnetic field at point O due to current I directed
along segment ds which spans angular displacement dθ of
magnitude dθ in the right-hand direction relative to ds.

Fig. 5. An infinitely long straight wire carries current I . The
magnetic field is to be calculated at point O, a distance R
away from the wire.

Substitute Eq. (27) into Eq. (A.1) to get

dB =
µ0

4π
Idθ

r
. (A.2)

Now apply this equation to the geometry of
Fig. 5. Note that θ increases in the counter-
clockwise direction as one moves in the direction of
Ids and thus dθ points out of the page (call that
direction φ̂ according to the standard right-hand
rule: if one’s thumb points in the direction of I then
one’s curled fingers point in the direction of φ̂) for
all current segments along the wire. Thus Eq. (A.2)
can be integrated as

B =
µ0I

4π
φ̂

∫
dθ

r
. (A.3)

Figure 5 shows that cos θ = R/r so that

B =
µ0I

4πR
φ̂

∫ π/2

−π/2
cos θdθ =

µ0I

2πR
φ̂ (A.4)

which agrees with the result of Eq. (10) when R is
relabeled as r.
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