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A pendulum without a supporting string or rod is obtained if a small block or marble is released
at the rim of a spherical bowl or cylindrical half-pipe. This setup also applies to the familiar loop-
the-loop demonstration. However, the bob will then experience sliding or rolling friction, which
is speed independent in contrast to the linear or quadratic air drag which is more commonly
used to model damping of oscillators. An analytic solution can be found for the speed of the bob
as a function of its angular position around the vertical circular trajectory. A numerical solution
for the time that the object takes to move from one turning point to the next shows that it is
smaller than it would be in the absence of friction.
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1. Introduction

If a snow or skate boarder starts from rest at one
lip of a semicircular half-pipe, she will just make
it to the opposite lip in the absence of resistive
forces if she does not pump her body parametri-
cally.1 However, in reality, there will always be some
friction. Suppose it is of the form μN where N is
the normal force on the boarder from the pipe and
μ is a constant. Such a form applies both to sliding
friction (for a snow boarder) and to rolling motion
(for a skate boarder). To compensate for the loss
in mechanical energy to friction, the boarder can
drop into the half-pipe from rest from a point at a
vertical height h above the starting lip.

Treating the boarder as a point mass m, this
situation also applies to a marble or toy car in a
loop-the-loop.2 The starting height h corresponds
to an initial speed of υ0 = (2gh)1/2 at the entry
point into the loop. For generality, the entry point
need not be at an angle of π/2 relative to the bot-
tom point of the loop, but can be at any angle

0 ≤ θ0 ≤ π/2. Likewise the ending angle need not
be at −π/2, to allow for the possibility of looping all
the way around past −π. This setup describes the
motion of a pendulum without a string.3 Pendulums
have been analyzed with fluid drag proportional
to some power (usually linear or quadratic) in the
speed of the bob, but less attention has been paid
to speed-independent “dry” friction as would apply
to a heavy block (small enough that air drag on it
is negligible) sliding back and forth inside a rough
hemispherical bowl.4 Such motion inside a concave
spherical surface is a counterpart to the familiar
homework problem involving motion on top of a
convex spherical surface (such as a rock sliding
down and off a large snowball).5

2. Speed as a Function of Angle

Let θ denote the angle of a small object of mass m
relative to the downward vertical, with the counter-
clockwise direction chosen to be positive. It moves
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Fig. 1. Free-body diagram for an object of mass m sliding
down a concave circular track of radius r. At the current
instant, the object is at counter-clockwise angular position θ
relative to the bottom point and has linear speed υ. The three
forces acting on the object are the gravitational force mg, the
normal force N , and the frictional force μN .

along a circular pipe or track of radius r for which
the coefficient of friction is μ. The three forces act-
ing on the object are the radially inward normal
force N , the gravitational force mg where g is the
uniform downward gravitational field strength of
the earth, and the frictional force μN opposite in
direction to the speed υ of the object. A snapshot
at an arbitrary instant when the object is sliding
downward at a positive angle θ is sketched in Fig. 1.
The radially inward component of Newton’s second
law (N2L) at that instant in time t is

N − mg cos θ = m
υ2

r
⇒ N

m
=

υ2

r
+ g cos θ, (1)

whereas the component tangentially downward
relative to the surface is

mg sin θ − μN = m
dυ

dt
= m

dθ

dt

dυ

dθ
(2)

using the chain rule. The angular velocity of the
object is dθ/dt = −υ/r where the minus sign arises
because θ in Fig. 1 is decreasing with increasing t.
Dividing Eq. (2) through by m and substituting this
angular velocity and Eq. (1) into it results in

g sin θ − μ

(
υ2

r
+ g cos θ

)
= −υ

r

dυ

dθ
. (3)

Multiply Eq. (3) through by −2/g and define the
dimensionless speed V ≡ (gr)−1/2υ to get the dif-
ferential equation

d(V 2)
dθ

= 2μV 2 + 2(μ cos θ − sin θ). (4)

The homogeneous solution for V 2, obtained by
dropping the term in parentheses on the right-hand
side of Eq. (4), is the exponential Ce2μθ where C
is a constant determined by the initial conditions.
A particular solution for V 2 is found from the trial
form A cos θ + B sin θ. Expressions for the two con-
stants A and B are found by substituting this form
into Eq. (4) and separately equating coefficients of
cos θ and sin θ on the two sides of the resulting equa-
tion. Then adding together the homogenous and
particular solutions gives the general solution

V 2 = Ce2μθ +
(2 − 4μ2) cos θ + 6μ sin θ

1 + 4μ2
. (5)

The initial conditions are that V = V0 ≡ (gr)−1/2υ0

at θ = θ0 so

C = e−2μθ0

[
V 2

0 −
(2− 4μ2) cos θ0 +6μ sin θ0

1+ 4μ2

]
(6)

and thus Eq. (5) gives the key result

V 2 = e2μ(θ−θ0)

[
V 2

0 −
(2 − 4μ2) cos θ0 + 6μ sin θ0

1 + 4μ2

]

+
(2 − 4μ2) cos θ + 6μ sin θ

1 + 4μ2
. (7)

As a check on this equation, for a frictionless surface
μ = 0, it simplifies to

υ2 = υ2
0 + 2rg(cos θ − cos θ0) (8)

when multiplied through by rg. From the geometry
in Fig. 2,

y0 − y = r(cos θ − cos θ0) (9)

θ0

r 
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υ

r 

θ
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Fig. 2. A block begins at t = 0 with initial speed υ0 at angu-
lar position θ0 and height y0 relative to the bottom point of
a circular track of radius r. At some arbitrary later time t,
the block has speed υ at angular position θ and height y.
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is the difference in height between the initial and
current locations of the object. Substitute Eq. (9)
into Eq. (8) and multiply the result by m/2
to get

K + U = K0 + U0, (10)

where the kinetic and potential energies are K =
1
2mυ2 and U = mgy. Equation (10) correctly ver-
ifies that mechanical energy is conserved in the
absence of dissipative forces.

3. Application Problems

(A) What must be the value of V0 if the boarder just
makes it to the far lip? Substitute V = 0, θ0 = π/2,
and θ = −π/2 into Eq. (7) to get

V0 =
√

6μ
1 + 4μ2

(1 + e2πμ). (11)

If μ � 0.1, as is probably the case for a snow or
skate boarder, then Eq. (11) implies h ≈ 6μr for
the minimum height above the starting lip at which
the person must drop into the half-pipe.

(B) If instead the boarder starts at rest on the start-
ing lip, what is the farthest up the opposite slope
that she will reach? Substitute V = 0, V0 = 0, and
θ0 = π/2 into Eq. (7) to find

1 − 2μ2

3μ
cos θ + sin θ = eμ(2θ−π) (12)

which is an implicit equation for θ in terms of μ that
can be solved graphically. Again, if μ � 0.1, then
Eq. (12) can be expanded to lowest order to find
θ ≈ −π/2 + 6μ so that the boarder turns around
at an angle short of the far lip equal to approxi-
mately 6μ in radians. On the other hand, the object
will stop permanently at the bottom of the pipe
if θ = 0, in which case a numerical solution of
Eq. (12) gives μ ≈ 0.60. In contrast, if θ0 � 1 then
Eq. (7) implies that μ ≈ θ0/2 in order that V = 0
at θ = 0.

(C) Let the solution of Eq. (12) for θ be the first
stopping angle θ1 for an object sliding in a hemi-
spherical bowl of kinetic frictional coefficient μ.
(Assuming the coefficient of static friction is also
equal to μ, the object will get stuck at that angle if
tan θ1 < μ.) How much time t does it take the object
to slide from θ0 to θ1? The answer can be expressed
in terms of the dimensionless time T ≡ (g/r)1/2t

Fig. 3. Phase plot of the dimensionless speed V of the object
as a function of its angular position θ for a coefficient of fric-
tion of μ = 0.2. The object starts at rest at θ0 = +π/2 and
moves leftward to its first turning point at θ1 ≈ −π/4.

as

T =
∫ θ0

θ1

dθ

V (θ)

=
√

1 + 4μ2

×
∫ π/2

θ1

dθ√
(2− 4μ2) cos θ +6μ sin θ− 6μeμ(2θ−π)

.

(13)

For example, suppose μ = 0.2 so that θ1 ≈ −π/4.
A graph of V versus θ is plotted in Fig. 3 using
Eq. (7). The integral in Eq. (13) is then evaluated
numerically to obtain T ≈ 3.449. For comparison,
if the surface were frictionless so that μ = 0, then
θ1 would be equal to −π/2 and the time T0 for
the object to move from one turning point to the
next would be half of the period of a simple pen-
dulum. Although many articles have been written
on finding approximate formulas, there is an exact
expression for the half-period of a simple pendulum
of arbitrary amplitude θ0 given by6

T0 =
π

M

(
1, cos

θ0

2

) , (14)

where M(x, y) is the arithmetic-geometric mean
of x and y, encoded in Mathematica as the func-
tion “ArithmeticGeometricMean.” In particular,
M(1, 1) = 1 so that T0 = π which is the stan-
dard result for the half-period of a small-amplitude
simple pendulum, and M(1, 0) = 0 which correctly
implies an infinite period7 for a pendulum whose
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angular amplitude is π. In the present example with
θ0 = π/2, Eq. (14) evaluates to T0 ≈ 3.708 (which
is 18% larger than the small-angle half-period π).
Interestingly, T0 is also larger than T even though
the sliding friction implies that the object travels
slower (at any given angle after release from rest)
than it would if frictionless; the reason it takes the
object subject to friction less time to reach its turn-
ing point than would the same object in the absence
of friction is that |θ1| < θ0 and thus the turning
point is closer to the release point when μ > 0
than when μ = 0. Similar reasoning applies to a
race between two objects (one frictionless and the
other experiencing sliding friction) launched simul-
taneously with the same initial speed up an inclined
plane to their topmost turning points.8

Here are some additional problems suggested as
student projects:

(D) What is the minimum speed V0 a sliding block
must have at the entrance angle θ0 of a loop-the-
loop to just get around it once? If instead of a block,
the object is a marble, what is V0 if it is to roll
without slipping all the way around (which requires
static friction and thus the normal force must be
greater than some minimum value and cannot be
zero at the top point9)?

(E) How many half-cycles back and forth inside
a rough bowl will a sliding object make before it
gets stuck at some turning point due to static fric-
tion? (Alternatively, one could imagine a bob rotat-
ing on a rod that has a constant-magnitude fric-
tional torque in its bearing.10) Extend the phase
plot of Fig. 3 for motion forward to the second turn-
ing point θ2, then backward to the third turning
point θ3, and so on.11 Compare this situation to
that of a mass on a spring sliding horizontally back
and forth on a rough horizontal track.12
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