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This month we feature another exciting contribu-
tion to the “Sex, Gender, and Physics Teaching” collection, 
identified by the pink and gray thumbnail image shown here. 
“Integrating Equity: Curricular Development and Student 
Experiences in an Intermediate-Level College Physics Major 
Course,” by Chaelee Dalton and Janice Hudgings at Pomona 
College, describes an entire physics course devoted to issues 
of equity and inclusion in physics. We hope that you find it 
as stimulating as we do. 

– Gary White and Geraldine Cochran

A bead sliding along a rotating rod subject to 
elastic and frictional forces
A recent article1 by Djokić considers a situation equivalent 
to that illustrated in Fig. 1. A thin ring-shaped bead of mass 
m slides on a rod rotating at constant angular speed  about 
an axis perpendicular to the midpoint of the rod. The setup 
is in space so there is no gravity. Two ideal elastic bands (i.e., 
massless, Hookean, and of zero relaxed length) each of spring 
constant  connect the bead to the origin at the intersection 
between the rod and the axis of rotation. In addition, there 
is sliding friction between the bead and rod, described by a 
coefficient of kinetic friction . The problem is to find the 
displacement x of the bead as a function of time t > 0 for initial 
conditions x0 = 0 and x. 0 > 0. In other words, the bead starts at  
t = 0 at the unstretched position of the elastic bands and is giv-
en an impulsive radially outward push. Newton’s second law 
implies that the bead’s mass multiplied by its acceleration is

  (1)

in the rotating frame of reference of the rod. The three terms 
on the right-hand side of Eq. (1) are respectively the elastic re-
storing force, the outward centrifugal force, and the frictional 
force. The normal force N is equal and opposite to the Coriolis 
force on the bead,

(2)
so that the frictional force in Eq. (1) is always properly op-
posite in sign to the velocity x. of the bead. (Note that static 
friction never occurs because the normal force becomes zero 
whenever the bead’s radial velocity is zero.) Defining the ef-
fective oscillator angular frequency as 

          (3)

then Eq. (1) becomes
 ,           (4)

where the linear damping factor is  = . As Djokić com-
ments, the bead therefore exhibits underdamped oscillations 
about the origin when  0 >  , which implies that  must be 
smaller than the critical value

(5)

In the absence of friction, the critical value is instead equal to  
a crossover value 

To extend these interesting results, note that there is a 
second significance to c. The bead exhibits overdamped 
motion,2 slowly returning to the origin after given an initial 
push, only if *c <  <  c. A transition to another behavior 
occurs when   = c ➯ 0 = 0, in which the centrifugal and 
elastic forces cancel each other, becoming a striking example 
of a non-fluids problem in which an object is subject to only 
the Coriolis force and thus drag. Equation (4) then reduces to 
d /dt ,                  (6)
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Fig. 1. A blue bead of mass m slides radially along a yellow 
rod (rotating at constant angular speed ) with kinetic 
friction between them. Two green elastic bands of spring 
constant  connect the midpoint of the rod to the bead. 
Two short vertical slits on the bead allow the elastic bands 
to pass through the bead as it slides from the left to the 
right side of the rod. The bead started at the dashed axis at 
t=0 with a nonzero initial radial velocity. At the later instant 
in time t shown, its displacement and velocity are respec-
tively x< 0 and x

.
>0 in the rotating frame of reference. The

assembly is in zero gravity.

Fig. 2. Displacement of the bead as a function of time for 
three values of the angular speed  of the rod. The con-
stant parameters are chosen to be m = 1 kg, 2  = 1 N/m, 
 = 1, and x

.
0 = 1 m/s. The blue curve is for the under-

damped case  = 0.1 rad/s; the red curve is for the over-
damped case  = 0.9 rad/s; and the green curve is for the 
new equilibrium case  = 1 rad/s.
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with c = c by separating variables and integrating using 
the given initial conditions. A second separation and integra-
tion results in

.
          (7)

The bead exponentially slides outward and asymptotically 
approaches a new, neutral equilibrium position at x∞ that in-
creases with the initial radial speed and mass of the bead, and 
decreases with the frictional coefficient and spring constant. 
This motion is reminiscent of a marble projected horizontally 
through a tube filled with a viscous liquid and coming to rest.

The three motions discussed above are graphed in Fig. 2, 
using Eq. (7) and the equations provided in the online appen-
dix.3 For even larger values of the angular speed when 

 > c, the centrifugal force exceeds the elastic force in Eq. 
(1), and the bead would slide outward without limit in the 
ideal case. (In reality, it would be limited either by the nonlin-
earities in the elastic bands or by the end stops along the rod 
shown in Fig. 1.)
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Online Appendix for 
“A bead sliding along a rotating rod subject to elastic and frictional forces” 

 
The blue and red curves in Fig. 2 are graphs of the respective equations 
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for the underdamped case, and 
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for the overdamped case. Readers can check that Eqs. (A1) and (A2) satisfy Eq. (4) and the 
initial conditions   x0 = 0  and    !x0 > 0 . Here β = µω  whereas ω0 is given by Eq. (3) so that 
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which shows that this term changes sign at the critical damping condition  ω =ωc
* . 


