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Next click on line 3 and type

     g(x) = cos(0.98x – 0.9t),                                (2) 
which will cause a green harmonic wave to get added to the 
graph traveling rightward with wavenumber k2 = 0.98 rad/m   
and angular frequency 2 = 0.9 rad/s. Then click on line 4 and 
type

    S(x) = 2 cos(x –t) cos(0.02x – 0.1t),                              (3)

which is a superposition of the waves described by Eqs. (1) 
and (2), as proven in the appendix. The corresponding sum 
wave will appear on the graph in purple. (It is not necessary to 
lead students through the mathematical proof in the appen-
dix, as it is clear by simply observing the Desmos graph that 
the purple wave is the sum of the red and green waves. Notice 
in particular that the purple wave periodically oscillates be-
tween fully constructive and fully destructive interference as 
the red and green waves respectively move in and out of phase 
with each other. One could describe this by saying these har-
monic waves are beating against each other.5 A recent article6 

uses the free online software WolframAlpha to display wave 
beats, but its graphs are static, unlike the animated graphs 
of Desmos.) It is convenient at this point to adjust the axis 
ranges. Click on the wrench icon in the upper right corner of 
the graph and change the x-axis limits to be –20 ≤ x ≤ 20 and 
the y-axis limits to be –3 ≤ y ≤ 3. If you intend to connect your 
computer to a projector for presentation to students, click on 
the “Projector Mode” button in this dialog box to enhance the 
thickness of all of the graph features.

Finally click on line 5 and type

      E(x) = 2 |cos(0.02x – 0.1t)| ,                                            (4)

where the absolute value bars can be directly typed with the | 
key on a standard keyboard. A black wave will now get added 
to the graph; the symbol E(x) denotes that it is the envelope 
of the slowly modulating purple sum wave (x). Specifically, 
the black wave always intersects the crests of the purple wave, 

An individual harmonic wave (i.e., having a single 
frequency and wavelength over all time and space) 
traveling in a loss-free medium has a single constant 

speed, which is equal to the magnitude of the phase velocity 
of the wave. However, when a set of different harmonic waves 
are traveling in the same direction, they interfere to form wave 
packets. In general, the peak of a wave packet travels at a speed 
equal to the magnitude of the group velocity that can be vastly 
different than the phase speeds of the component harmonic 
waves, even if the entire set of harmonic waves only differ 
among themselves slightly in frequency and wavelength.1 It 
is difficult for students to understand the origin of this dif-
ference from verbal descriptions and static graphs of wave 
functions at successive instants in times,2 such as are typically 
presented in textbooks. However, considerable insight is pos-
sible using the free online software Desmos.3

Create the Desmos script
The reader is encouraged to open up a browser now and 

follow along step by step. (A video is also available as an on-
line supplement4 showing all the steps necessary to create the 
script.) Start by navigating to https://www.desmos.com/ and 
clicking on the blue box labeled “Graphing Calculator” near 
the top of the page. Next, at the top right of the screen, click 
on “Log In” if you already have a Desmos account or on “Sign 
Up” if you do not. An account will let you save your work and 
share your worksheets with others. Now type the following 
code into the first blank line to the left of the empty graph,

f(x) = cos(1.02x – 1.1t),                                                               (1)
 

where closing parentheses and italics will automatically ap-
pear as you proceed. Text will show up below this equation 
that reads “add slider” followed by t in a blue box. Click on 
that blue box. Line 2 will appear as “t = 1” with a slider under 
it running from –10 on the left to 10 on the right. Click on 
the –10 and you will be presented with underlines indicating 
values you can enter as follows: type –20pi into the first blank 
(which is the lower limit) and it will automatically reformat as 
–20 ; type 20pi into the second blank (i.e., the upper limit), 
which will reformat as 20 ; and leave the third blank (which 
is the step or increment by which t changes) empty. Now click 
on the two-way arrow to the left of this second line of code to 
open up a dialog box labeled “Animation Mode” and choose 
the double arrow pointing to the right (so that the wave travels 
rightward only) and then click on the << speed option until 
it shows 0.1x (so that the wave will scroll along the graph 
slowly). Finally click on the circled rightward arrow just next 
to the line number 2, which will set the red harmonic wave de-
scribed by Eq. (1) into rightward motion with wavenumber  
k1  2 / 1 = 1.02  (in units of say rad/m, where 1 is the 
wavelength in m) and angular frequency 1  2 f 1 = 1.1 (in 
units of rad/s, where f1 is the frequency in Hz).

Fig. 1. Screenshot from Desmos showing the script and resulting 
graph.
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This speed is intermediate between that of Eqs. (5) and (6). 
On the Desmos graph, we indeed see that the purple peaks 
are always sandwiched midway between the green and red 
peaks. Also notice that the average wavenumber of 1 is im-
plicitly multiplying the position x in the argument (that is, the 
phase) of the first cosine factor in the wave function in line 4 
of the script, and likewise the average angular frequency of 
1 can be considered to be multiplying the time t in the same 
factor. That leaves the second cosine factor in line 4, which 
represents the slow variation in the amplitude of the purple 
peaks. To better appreciate the significance of this second fac-
tor, proceed as follows.

Click on the – button in the upper right corner of the graph 
four times to zoom out the axes (until the x-axis runs from 
–340 to 340). Then click on the red and green circled sinu-
soids at the beginning of lines 1 and 3 so that the two harmon-
ic waves no longer appear on the graph. Increase the speed in 
line 2 by clicking on the double rightward arrow to open the 
“Animation Mode” dialog box and then clicking on the >> 
button four times to increase the speed to 0.5x. We then see 
an evenly spaced set of wave packets traveling rightward. (In 
modern physics, this purple matter wave could represent a 
uniform beam of particles, one per packet, with a given par-
ticle having high probability to be found near the center of a 
packet where the amplitude is maximum, and zero probabil-
ity to be found at the two adjacent nodes.) Now click on the 
empty circle at the beginning of line 5 to turn on the envelope 
wave, point out to students that the black wave traces out the 
positive envelope of the purple wave, and then turn off the 
purple wave, so that only the black traveling wave remains on 
the graph representing the packets.

Now zoom back in by clicking on the + button at the upper 
right three times (so that the x-axis runs from –40 to 40) and 
slow the speed back down to 0.1x by clicking on << four times 
in the “Animation Mode” dialog popped up from the begin-
ning of line 2. (Click anywhere on the graph to dismiss the 
dialog box afterward.) Finally turn back on the red and green 
waves by clicking on the empty circles at the beginning of lines 
1 and 3. Watch when a zero cusp of the black wave sweeps 
rightward across the screen: it is traveling much faster than 
either of the two component harmonic waves! That means the 
wave packets have a higher speed than the phase speed of the 
purple sum wave calculated in Eq. (7). We call that speed of 
the envelope of the packets the group speed, because it is the 
speed of the peak of the grouped superposition of component 
harmonic waves. We can calculate it from the wavenumber 
and angular frequency of the envelope wave function shown 
in line 5 of the Desmos script as

                                                 (8)

This speed agrees with one’s visual estimation of how much 
faster the black wave is traveling rightward than either the 

as in the screenshot in Fig. 1. To prepare the script for use in 
class, click on the black encircled sine wave at the beginning 
of line 5 so that the envelope wave no longer appears on the 
graph. Now click on the words “Untitled Graph” near the up-
per left-hand corner of the screen and give the script a name 
such as “Wave Interference.” (If you subsequently make any 
changes to the script that you wish to keep, you can click on 
the green “Save” button next to this name.) Now close the 
webpage.

Using the script in class
Again navigate to https://www.desmos.com/ and click on 

the blue box labeled “Graphing Calculator” near the top of the 
page. (A second video is available as an online supplement4 
showing all the steps necessary to present the script.) Sign in 
if necessary. (Desmos will remember you if you did not log 
out, so signing in may not be required.) Click on the icon la-
beled by three horizontal lines in the upper left corner of the 
screen, click on your saved script “Wave Interference” and 
then click on the blue “Open Graph” button. Turn back on 
“Projector Mode” if you like. Tell students they are seeing two 
harmonic waves with unit amplitude,  f(x) in red and point to 
its wave function in line 1, and g(x) in green and point to its 
wave function in line 3. Then tell them the purple wave is the 
sum of these two harmonic waves and that a trigonometric 
identity has been used to represent its wave function in the 
form shown in line 4. (You can slightly expand the left-hand 
panel so that the tail end of this expression is not cut off by the 
graph, by dragging on the right edge of the panel.)

Now go to a board in the classroom and tell the students we 
are going to calculate the ordinary speeds of the two harmonic 
waves. Since that represents the speed with which a point of 
constant phase (such as a crest of the wave) moves rightward 
in the graph, we specifically call it the phase speed. Recalling 
that whatever multiplies the position variable x in a harmonic 
wave function is the wavenumber k, and that whatever multi-
plies the time variable t is the angular frequency , the phase 
speed of the red wave is
                                 (5)

where units were added to the final result by assuming that all 
distances are in meters and all times are in seconds. Likewise

                           (6)

Ask students to observe that, sure enough, the peaks of the 
red wave travel rightward faster than do the peaks of the green 
wave, with the purple wave exhibiting constructive interfer-
ence of double the amplitude when the red and green crests 
coincide, and destructive interference of zero amplitude at 
a point in space and time that a crest of one harmonic wave 
overlaps with a trough of the other harmonic wave.

Given that the red and green waves have slightly different 
values of k and  from each other, it is not surprising that 
the peaks of the purple sum wave move rightward at a phase 
speed determined by the average values according to
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where m is the mass of the particle. Only the group velocity of
                                      

      (16)

is equal to the velocity v of the particle.12 Each packet in the 
purple wave was said after Eq. (7) to represent a particle, and 
thus the packets and particles must both move with the same 
speed.

Not only can the phase and group velocities differ in mag-
nitude, they can also differ in direction. The preceding Des-
mos script can easily be edited to demonstrate this phenome-
non by interchanging the values of 1 and 2. Modify lines 1 
and 3 to 5 to read
                              

(17)

where the sign in front of the 0.1t term in the last two lines 
has been flipped since 1 is now smaller (as opposed to larger) 
than 2 in accordance with Eq. (A6) in the appendix.

Appendix
Here it is proven that Eq. (3) is the sum of Eqs. (1) and (2). 

Start with the double-angle formula for cosine,

cos (  + ) = cos  cos  – sin   sin .                         (A1)

Now change the sign of  in this formula to get

cos (  – ) = cos  cos  + sin   sin .        (A2)

Then add together Eqs. (A1) and (A2) to obtain

cos (  + ) + cos (  – ) = 2 cos   cos .                              (A3)

Finally substitute
         (A4)

and
         (A5)

into Eq. (A3) to find
   
.  (A6)

Putting in the numerical values k1 = 1.02, k2 = 0.98,  
1 = 1.1 , and 2 = 0.9  reveals the left-hand side to be f(x) + 

g(x)  and the right-hand side to be S(x)  .
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