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charge onto that plate. The plates start out uncharged at t = 0, 
but their total charges are equal and opposite with magnitude 
Q = I0t  that subsequently increases linearly with time t. To 
find B we use the Ampère-Maxwell law in the form

                                                  (1)

where I is the net combined conduction and displacement 
currents crossing any surface spanning the closed amperian 
loop along which the line integral is evaluated. (The permea-
bility and permittivity of free space are 0 and 0, respectively.) 
Choosing the loop to be a circle of radius r concentric with the 
wire, the left-hand side of Eq. (1) evaluates to 2 rB assuming 
we integrate around the loop in the clockwise direction (in ac-
cordance with the right-hand rule for the indicated direction 
of I0 in Fig. 1).

The two conventional surfaces spanning this loop 
that are chosen to motivate the need to include both the 
conduction and displacement currents are the flat cir-
cular disk labeled S1 in white and the green ellipsoid la-
beled S2. Assuming the fringing field near the edges of 
the plates is negligible2 and the electric field between 
the plates is uniform, then for surface S1 we have Ic = 
I0 and Id = 0, whereas for surface S2 we have Ic = 0  and                                                                                                                                              
                                                                                                                           

(2)
 

      
                   

 

where  is the electric flux between the plates, E =  / 0 is the 
magnitude of the uniform electric field between them, and 

  = Q/( R2) is the magnitude of the surface charge density on 
either plate. For both surfaces S1 and S2, Eq. (1) then leads to 
the standard result B = 0I0/(2 r) assuming the two kinds of 
current are combined according to

I = Ic + Id .                                 (3)  
However, other ways of combining the currents would also 

lead to this standard result. For example, instead of Eq. (3), 
one could add the two currents in quadrature as

                                                   (4)

The reason Eq. (4) works equally well as Eq. (3) is that the two 
surfaces S1 and S2 have a special feature. For them, either the 
conduction current Ic or the displacement current Id is zero. 
Equation (3) would be more pedagogically compelling if we 
considered a general spanning surface where neither current 
is zero, so that Eq. (3) makes a distinguishing prediction com-
pared to Eq. (4).

A lovely way to do that is by presenting students with the 
following puzzle. Consider the red soup-can-shaped surface3 

S3 in Fig. 1. Its right endcap lies inside the capacitor gap but it 
only intercepts some of the electric field lines extending from 
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Ampère’s law is presented in introductory physics as 
a relation between the line integral of the magnet-
ic field around a closed loop and the net current 

crossing any open surface spanning that loop. By allowing 
the surface to pass between the plates of a charging paral-
lel-plate capacitor, Maxwell realized that this law is incom-
plete and introduced a term called the displacement current 
Id (due to changing electric flux), which needs to be com-
bined with the conduction current Ic (due to charge flow) to 
give the effective net current I. Textbooks state that the way 
these currents are to be combined is by simple addition,  
I = Ic + Id. They verify that the resulting Ampère-Maxwell 
law gives the correct expression for the magnetic field at 
an arbitrary point outside of both plates for two different 
choices of spanning surfaces. However, those traditional 
two surfaces are special and do not prove that the total cur-
rent must be the simple addition of the displacement and 
conduction currents. A third, more general spanning sur-
face is used here to establish it. This third approach draws 
attention to the surface currents on the capacitor plates.

Theory
Consider the geometry sketched in Fig. 1, which is sim-

ilar to that in a recent article by Milsom.1 The two yellow 
capacitor plates are circular (of radius R and negligible 

thickness) and the blue current-carrying wires connect to 
their centers. We are interested in finding the strength of the 
magnetic field B at point P just to the left of the positively 
charged plate a radial distance r from the wire carrying 

Fig. 1. A vacuum-gap parallel-plate capacitor consisting of two 
metal disks in yellow with constant current I0 carrying positive 
charge onto the left plate and off the right one (or equivalent-
ly, electrons onto the right plate and off the left one). The gap 
distance between the two capacitor plates is exaggerated for 
clarity. Three surfaces are shown spanning the closed circular 
loop passing through point P a radial distance r away from the 
left wire. White surface S1 is a flat circular disk, S2 in green 
almost completely surrounds the positive plate, and S3 is in the 
shape of a red soup can (cutting across the left plate) with its left 
endcap missing.
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Returning to Fig. 1, this conduction current crosses the 
surface S3 at its intersection with the capacitor plate as indi-
cated by the dashed curve. The linear sum of Eqs. (5) and (6) 
is once again I0. In contrast, if one added these two currents in 
quadrature according to Eq. (4), one would not obtain I0.

Presentation in class
Standard introductory physics textbooks explain the 

need for and nature of the displacement current using sur-
faces equivalent to S1 and S2 discussed above. After students 
have been introduced to those two surfaces in lecture or in 
their reading, show them surface S3 (by projecting Fig. 1 or 
sketching something like it on the board). Next tell them we 
will switch to a simpler non-perspective side view and pres-
ent them with Fig. 3, where the plates are shown as having a 
nonzero thickness so that we can divide surface S3 into four 

regions of nonzero area labeled A through D (keeping in mind 
that these portions have cylindrical symmetry about the wires 
carrying current I0). Now ask them to answer the following 
two ConcepTest questions (preferably using clickers) in order:

Q1. Neglecting any fringing field, across which part of the  
  surface is there a time-varying electric flux?

Q2. Across which part of the surface is there a net flow of    
   electrons?

For both questions, the five answer choices are A, B, C, D, or 
none of the above.

As usual for ConcepTests, you can first have students 
answer the questions on their own without talking to their 
neighbors, next project a bar graph of the answer distributions 
and let them debate the choices in small groups and revote, 
and then ask some groups to explain their final answers to the 
whole class.

Now tell students that their answer to Q1 is proportional 
to the displacement current and their answer to Q2 is pro-
portional to the conduction current crossing surface S3. Then 
start a class discussion about what each of those two currents 
and their sum should be equal to and why. The following 
points should come out of this discussion, with the instructor 
prompting students as necessary:

the positive to the negative plates so that Eq. (2) is reduced to
                                                 

 (5)

The red surface does not intercept the blue wire and so it ap-
pears that Ic = 0. However, these two expressions for the cur-
rents do not predict the correct result for B when combined 
and substituted into the Ampère-Maxwell law. What has gone 
wrong?

The answer is that there is a current distributed around a 
circle of radius r on the surface of either capacitor plate equal 
to

                                                                         (6)

This equation correctly reduces to I0 when r = 0, to zero when 
r = R, and it decreases in proportion to the area of the plate 
traversed as the radial current Ic deposits charge onto its sur-
face. These arguments suffice to prove the validity of Eq. (6). 
Nevertheless, for those who prefer a more detailed proof, the 
following is adapted from the textbook by Wangsness.4

Consider the capacitor in Fig. 1 seen by an observer look-
ing from the left side of the page, resulting in the view of Fig. 
2. The blue wire carries constant current I0 onto the center of 

the plate at r = 0. That current then spreads radially outward, 
with total magnitude Ic across the radius r of the indicated or-
ange central portion of the plate. The current monotonically 
decreases with increasing radius (so that Ic is smaller than I0) 
because charge is systematically deposited onto the plate to in-
crease its surface charge density . Specifically, in some infini-
tesimally short time interval dt, current I0 carries charge dQ = 
I0dt  onto the entire plate, increasing its surface charge density 
by d  = dQ/( R2). On the other hand, current Ic carries a 
smaller amount of charge onto the yellow part of the plate (in 
proportion to its smaller surface area Ayellow) given by

     
(7)

 

Simplifying both sides of Eq. (7) gives Eq. (6).

Fig. 2. Current in blue flowing onto and radially outward from 
the center of the positively charged capacitor plate. The current 
Ic decreases monotonically from I0 at r = 0 to zero at r = R as it 
leaves behind charge on the plate. 

Fig. 3. Non-perspective side view of the charging capacitor and 
of red surface S3 from Fig. 1. The thickness of the yellow capaci-
tor plates is exaggerated to make portion C of surface S3 visible.
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• The displacement current (which is nonzero only across 
part A of the surface5 in Fig. 3) is less than the total dis-
placement current between the two capacitor plates be-
cause the area r2 of A is less than the area R2 of a plate.

• However, the displacement and conduction currents 
have to add up to the charging current I0 so that surface 
S3 gives the same value for the magnetic field as that 
found previously using surfaces S1 and S2.

• Therefore the conduction current cannot be zero. But 
since no electrons can be flowing across areas A, B, and 
D in space, there must be a conduction current radially 
across portion C of the capacitor plate. Electrons carried 
onto one of the plates (technically the right plate) by the 
charging wire spread and flow across the surface of that 
plate.

• As the radius r of surface S3 increases, the displacement 
current across portion A increases. Thus the conduction 
current across portion C must simultaneously decrease. 
In a nonmajors course, this decrease could be discussed 
qualitatively in terms of the charge left behind as a circu-
lar current front moves radially across a plate, whereas 
in a majors course the derivation in Eq. (7) might be pre-
sented in class or requested in homework.

Concluding remarks
In closing, the way the Ampère-Maxwell law is typically 

presented for a charging capacitor can give students the wrong 
impression that the current I in Eq. (1) must reduce to either a 
conduction current or a displacement current but not a mix-
ture of both. Students would benefit from being exposed to 
more general amperian surfaces such as the red one in Fig. 1. 
By distorting that right cylinder into a conical frustum outside 
the gap region that ends at a circle at the capacitor plate with 
any arbitrary 0  r  R, the total current I becomes any rela-
tive fraction of conduction and displacement current that one 
likes. That fully verifies we must combine the conduction and 
displacement currents linearly in accord with Eq. (3). Other 
possible ways of combining them such as in Eq. (4) would 
not give a consistent answer for B as the spanning surface is 
varied. In addition, the present article emphasizes the nature 
of the radial surface currents on the two capacitor plates. The 
existence of those currents is rarely mentioned in introducto-
ry textbooks but is crucial to understanding how the magnetic 
field is sourced by the conduction currents alone according to 
the Biot-Savart law.1
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