
A Simple Game of Chance—C.E. Mungan, Summer 2020 
 

Balls numbered 1 through N are in a bowl. You pick out two balls at random (without 
returning either one to the bowl). What is the probability that the absolute value of the difference 
between the two numbers on these balls is exactly M? (Assume both N and M are positive 
integers, with N ≥ 3 and   1≤ M ≤ N −1.) 

There are two independent possibilities. One is that the first ball chosen is not numbered 
between 1 and M, nor is it numbered between   N − M +1 and N. Assuming for the moment that 
  N − M +1> M  so these two ranges do not overlap, that means the first ball can be selected in 
any of   N −2M  ways. Thus the odds of choosing such a first ball is   (N −2M ) / N . If so, there 
are two ways to select the second ball. (Namely, we can choose one that is M lower or M larger 
in value than it.) That is, the odds of choosing such a second ball is   2 / (N −1) . Thus the overall 
odds of success for this possibility is their product, which is   (2N −4M ) / (N 2 − N ) . 

The second possibility is that the first ball does lie in those ranges. The odds of that 
happening are   2M / N  (with the same assumption as above). In that case, there is only choice of 
second ball that will give a win. (For example, if the first ball is numbered between 1 and M, the 
second ball cannot be M smaller in value than it. It can only be larger in number than it.) The 
odds of getting that second ball are   1/ (N −1) . Therefore the odds of success for this second 
possibility is   2M / (N 2 − N ) . 

Now add the odds of these two possibilities to get the total chance of success as 

 
  
p = 2(N − M )

N (N −1)
. (1) 

Interestingly, this is the right answer even if our assumption that   N − M +1> M  does not hold. 
For example, it does not hold if N = 3 and M = 2. Nevertheless, there are only three possible 
combinations of balls one can draw in that case, namely 12, 13, or 23, each with equal odds of 
1/3. But only the combination 13 has a difference of 2 between the numbers. So indeed, you have 
a one in three chance of winning, as Eq. (1) predicts. I will leave readers to explain why Eq. (1) 
remains correct in general when this assumption is violated. But as a check, we can add up the 
odds for all possible values of M (for a given N) to verify that there is 100% chance that the balls 
differ in number by some positive integer between 1 and   N −1 , 
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So that at least reassures us the formula for p might be correct even if the assumption does not 
hold! 


