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Abstract— In this paper we present decentralized, reactive,
cooperative collision avoidance strategies for a group of non-
linear Lagrangian vehicles with limited actuation and bounded
sensing range. The avoidance control strategies, which are
continuous, build on the concept of avoidance functions andare
synthesized with a time-varying set-point control law thatdrives
the agents towards their desired final configurations (possibly
time-varying) while avoiding deadlocks and unwanted local
minima. We show, by using results from packing optimization
and Lyapunov-based analysis, that the overall control strategies
are bounded, comply with the agents’s dynamic constraints (i.e.,
limited actuation and acceleration), and guarantee collision-free
trajectories for all agents. Moreover, we provide a bound on
the number of agents that can interact with a single vehicle at
any given time and illustrate their performance via a numerical
example with a group of twelve vehicles.

I. I NTRODUCTION

A critical operational objective within mobile robotics as
well as multi-vehicle systems research is to guarantee the
safety (i.e., collision-free motion) of all agents1 at all times.
The attainment of such objective requires the implementation
of a collision avoidance strategy in the vehicles’ control sys-
tem. The strategy can be planned, meaning that collision-free
trajectories for each vehicle are generated off-line and ahead
of time based on the initial state of nearby obstacles (in-
cluding other agents), or reactive, implying that the vehicles’
control inputs are computed on-line as obstacles are detected.
Since the former strategy does not sample the position of
other agents continuously, reactive avoidance control laws
can offer more robustness and reliability by using real-time
information of the environment. Yet, even reactive avoidance
strategies may fail due to different factors. For instance,
sensing errors (e.g.,visual blockage, noise, detection delays,
and data losses) may cause the vehicle to mislocate other
agents (i.e., have a false negative), becoming vulnerable to
collisions [1]. Similarly, actuation limitations and dynamic
constraints (i.e., bounded control and acceleration) may pre-
vent a vehicle from having enough authority to successfully
prevent a collision [2]. That is, when approaching another
agent, the vehicle might not have sufficient time and space
to stop and retreat without colliding. Therefore, reactive
collision avoidance strategies must also provide robustness
to both sensing errors and limited actuation [3], [4]. In this
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1We will use the terms vehicle, agent, and robot interchangeably.

paper, we will focus on the latter topic and design avoidance
strategies that comply with the agents’ limited actuation.

A. Related Work

Collision avoidance strategies for multi-vehicle systems
have been well documented in the robotics literature (see [5]–
[7] and reference therein for examples). Collision avoidance
strategies that consider dynamic constraints (i.e., acceleration
bounds) and limited actuation, on the other hand, are more
scarcely reported. Examples include the use of inevitable
collision states [2], which considers the dynamic constraints
of the vehicle and defines those vehicle’s states for which
no matter what the the vehicle does next, a collision will
eventually occur. The control idea is to avoid those tra-
jectories as well as those control inputs that will lead to
an inevitable collision state. A somehow similar approach
inspired by the concept of velocity obstacle [8], namely
acceleration-velocity obstacle, is presented in [9]. In brief,
the acceleration-velocity obstacle consists of characterizing
the set of control inputs and trajectories for each vehicle that
are safe to take (i.e., collision-free), considering any velocity
and/or acceleration constraint. Both methods, however, do
not rigorously (theoretically) guarantee collision avoidance
for all possible multi-vehicle scenarios. That is, when there
is a large number of agents in the vicinity of the vehicle, a
collision-free path (or a non inevitable collision state) might
not exits. In this case a collision may still occur. Other control
approaches based on the concepts of inevitable collision
states and velocity obstacle that consider limited actuation
are presented in [10] and [7], respectively. In [10], the authors
present a probabilistic avoidance strategy, whereas in [7], the
authors introduce a reactive, distributed avoidance algorithm.

Reactive collision avoidance algorithms based on avoid-
ance and navigation functions have also been reported in
the literature. In [11], a motion coordination with collision
avoidance for multiple Lagrangian agents is proposed. The
authors demonstrate that the avoidance inputs are bounded,
however, strict bounds that comply with the saturation of
the agents’ control inputs are not provided. In [12], a safe,
bounded path tracking controller for a single agent interact-
ing with static obstacles is also presented. Finally, in [1],
a Lyapunov-based approach for reactive collision avoidance
between two agents with limited actuation as well as sensing
errors is proposed. This control approach is later extended
in [13] to the case ofN nonlinear vehicles and sufficient
conditions for guaranteed collision avoidance are provided.



B. Contributions

The work presented in this paper stems from the control
ideas presented in [13]. A drawback of the cooperative
Lyapunov-based strategies reported in [13] is that the design
of the control laws depends on the total number of agents,
N , or more precisely, on an upper bound ofN . Knowledge
of this upper bound does not necessarily represent a major
limitation in the design process since, most of the time, we
can overestimateN and successfully compute the avoidance
control laws. However, overestimating or increasingN has
the effect of reducing the control authority of each agent,
which in turn implies a slower reactive motion by the agents.
In addition, larger values ofN require the increase of the
minimum admissible safe distance between any two agents
(more details on this in Section IV). Therefore, we would
like to design the control laws independently ofN .

In this paper, we present the first step to eliminate the
dependency ofN by using some concepts from discrete
geometry. The motivation comes from the fact that the max-
imum number of agents that might simultaneously interact
with a single vehicle is a function of the inter-agent non-zero
desired safe distance as well as the vehicle’s finite sensing
area and not necessarily of the total number of agentsN . For
instance, let us take the 2-dimensional (2-D) case in Fig. 1 as
an example. Since theith vehicle’s sensing region (delimited
by the circle of radiusR) is assumed to be bounded and each
vehicle is assumed to maintain a safe nonzero distancer from
any other agent, there is a maximum number of agentsN̄
that can safely interact with theith vehicle at any given time
(i.e., fit safely in theith vehicle’s bounded sensing region).
Therefore, if we know an upper bound on̄N < N , we can
design the avoidance strategies based onN̄ . Herein, we used
this principle to develop new bounds and new avoidance
strategies that are less conservative and that allow a greater
control authority than the ones introduced in [13].

A second contribution of this paper is the introduction
of a boundedset-point progressioncontrol law paired with
the collision avoidance. The avoidance strategies of [13]
are coupled with a pure set-point stabilization control law,
whereas here, we generalized the control framework to in-
clude time-varying set-point tracking (i.e., slow time-varying
trajectories). The advantages of this set-point progression
control law will be discussed in Sections III and V. Finally,
to illustrate the performance of the new control strategies,
we present a numerical example in Section VI.

II. PRELIMINARIES

A. Multi-Vehicle System Dynamics

Herein, we address the task of controlling a group of
N n-degree-of-freedom (DOF) vehicles with Lagrangian
dynamics given by

Mi(qi(t))q̈i(t) + Ci(qi(t), q̇i(t))q̇i(t) =ui(t) (1)

whereqi ∈ ℜn are the generalized coordinates,Mi ∈ ℜn×n

are the positive definite inertia matrices,Ci ∈ ℜn×n are
the centrifugal and Coriolis matrices, andui ⊂ ℜn are
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Fig. 1. Safe, densest agglomeration of agents in 2-D.

the control inputs fori ∈ {1, · · · , N}.2 We assume that
gravitational forces are negligible or compensated via active
control and that the dynamics of the agents satisfy the
following properties [14]. In what follows, we will omit
the time dependence of signals except when considered
necessary.

Property 2.1: Ṁi(qi) = Ci(qi, q̇i) + CT
i (qi, q̇i).

Property 2.2: ∃ positive constantsλi and λi such that
λiI ≤ Mi(qi(t)) ≤ λiI, whereI ∈ ℜn×n is the identity
matrix.

Property 2.3:Ci(qi, q̇i) is bounded inqi and linearly
bounded in q̇i and, therefore,∃γi ≥ 0 such that
‖Ci(qi, q̇i)‖ ≤ γi ‖q̇i‖.

B. Control Objectives and Definitions

Our main goal is to design decentralized control laws that
guarantee the convergence of the agents to a desired position
while maintaining a safe inter-agent distance at all times.
Mathematically, we would like to designui such that

• qi(t) → q⋆
i (t) as t → ∞, ∀i and

• ‖qi(t)− qj(t)‖ > r⋆ ∀t ≥ 0, i 6= j

whereq⋆
i ∈ ℜn denotes the desired position andr⋆ > 0

represents the minimum safe distance between any pair
of agents. To accomplish the latter objective, we further
assume that theith agent can detect or sense (via the use of
localization sensors or the broadcast of coordinates among
agents) the relative position of any other vehicle (i.e., jth
agent) within a bounded region of radius3 R > r⋆. We call
this bounded sensing region theDetection Region, Dij , and
define it as

Dij =
{
q : q ∈ ℜ2n, ‖qi − qj‖ ≤ R

}

whereq = [qT
i ,q

T
j ]

T . Similarly, we define anAvoidance
Region, Ωij ⊂ Dij , as the zone for which any otherjth
agent is not allow to enter. That is,

Ωij =
{
q : q ∈ ℜ2n, ‖qi − qj‖ ≤ r

}

2Quantities subscripted withi andj will refer to the ith andjth vehicle,
respectively, where thejth vehicle is taken to be a neighbor of theith agent.

3For simplicity, we assume all agents to have equal sensing radius R.
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Fig. 2. DetectionDij and AvoidanceΩij Regions.

wherer ∈ [r⋆, R) is the desired minimum distance between
theith agent and any other vehicle. A pictorial representation
of the Detection and Avoidance Regions are given in Fig. 2.

Finally, we would like the control inputs to be bounded
such that they comply with the agents’ limited actuation and
dynamic constraints. That is, we would like to design the
control inputs such that

‖ui(t)‖ ≤ µi ∀i ∈ {1, · · · , N}, t ≥ 0. (2)

whereµi is a finite positive constant representing the limit
on the agent’s control input (i.e., applied torque or force in
the case of dynamical systems).

C. Formulation of the Collision Avoidance Control Problem

According to the above objectives and definitions, we
can formulate the avoidance control problem as follows.
Given r⋆ > 0 andR > r⋆, design bounded control inputs
{ui(t), · · · ,uN (t)} and avoidance radiusr ∈ [r⋆, R) such
that [qT

1 (t), · · · ,qT
N (t)]T /∈ Ω(t) =

⋃

i∈N,j∈Ni
Ωij(t) for all

t ≥ 0, whereNi = {1, · · · , i − 1, i + 1, · · · , N} represents
the set of all agents excluding theith vehicle.

III. C ONTROL FRAMEWORK

To achieve our control objectives, we proposed the fol-
lowing control input

ui =uo
i + ua

i − κiq̇i, κi >γi
λi

λi

(3)

whereuo
i andua

i are the set-point progression and collision
avoidance control laws, respectively, andκi is a constant
control gain. The set-point progression control inputs, also
known as objective control inputs, are designed to drive each
vehicle to their desired (possibly time-varying) set-point.
The collision avoidance inputs are control policies aimed
to guarantee collision-free transit among agents taking into
consideration the agents’ dynamic constraints. Ideally,ua

i

must not interfere with the agents’ main control objective
(i.e., set-point stabilization) when no potential collision is
present.

A. Set-Point Progression Control

The objective control law is computed as

uo
i = −µ̄i

∂V oT

i (qi,q
o
i )

∂qi
(4)

where µ̄i is a positive constant parameter,qo
i ∈ ℜn is

the desired set-point progression position, andV o
i is the

objective function given by

V o
i (qi,q

o
i ) =

2αi

π
arctan

(
βiπ

2αi
‖qi − qo

i ‖
)

(5)

for some αi > 0 and βi > 0. The desired set-point
progression position is, in general, a time-varying state that
evolves according to

q̇o
i =







εi
κi

µ̄i

q⋆
i − qo

i

‖q⋆
i − qo

i ‖
‖q̇i‖2
∥
∥
∥
∂V o

i

∂qo
i

∥
∥
∥

, if
∂V o

i

∂qo
i

(q⋆
i − qo

i ) > 0

κo
i (q

⋆
i − qo

i ), otherwise

(6)

for κo
i > 0, εi ∈ (0, 1), and initial conditions given as

qo
i (0) =

aiqi(0) + biq
⋆
i (0)

ai + bi
, for ai ≥ 0, bi > 0. (7)

In Section V, we will exploit the time-varying property of
the set-point position (6) to avoid possible deadlocks.

Note that

∂V oT

i

∂qi
=

4α2
iβi

4α2
i + β2

i π
2 ‖qi − qo

i ‖
2

qi − qo
i

‖qi − qo
i ‖

(8)

and, therefore, (5) and (8) satisfy the following properties.
Property 3.1: 0 < V o

i (qi,q
o
i ) ≤ αi, ∀qi 6= qo

i .
Property 3.2: V o

i (qi,q
o
i ) = 0, for qi = qo

i .
Property 3.3: ‖∂V o

i (qi,q
o
i )/∂qi‖ ≤ βi.

Remark 3.1:The control law (4) and set-point update law
(6) admit a time-varying desired position and, therefore, the
objective control law can be used for trajectory tracking
problems. However, the desired trajectory must be slow time-
varying (i.e., q̇⋆

i ≈ 0) to guarantee thatqo
i → q⋆

i sufficiently
fast. For similar reasons, we also recommendbi > ai.

B. Collision Avoidance Control

To guarantee a safe interaction among agent, we propose
the collision avoidance control input to be given as

ua
i = −µ̄i

∑

j∈Ni

∂V aT

ij (qi,qj)

∂qi
(9)

where the avoidance functionV a
ij is defined as

V a
ij(qi,qj) =







0, if ‖qi − qj‖ ≥ R
R+ h

2
− ‖qi − qj‖ , if ‖qi − qj‖ < h

(‖qi − qj‖ −R)
2

2 (R− h)
, otherwise

.

(10)

The constanth ∈ (r, R) is a design parameter denoting the
distance (with respect to any other agent) at which theith



vehicle start applying full avoidance control. The reader can
verify that V a

ij is positive semi-definite, almost everywhere
continuously differentiable, and that its partial derivative is
given by

∂V aT

ij (qi,qj)

∂qi
=







0, if ‖qi − qj‖ ≥ R

not defined, if ‖qi − qj‖ = 0

− qi−qj

‖qi−qj‖ , if 0 < ‖qi − qj‖ < h
(

1− R
‖qi−qj‖

)
qi−qj

R−h , otherwise

(11)

and, therefore, satisfies the following property.
Property 3.4:

∥
∥∂V a

ij(qi,qj)/∂qi

∥
∥ ≤ 1.

Note that the avoidance functions (10) and avoidance
control inputs (11) proposed here are strictly bounded by
(R + h)/2 and 1, respectively, as opposed to be arbitrarily
large as in [11], [15], [16].

IV. COLLISION AVOIDANCE ANALYSIS

Herein we show that the twofold control law proposed in
Section III guarantees collision-free motion for the multi-
vehicle system. Moreover, we show that the overall control
inputs are bounded byµi, according to the agents’ actua-
tion constraint (2). But first, let us introduce the following
propositions associated to packing optimization. The first
proposition has been modified from its original source to
suit better our purpose.

Proposition 4.1: (Packing of Congruent Circles in a Cir-
cle (n = 2) [17]): The maximum number,m2, of inner
circles with radiusl > 0 that can be placed inside a circle
of radiusL ≥ 2l without overlapping is bounded by

m2(l, L) ≤
π

sin−1
(

l
L−l

)

(√

(L− 2l)L

12l2
+

1

2

)

+ 1. (12)

Proof: See [17].
Proposition 4.2: (Packing of Congruentn-Balls in ann-

Ball (n ≥ 3)): The maximum number,mn, of innern-balls
with radius l > 0 that can be placed inside ann-ball of
radiusL ≥ 2l without overlapping is bounded by

mn(l, L) = σn

(
L

l

)n

(13)

whereσn <
√
18(cos−1 1

3 − 1
3π) ≈ 0.7797 for n = 3 and

σn < n+2
2

(
1√
2

)n

for n ≥ 4.
Proof: We have that the volumes (inℜn) of ann-ball

of radiusl > 0 and ann-ball of radiusL > 0 are given by

V ol(l) =
πn/2ln

Γ
(
n
2 + 1

) , and V ol(L) =
πn/2Ln

Γ
(
n
2 + 1

)

respectively, whereΓ(·) is the gamma function. The largest
packing density,σn, is given by the maximum number of
n-balls with radiusl that can fit in the largern-ball, times
the ratio of their volumes,i.e.,

σn = mn(l, L)
V ol(l)

V ol(L)
= mn(l, L)

ln

Ln
. (14)

For n = 3, the packing density is upper bounded byσn <√
18(cos−1 1

3− 1
3π) [18], [19]. For the generaln-dimensional

case,σn < n+2
2 (2)−n/2 [18]. Since (14) is equivalent to (13),

the proof is complete.
Remark 4.1:According to Kepler’s Conjecture [19],σ3 ≤

π/
√
18 <

√
18(cos−1 1

3 − 1
3π) which yields a less conser-

vative upper bound onm3. However, Kepler’s Conjecture,
although widely accepted, has yet to be proven.

Remark 4.2:Proposition 4.2 is also valid forn = 2.
However, Proposition 4.1 offers a stronger, smaller bound.

Having established the above Propositions, we now pro-
ceed to formulate one of the main results of the paper.

Proposition 4.3: (Collision Avoidance):Consider the
multi-agent system in (1) with control input (3), (4), and
(9). Setr ∈ [r⋆, R), h ∈ [r, R), and

N̄ =
⌈

mn

(r

2
, R
)⌉

− 1 (15)

µ̄i =
ǫiµi

min{N̄,N − 1}+ βi
(16)

where⌈·⌉ is the ceiling function and

ǫi =
κiλi − γiλi

κiλi − γiλi + λiκi

.

Chooseκi > γiλi/λi andαi > 0 such that

N∑

i=1

(

αi +
λ̄iη

2
0i

2µ̄i

)

<
R+ h

2
− r (17)

for

η0i ≤ ηi =
ǫiµiλi

λiκi − λiγi
.

Then, for all initial conditions satisfying‖q̇i(0)‖ ≤ η0i and
‖qi(0)− qj(0)‖ ≥ R, we have that:

(i) [qi(t), · · · ,qN (t)] /∈ Ω(t) ∀t ≥ 0 and
(ii) ‖ui(t)‖ ≤ µi ∀t ≥ 0.
To prove Proposition 4.3 will we use the following result.
Proposition 4.4: (Bounds on Velocity and Control):Con-

sider a vehicle with dynamics described by (1) and control
input (3). Assume that‖uo

i (t) + ua
i (t)‖ ≤ ǫiµi ∀t ≥ 0 and

that ‖q̇i(0)‖ ≤ ηi for ηi = ǫiµiλi/(λiκi − λiγi), ǫi > 0.
Then,‖ui(t)‖ ≤ ǫiµi + κiηi and‖q̇i(t)‖ ≤ ηi ∀t ≥ 0.

Proof: ConsiderVǫ =
1
2 q̇

T
i q̇i as a Lyapunov-candidate

function. Taking its time derivative yields

V̇ǫ =q̇T
i M

−1(qi) (Ci(qi, q̇i)q̇i + uo
i + ua

i − κiq̇i) .

Then, using Properties 2.2 and 2.3, we can upper boundV̇ǫ

as

V̇ǫ ≤‖q̇i‖
(
γi
λi

‖q̇i‖+
ǫiµi

λi

− κi

λi

‖q̇i‖
)

from which we obtain that

V̇ǫ ≤0, ∀ ‖q̇i‖ ≥ ǫiµiλi

κiλi − γiλi

= ηi.

Since V̇ǫ is nonpositive (i.e., Vǫ does not increase) for
all ‖q̇i‖ ≥ ηi and ‖q̇i(0)‖ ≤ ηi, we can conclude that



‖q̇i(t)‖ ≤ ηi ∀t ≥ 0. Similarly, since‖uo
i + ua

i ‖ ≤ ǫiµi

(according to the assumption), we have that∀t ≥ 0

‖ui(t)‖ ≤ ‖uo
i (t) + ua

i (t)‖+ ‖κiq̇i(t)‖ ≤ ǫiµi + κiηi

and the proof is complete.
Remark 4.3:It is reasonable to regulate the maximum

velocity of all the agents. A vehicle with arbitrarily large
speed but limited actuation (i.e., bounded acceleration) will
require arbitrarily large time and space to successfully stop
and retreat from a potential collision.

Now that we have established a bound on the velocity, we
can proceed with the proof of Proposition 4.3.

Proof: Consider the multi-vehicle system in (1) with
control input (3), (4), and (9). Let

V =
1

2

N∑

i=1

∑

j∈Ni

V a
ij +

N∑

i=1

(

V o
i +

1

2µ̄i
q̇T
i Miq̇i

)

(18)

be a Lyapunov-candidate function. Taking its time-derivative
and invoking Property 2.1 yields

V̇ =
1

2

N∑

i=1

∑

j∈Ni

(
∂V a

ij

∂qi
q̇i +

∂V a
ij

∂qj
q̇j

)

+

N∑

i=1

(

∂V o
i

∂qi
q̇i +

∂V o
i

∂qo
i

q̇o
i +

q̇T
i Miq̈i

µ̄i
+

q̇T
i Ṁ q̇i

2µ̄i

)

=

N∑

i=1

∑

j∈Ni

∂V a
ij

∂qi
q̇i

︸ ︷︷ ︸

Due to symmetry

+

N∑

i=1

(
∂V o

i

∂qi
q̇i +

∂V o
i

∂qo
i

q̇o
i

)

−
N∑

i=1




∑

j∈Ni

∂V a
ij

∂qi
+

∂V o
i

∂qi
+

κi

µ̄i
q̇T
i



 q̇i

=

N∑

i=1

(
∂V o

i

∂qo
i

q̇o
i −

κi

µ̄i
q̇T
i q̇i

)

. (19)

Then, recalling (6) we finally obtain thaṫV ≤ 0. The
semi-negative definite property ofV̇ (t) implies thatV (t) ≤
V (0) ≤ ∑N

i=1

(
λ̄iη

2

0i

2µ̄i
+ αi

)

, ∀t ≥ 0, where we have used

Property 2.2.
Now assume that (17) holds and suppose that for at least

some pairi, j, ‖qi(t)− qj(t)‖ → r. As a consequence,

V (t) ≥ V a
ij(t) → R+h

2 −r >
∑N

i=1

(
λ̄iη

2

0i

2µ̄i
+ αi

)

. Since we

reached a contradiction, we conclude that‖qi(t)− qj(t)‖ /∈
Ωij for all i, j ∈ Ni and t ≥ 0, which proves the first
statement.

Now, let us consider the (ii) statement. For sake of
illustration and simplicity, we will prove the statement for
n = 2. The generaln-dimensional case follows identically
by considering the volume ofn-balls rather than the area of
circles.

Previously, we proved that the avoidance control law guar-
antees that the agents do not enter the Avoidance Regions,
i.e., ‖qi − qj‖ > r for all i and j ∈ Ni. This implies

that each agent will maintain at least a distancer from
each other. Geometrically speaking, this is equivalent to say
that the agents, with coordinatesqi, are centered in non-
overlapping circles of diameterr, i.e., radius r

2 , (see Fig. 1
for an illustration). Therefore, we can use Proposition 4.1
and obtain that the maximum number of circles that can
fit without overlapping in a circular area of radiusR is
given by (12) forL = R and l = r/2. Rounding (12) to
the next integer and counting out theith vehicle from this
arrangement of circles yields (15),i.e., N̄ = ⌈m2(l, L)⌉− 1.
Thus, (15) is a bound on the maximum number of agents that
can stay simultaneously inside theith vehicle’s Detection
Region.

Now, let us compute an upper bound on the magnitude
of (9). Since the avoidance functions are zero except for at
mostmin{N̄,N − 1} number of agents, we have that

‖ua
i ‖ =

∥
∥
∥
∥
∥
∥

µ̄i

∑

j∈Ni

∂V a
ij

∂qi

∥
∥
∥
∥
∥
∥

≤ µ̄i

∥
∥
∥
∥
∥
∥

min{N̄,N−1}
∑

k=1

sup
j 6=i

∂V a
ij

∂qi

∥
∥
∥
∥
∥
∥

and noting Property 3.4, we obtain

‖ua
i ‖ ≤ µ̄i

min{N̄,N−1}
∑

k=1

1 = µ̄imin{N̄,N − 1}.

Therefore,

‖uo
i + ua

i ‖ ≤ ‖uo
i ‖+ ‖uo

i ‖ ≤ µ̄iβi + µ̄imin{N̄,N − 1}
and substituting µ̄i according to (16) yields that
‖uo

i + ua
i ‖ ≤ ǫiµ̄i. Since ‖q̇i(0)‖ ≤ ηi, we can apply

Proposition 4.4 and conclude that

‖ui‖ ≤ ǫiµi + κiηi = µi

which completes the proof.
Remark 4.4:Note that the control authority (i.e., maxi-

mum magnitude of avoidance and objective control inputs)
decreases with the total number of agents that can interact
with the vehicle (see (16)). Therefore, it is convenient to
compute smaller bounds on̄N . Similarly, note that if we
increase the number of agentsN , we may also need to
increase the detection radius to satisfy (17).

Remark 4.5:Less conservative bounds on the avoidance
strategy and larger control authority (16) can be obtained
by considering the geometric distribution of agents inside
Dij . For instance, in Fig. 1, which is the optimal distribution
(or densest possible packing) of seven congruent circles of
radius r

2 = R
3 [20], the effect of agents that are radially

opposite to each other cancels. Therefore, even though there
is a maximum of six agents that can simultaneously interact
with the ith vehicle, the effect of some of these agents may
be null.

Up to now, we have established collision avoidance among
vehicles and the boundedness of the control signals. We have
yet to prove that the agents converge to the desired positions
or trajectories. It turns out that the avoidance control law
may lead to deadlocks, also known as local minima, in which
case the agents might not fulfill their control objectives. In



the next section, we study the presence of local minima and
provide a heuristic control method to avoid them.

V. AVOIDING UNWANTED LOCAL M INIMA

In this section, we examine the existence of local minima.
For simplicity, we will study the case of pure set-point
stabilization, that is, whenai = 0 andq⋆

i is constant.
Proposition 5.1:Let Si denote the set of unwanted local

minima for theith vehicle. Suppose thaṫMi is uniformly
continuous. Then,

Si =






Q : Q ∈ ℜ(N+2)n,

∂V o
i

∂qi
= −

∑

j∈Ni

∂V a
ij

∂qi
6= 0, q̇i = 0







(20)

whereQ = [qT
1 , · · · ,qT

i , · · · ,qT
N , q̇T

i ,q
oT
i ]T .

Proof: Consider the multi-agent system (1) and
Lyapunov-candidate function (18). We have that the time-
derivative of (18) along the trajectories of (1) is given by
(19). Since∂V o

i

∂qo
i

q̇o
i ≤ εi

κi

µ̄i
q̇T
i q̇i ∀i, we have that

V̇ ≤ −
N∑

i=1

(1− εi)q̇
T
i q̇i ≤ 0. (21)

Integrating (21) yields thatV (t) − V (0) ≤ 0 ⇒ V (t) ≤
V (0) < ∞, from which we conclude thaṫqi are bounded∀i.
This, in turn, implies thaẗqi ∈ L∞ (refer to Properties 2.2
and 2.3). Furthermore, since−

∫ t

0
V̇ (τ)dτ = V (0)−V (t) ≤

∞, we also have thaṫq2
i ∈ L2. This last result, along

with the boundedness of̈qi, allows us to use Barbalat’s
Lemma [21] and conclude thaṫqi(t) → 0 as t → ∞
∀i. Similarly, since∂V o

i /∂qi is uniformly continuous and
∂V a

ij/∂qi is absolutely continuous (and therefore, uniformly
continuous) for allqi 6= qj and in addition,̇qi, M−1 (from:
q̇i, Ci ∈ L∞ ⇒ Ṁi ∈ L∞), andCi (from Property 2.1 and
the assumption) are all uniformly continuous, we have that
q̈i is also uniformly continuous. This property and the finite
limit of

∫ t

0
q̈i(τ)dτ → −q̇i(0) < ∞ as t → ∞ lead us

to conclude thaẗqi → 0 (according to Barbalat’s Lemma).
Therefore, ast → ∞ we have that

−∂V o
i

∂qi
→
∑

j∈Ni

∂V a
ij

∂qi
.

From the above result we conclude thatQ approaches the
invariant set S̄i = {Q : Q ∈ ℜ(N+2)n, ∂V o

i /∂qi =
−∑j∈Ni

∂V a
ij/∂qi, q̇i = 0}, which includes the desired

minima (i.e., qi = qo
i ). Removing the later set, yields (20),

which completes the proof.
The above proposition states that an unwanted local min-

ima occurs when∂V o
i /∂qi → −∑j∈Ni

∂V a
ij/∂qi 6= 0

and q̇i → 0. Therefore, to avoid this set, it is enough to
break the symmetry between the objective and avoidance
control. Accordingly, a heuristic solution to escape local
minima is to indirectly perturb the control input (4) by
modifying theith vehicle’s desired final position or trajectory
whenever∂V o

i /∂qi ≈ −∑j∈Ni
∂V a

ij/∂qi 6= 0 and q̇i →
0, that is, wheneverQ approachesSi. For instance, let

TABLE I

SYSTEM PARAMTERS

Parameter
Agent

i ∈ {1, 3, 5, 7, 9, 11} i ∈ {2, 4, 6, 8, 10, 12}

h (m) 5.5 5.5
λi = λi (kg) 3 2
γi (kg/s) 0 0
µ̄i (N) 71.43 57.14
ai 1 1
bi 2 2
αi 0.688 0.688
βi 1 1

κi (kg/s) 10 8
ηi (m/s) 50 50

ǫi 0.5 0.5
κo
i

8 8
δ (m/s) 0.2 0.2
υ (N) 0.5 0.5

qi − qo
i = [c1, · · · , cn]T and assume thatcl 6= 0 for some

l ∈ {1, · · · , n} (this is always true ifqi 6= qo
i ). Then, we

can redefine (6) as

q̇oT
i =κo

i










cl, · · · , −
∑

k∈{1,··· ,n},k 6=l

ck

︸ ︷︷ ︸

lth element of q
o
i

, · · · , cl










(22)

if ‖q̇i‖ ≤ δ, ‖uo
i ‖ 6= 0, ‖ua

i ‖ 6= 0, and‖uo
i + ua

i ‖ ≤ υ for
some smallδ, υ > 0 (i.e., if Q is in a small neighborhood
of Si).

Note, that (22) is perpendicular to (4) and, therefore, the
nonpositive property of (19) and (21) is preserved as well as
the avoidance and convergence results from Propositions 4.3
and 5.1.

Remark 5.1:Alternatively, we can break the symmetry
between the objective and avoidance control by introducing
an additional control variablevi ∈ ℜn to (3), i.e., ui =
uo
i +ua

i −κiq̇i+vi. The new control variable can be chosen
to be a non-zero perpendicular vector to∂V o

i /∂qi whenever
Q → Si and zero otherwise.

VI. EXAMPLE

To illustrate the performance of the proposed control strat-
egy, we simulate the response of twelve2-DOF autonomous
vehicles with double-integrator dynamics given byλiq̈i =
ui; whereqi = [xi, yi]

T and λi = 3 kg, if i is odd, and
λi = 2 kg, otherwise. We assume that the sensing radius and
avoidance radius for all agents areR = 6 m and r = 4 m.
Therefore, according to Proposition 4.1,̄N = 6, which is
the optimal bound [20]. In addition, we assume that the
control input must satisfy (2) forµi = 1000 N, if i is odd,
andµi = 800 N, otherwise. For the complete set of control
parameters, see Table I.

The control objective is to safely drive two teams of six
vehicles each from one side to the other. The initial position



for the vehicles are

q1(0) =[−20 m, 14 m]T , q2(0) =[−22 m, 0 m]T

q3(0) =[−20 m, −14 m]T , q4(0) =[−16 m, 6 m]T

q5(0) =[−16 m, −6 m]T , q6(0) =[−11 m, 0 m]T

q7(0) =[20 m, 18 m]T , q8(0) =[20 m, 6 m]T

q9(0) =[20 m, −6 m]T , q10(0) =[15 m, 12 m]T

q11(0) =[15 m, 0 m]T , q12(0) =[10 m, 6 m]T

while the desired final configurations are

q1⋆ =[20 m, 12 m]T , q2⋆ =[10 m, 0 m]T

q3⋆ =[20 m, −12 m]T , q4⋆ =[15 m, 6 m]T

q5⋆ =[15 m, −6 m]T , q6⋆ =[20 m, 0 m]T

q7⋆ =[−20 m, 18 m]T , q8⋆ =[−10 m, 6 m]T

q9⋆ =[−20 m, −6 m]T , q10⋆ =[−15 m, 12 m]T

q11⋆ =[−15 m, 0 m]T , q12⋆ =[−20 m, 6 m]T .

Their initial velocities are given byq̇i = 2(q⋆
i −

qi(0))/ ‖q⋆
i − qi(0)‖ m · s−1.

The response of the multi-vehicle system is illustrated in
Fig. 3. The agents, divided in two groups (see Fig. 3(a)), start
moving toward opposite sides of the workspace according to
their objective control laws,i.e., desired final positions (refer
to Fig. 3(b)). As soon as the agents enter each others’ sensing
regions (see Fig. 3(c)), the vehicles start to solve the conflict
by either stopping or changing their direction of motion.
Once their vicinity and sensing regions have been cleared,
the vehicles gradually retake their paths toward their final
destinations (see Fig. 3(e)-(i)). Note that the agents solved
the conflict and converged to their goals without colliding.
That is, no vehicle approached another agent by a distance
smaller thanr (no two circles of radiusr/2 intercepted).

In addition, note that not all agents traveled and converged
to their destinations at the same rate. For instance, the 8th,
10th, 11th, and 12th agents approached the vicinity of their
goals in the first400 s of the simulation (see Fig. 3(d)),
while the 2nd, 4th, and 7th vehicles took the longest time
to converge (refer to Fig. 3(g) and (h)). This is due, in part,
to the finite bound being imposed in the objective function
(see Property 3.1), which in turn requires the magnitude
of the objective control input (4) to converge to zero as
‖qi − qo

i ‖ → ∞. Therefore, agents that are forced away
from their goals will tend to move and converge to their
desired destination at slower rates.

VII. C ONCLUSION

In this paper, we have proposed a decentralized con-
trol strategy for the safe navigation (in any dimensional
space) of multiple nonlinear vehicles with limited actuation
and bounded sensing radius. By using bounded avoidance
functions and a set-point progression control law, we are
able to show that the proposed control strategy guarantees
collision-free trajectories for all vehicles and enforcesthe
agents’ convergence to their desired (possibly non-constant)
configurations. Furthermore, we characterize the set of local

xi (m)

(a) t = 0s

y
i

(m
)

xi (m)

(b) t ∈ [0s, 300s]

y
i

(m
)

-30 -20 -10 0 10 20 30-30 -20 -10 0 10 20 30
-30

-20

-10

0

10

20

30

-30

-20

-10

0

10

20

30

q1

q2

q3

q4

q5

q6

q7

q8

q9

q10

q11

q12

xi (m)

(c) t ∈ [300s, 350s]
y
i

(m
)

xi (m)

(d) t ∈ [350s, 405s]

y
i

(m
)

-30 -20 -10 0 10 20 30-30 -20 -10 0 10 20 30
-30

-20

-10

0

10

20

30

-30

-20

-10

0

10

20

30

xi (m)

(e) t ∈ [405s, 440s]

y
i

(m
)

xi (m)

(f) t ∈ [440s, 2200s]
y
i

(m
)

-30 -20 -10 0 10 20 30-30 -20 -10 0 10 20 30
-30

-20

-10

0

10

20

30

-30

-20

-10

0

10

20

30

xi (m)

(g) t ∈ [2200s, 8800s]

y
i

(m
)

xi (m)

(h) t ∈ [8800s, 20000s]

y
i

(m
)

-30 -20 -10 0 10 20 30-30 -20 -10 0 10 20 30
-30

-20

-10

0

10

20

30

-30

-20

-10

0

10

20

30

Fig. 3. Example with twelve vehicles. Agentsi ∈ {1, 3, 5, 7, 9, 11} are
illustrated in dark red, while agentsi ∈ {2, 4, 6, 8, 10, 12} are illustrated in
dark green. The position of the agents at the end of each simulation interval
is indicated by the small circles of radiusr/2.

minima and provide a heuristic solution to avoid it by
exploiting the time-varying property of the set-point control
law. Finally, we provide a strict bound on the maximum
number of agents that can safely interact with a single vehicle
at any given time. Using this last result, we are able to
develop avoidance strategies that are less conservative that
the one introduced in [13].

In the future, we would like to completely eliminate the



control strategy’s dependency onN such that we can address
arbitrarily large multi-vehicle systems without losing control
authority or extending the avoidance and detection radii.
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