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Self-Triggered Reduced-Attention Output Feedback

Control for Linear Networked Control Systems
Erick J. Rodrı́guez-Seda

Abstract—A major challenge in Networked Control Systems is
to reduce the use of shared communication and control resources
without compromising the performance of the closed-loop system.
Motivated by this challenge, this paper presents an observer-
based controller with irregular sampling that reduces the control
attention and guarantees closed-loop stability and global ultimate
boundedness of the plant’s state vector regardless of bounded
input and output disturbances. The feedback control design is
based on self-triggered control, while the observer is based on the
block-form state space representation of the plant. It is shown via
analysis and simulation that the overall control law decreases the
number of samples without loosing observability and closed-loop
stability, reducing the utilization of communication resources.

Index Terms—Sampled data control, control over communica-
tions, self-triggered control, linear system observers

I. INTRODUCTION

THE successful integration of modern communication

technologies, embedded systems, and control techniques

have allowed the implementation of Networked Control Sys-

tems (NCSs) in nearly all industries, including military, com-

mercial, and civilian applications [1]. In an NCS, multiple

nodes (e.g., sensors, actuators, computers, and controllers) ex-

change critical control information through a real-time, packet-

based communication network. Conventionally, this exchange

of information takes place at predetermined fixed rates, i.e.,

periodically. Since the sampling and transmission rate is fixed

regardless of the current state of the plant; a conservative,

sufficiently fast sampling frequency is assumed to account for

any worst case scenario and operating point. This, in turn,

may lead to communication overhead, inefficient scheduling

of control tasks, and over-utilization of computing resources

within the network [2].

To make better use of communication and computing re-

sources, an NCS can update control information aperiodically

according to the current state of the plant. Examples of aperi-

odic implementations include event-triggered control [3], [4],

self-triggered control [5]–[9], and minimum attention control

[10], [11] as well as a combination of the aforementioned

methods [12], [13]. In event-triggered control, the control

signal is updated whenever a function of the current state of

the plant exceeds a prescribed threshold; leading, in general, to

larger control sampling intervals [3], [14]. It, however, requires

the continuous monitoring and transmission of sensor signals

which can still present a burden on communication resources.

To overcome the shortcomings of event-triggered control,
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one may opt for a self-triggered controller or a minimum

attention controller. Both control strategies determine the time

of the next measurement and control update based on the

last available state information and do not transmit or receive

sensor information between updates. The main difference

between self-triggered control and minimum attention control

is that the first selects the larger admissible time interval

for a predefined, fixed control function; whereas the latter

searches for an optimal solution among all feasible inputs that

maximizes the next sampling interval. Therefore, minimum

attention control generally yields larger sampling intervals at

the expense of a more complex control design [11]. Overall,

all of these aperiodic implementations lead to similar levels

of performance when compared to periodic ones, while still

reducing network congestion and traffic loads [1], [3], [15].

The aforementioned aperiodic control techniques typically

require full state information. In practice, specially in dis-

tributed control systems, measurements of all state variables

might be costly or unfeasible. In such case, a solution is to

use observers and other estimation techniques. Unfortunately,

the implementation of aperiodic sampling presents further

challenges in the design of observers. Observability properties

of continuous linear systems can be lost under irregular

sampling [16], [17]. Therefore, when implementing estimators,

the sequence of sampling times must be selected such that

observability of the sampled-data system is preserved. Ex-

amples of aperiodic event-triggered and self-triggered control

implementations using observers include the work in [18]–[23]

and [24]–[28], respectively.

Herein, we present a reduced-attention output feedback con-

troller for linear NCSs with input and output disturbances. The

output feedback control law employs a block-form observer

[29] (which allows us to treat the irregular sampled-data

system as a linear time-varying system) to estimate the plant’s

full state vector and exploits observability results presented in

[17] and [28] to guarantee the preservation of observability

under aperiodic sampling. The results are less conservative

than those presented in [24], [25], specially for higher order

systems, by guaranteeing observability in fewer steps, which

in turn reduces computational complexity and yields a faster

observer’s initialization phase. The control law and observer

are updated in a self-triggered fashion. The updating strat-

egy proposed here, however, differs from conventional self-

triggered implementations by evaluating a finite set of different

control functions rather than a single one and by relaxing the

triggering condition whenever the plant is sufficiently close to

its desired equilibrium. Such strategy tends to lead to larger

sampling intervals in comparison to conventional self-triggered
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implementations. We then show boundedness of the estima-

tion error and closed-loop stability of the NCS regardless

of bounded input and output disturbances and illustrate the

performance of the proposed control strategy via a simulated

example. We also show that the self-triggered implementation

does not exhibit unwanted Zeno behavior.

Notation: Let R
n, R≥0, N, and N0 represent the sets of

all n-dimensional real vectors, all non-negative real numbers,

all positive integers, and N ∪ {0}, respectively. We denote

the 2-norm of a vector x = [x1, · · · , xn]
T ∈ R

n as ‖x‖.

For a matrix A ∈ R
n × R

n, we define its maximum and

minimum eigenvalues as λ̄(A) and λ(A) and its maximum

and minimum singular values as ρ̄(A) and ρ(A), respectively.

Similarly, for a matrix A we define its induced 2-norm as

‖A‖ =
√

λ̄(ATA) = ρ̄(A), its logarithmic norm as µ(A) =

λ̄(A
T+A
2 ), and its null space as N (A). Finally, we define the

n×n identity matrix and the m×n zero matrix as In×n and

0m×n, respectively.

II. PROBLEM FORMULATION

A. Modeling of Physical Process

We consider a continuous physical process modeled as

ẋ(t) =Ax(t) +Bu(t) +w(t) (1a)

y(t) =Cx(t) + v(t) (1b)

where x ∈ R
n is the state vector, u ∈ R

m is the control input,

y ∈ R
p is the output or measurement vector, and A, B, and C

are bounded, constant known matrices of proper dimensions.

The signals w ∈ R
n and v ∈ R

p represent unknown

disturbances in the input and output channels satisfying the

following assumption.

Assumption 2.1: ∃ βw, βv ∈ R≥0 such that ‖w(t)‖ ≤ βw

and ‖v(t)‖ ≤ βv ∀ t ≥ 0.

The above assumption is quite general in nature and can

capture the effects of several mild, unmodeled properties such

as the effects of nonlinear dynamics, uncertainties in the A,

B, and C matrices, and the presence of measurement errors

[7]. In the following, we further assume that the pair (A,B)
is controllable and that the pair (A,C) is observable in r+ 1
steps.

Definition 2.1 (Observability): [30] A linear system or,

equivalently, the pair (A,C) is said to be observable in r+ 1
steps if rank(Ωr) = n, where

Ωr =











C
CA

...

CAr











is called the r + 1-step observability matrix. Note that if the

system is observable for some r = a, then it is also observable

for r > a.

B. Control Objective

We study the implementation of a sampled-data feedback

control law of the form

u(t) =K(tk)x̂(tk), ∀ t ∈ [tk, tk+1), k ∈ N0 (2)

where x̂(tk) ∈ R
n is the estimate of the process’s state vector

(to be defined later) and {tk}k∈N0
is the sequence of divergent

update times for the controller. The finite set K of feedback

gain matrices K(tk) is chosen such that

(A+BK)TP + P (A+BK) <−Q, ∀ K ∈ K (3)

is satisfied for some positive-definite, symmetric n×n matrices

P and Q. Note that K is not empty since the pair (A,B) is

controllable.

We define the sampling (or inter-execution) intervals as

τ(tk) := τk > 0 and, hence, tk+1 = tk + τk. Without loss

of generality, we assume that the sequence starts at t0 = 0.

The main control objective is to develop a control strategy

that reduces the attention of the controller and communication

overhead cost (that is, to minimize the update and commu-

nication rate of control signals), while still guaranteeing a

satisfactory performance despite unknown disturbances and

estimation errors. By satisfactory performance, it is meant that

the error between the state vector and its desired operating

point is globally uniformly ultimately bounded by some pos-

itive constant δ̄. If we let the desired operating point to be

the zero vector, then, the control objective can be redefined

as follows. Design a sequence of update times {tk}k∈N0

and control inputs (2) such that for any initial condition

‖x(0)‖ ≤ δ0 where δ0 ∈ ℜ≥0, there is a Tδ0,δ̄
> 0 such

that ‖x(t)‖ ≤ δ̄, ∀t ≥ Tδ0,δ̄
.

C. Set of Sampling Intervals

Implementation of a self-triggered or reduced-attention con-

trol policy would typically require the evaluation of some

state-dependent function for all τk ∈ [τmin, τmax], where

τmin > 0 is the minimum sampling interval limited by the

communication system as well as the desired system perfor-

mance and τmax > τmin is the maximum sampling interval

chosen for robustness [7] and observability constraints (see

Section III-B). Evaluation of such function or condition for an

infinite set of points can become computational intensive [7].

Therefore, we opt for a discrete, finite subset of [τmin, τmax]
defined as T = {d, 2d, 3d, · · · , Nd}, where N =

⌊

τmax

d

⌋

is the cardinality of the set and d ≥ τmin is the new

minimum sampling interval chosen such that the properties of

controllability and observability are preserved under sampling.

This approach leads to less computations by reducing the times

at which the self-triggering condition is evaluated (see Section

IV) at the expense of slightly shorter sampling intervals.

D. Observability under Periodic Sampling

Define σk = τk
d

∈ {1, · · · , N} and suppose that w(t) = 0

and v(t) = 0 ∀ t ∈ [tk, tk+1], where tk+1 − tk = dσk ∈ T .

Then, the evolution of (1) between two consecutive samples

can be written as

x(tk+1) =(Ad)
σkx(tk) +Bσk

u(tk) (4a)

y(tk) =Cx(tk) (4b)

whereAd = eAd and Bσk
=
∫ dσk

0
eAθdθB. If σk is constant

∀ k (i.e., periodic sampling), then, we he have that the pairs
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(Aσk

d , Bσk
) and (Aσk

d , C) are controllable and observable in

r+1 steps, respectively, if (A,B) and (A,C) are controllable

and r + 1-step observable, respectively, and

(λi − λj)dσk 6= 2πlj, for l ∈ {±1,±2,±3, · · · } (5)

for any pair of eigenvalues λi, λj of A [16], [31].1 Note that

if (5) holds for σk = N , then it also holds ∀σk ∈ {1, · · · , N}.

In addition, note that condition (5) does not apply to aperiodic

implementations.

III. STATE ESTIMATION

A. Observer Design

Assume that (A,C) is observable in r+1 steps. Define the

r + 1-step state-transition matrix of the sampled-data system

for k ≥ r as

Φk−r,k := Φ(tk−r, tk + σk) =eA(tk+1−tk−r) = A
∑k

j=k−r σj

d

where the shorthand Φk−r,k will be used to avoid cluttering

of equations. Similarly, define the time-varying r + 1-step

observability and r + 1-step controllability matrices of (4) as

Ωr(tk) =















C
CΦk−r,k−r

CΦk−r,k−r+1

...

CΦk−r,k−1















(6)

and Γr(tk) =
[

Bσk
Φk,kBσk−1

· · · Φk−r+1,kBσk−r

]

,

respectively, along with the time-varying matrices

Θr(tk) = [In×n Φk,k Φk−1,k · · · Φk−r+1,k]

Fr(tk) =











Fr,(r+1,1) Fr,(r+1,2) · · · Fr,(r+1,r+1)

Fr,(r,1) Fr,(r,2) · · · Fr,(r,r+1)

...
...

. . .
...

Fr,(1,1) Fr,(1,2) · · · Fr,(1,r+1)











Er(tk) =











Er,(r+1,1) Er,(r+1,2) · · · Er,(r+1,r+1)

Er,(r,1) Er,(r,2) · · · Er,(r,r+1)

...
...

. . .
...

Er,(1,1) Er,(1,2) · · · Er,(1,r+1)











where Fr,(i,j) and Er,(i,j) are p×n and p×m matrices given

by

Fr,(i,j) =











0p×n, if i ≥ j

C, if i = j − 1

CΦk−j+2,k−i, otherwise

Er,(i,j) =Fr,(i,j)Bσk−j+1
.

Then, similar to [29], [32], we can rewrite (4) in block-input-

block-output state space model form as

x(tk+1) =Φk−r,kx(tk−r) + Γr(tk)Ur(tk)

+ Θr(tk)Wr(tk) (7a)

Y(tk) =Ωr(tk)x(tk−r) + Er(tk)Ur(tk)

+ Fr(tk)Wr(tk) +Vr(tk) (7b)

1We use the upright j to represent the imaginary number
√
−1. This is in

contrast to the italic j used as index.

where

Ur(tk) =











u(tk)
u(tk−1)

...

u(tk−r)











, Wr(tk) =













∫ τk
0
eAθw(θ)dθ

∫ τk−1

0
eAθw(θ)dθ

...
∫ τk−r

0
eAθw(θ)dθ













Yr(tk) =











y(tk−r)
y(tk−r+1)

...

y(tk)











, Vr(tk) =











v(tk−r)
v(tk−r+1)

...

v(tk)











.

This block-form model (7) allows one to represent sampled-

data systems with aperiodic sampling as regular time-varying

systems. Based on this representation, we propose the use of

a block-form observer [29]

x̂(tk+1) =Φk−r,kx̂(tk−r) + Γr(tk)Ur(tk) + Lr(tk)Y(tk)

− Lr(tk)Ωr(tk)x̂(tk−r)− Lr(tk)Er(tk)Ur(tk) (8)

where x̂(tk) is an estimate of x(tk) and Lr(tk) is the observer

gain computed according to

Lr(tk) =(Φk−r,k −H(tk))Ξr(tk) (9)

Ξr(tk) =(ΩT
r (tk)Ωr(tk))

−1ΩT
r (tk)

for some sequence of n × n matrices H(tk) satisfying

ρ̄(H(tk)) = ch ∈ (0, 1) ∀ k ≥ r. Note that Ξ(tk) and,

consequently, Lr(tk) are well-defined if Ωr(tk) has rank

n. Moreover, if Ωr(tk) is a full-rank square matrix, then

Ξr(tk) = Ω−1
r (tk).

In Section III-C, it will be shown that the estimation error,

x(tk) − x̂(tk), is ultimately bounded. Furthermore, it will

be shown that if v(t) = 0 and w(t) = 0 ∀ t, then the

estimation error converges to zero. The main challenge in the

implementation of the block-form observer (8) stems from

the feasibility of (9), that is, guaranteeing that (6) has full

rank. Section III-B will address this problem. For sake of

completeness, let us introduce the following definition.

Definition 3.1 (Observability under Irregular Sampling):

The sampled-data system (4) is said to be observable in r+1
steps for any sequence of observation intervals τk ∈ T , if rank

of (6) is n for all sequences {τk−r, · · · , τk−2, τk−1}.

B. Observability under Irregular Sampling

To implement (8), it is necessary to preserve observability of

the sampled-data system, i.e., that rank(Ωr(tk)) = n ∀ k ≥ r.

For the case of periodic sampling, it is sufficient to choose a

fixed τk such that (5) holds. For the aperiodic case, the analysis

is quite more complex (for instance, see discussion in [17],

[25], [27]). In the following, we will establish some results on

observability of aperiodically sampled-data system for some

special cases.

Proposition 3.1: Assume that (A,C) is 2-step observable

and suppose ∃ d > 0 such that N (C)
⋂

N (CAσk

d ) = {0}
∀ σk ∈ N. Then, the sampled-data system (4) is observable

in 2 steps for any aperiodic sequence of sampling intervals

τk = dσk.
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Proof: Assume that N (C)
⋂

N (CAσk

d ) = {0} ∀ σk ∈ N.

Then, N (Ω1(tk)) = {0} ∀ σk, which implies that Ω1(tk) is

full rank ∀ k ≥ r and, consequently, that (4) is observable in

2 steps for any aperiodic sampling sequence.

Given that Prop. 3.1 is derived by evaluating the null

space of CAσk

d ∀ σk, its computational complexity depends

on the cardinality of T . A faster approach–presented next–

can be derived using (5). However, such approach is more

conservative than Prop. 3.1 since (5) is only a sufficient

condition for observability.

Proposition 3.2: Let (A,C) be 2-step observable and define

S ⊆ {1, · · · , N}. Assume that (5) is satisfied for some d > 0
and ∀ σk ∈ S . Then, the sampled-data system (4) is observable

in 2 steps (i.e., r = 1) for any aperiodic sequence of sampling

intervals τk = dσk.

Proof: The proof follows directly from (5). If (A,C) is

2-step observable and (5) holds ∀ σk ∈ S , then (5) implies

that Ω1(tk) has rank n ∀ σk ∈ S .

The above discussion addressed observability in 2 steps,

which requires p ≥ n
2 . Next, we will provide a sufficient

condition for observability in r + 1-steps for any continuous,

observable linear system based on the results presented in [17].

The following is an adaptation of [17, Theo. 1 and Lemma 2].

Proposition 3.3: Let υ be the number of observations in a

time interval [tk−υ+1, tk] and define

υ⋆ =2(n− 1) +
tk − tk−υ+1

2π
γ, γ = max

1≤i,j≤n
{Im(λi − λj)}

where Im(z) denotes the imaginary part of z and λi, i =
1, · · · , n are the eigenvalues of A. Suppose that the pair (A,C)
is observable. If υ > υ⋆, then Ωυ−1(tk) is full rank and the

sampled-data system is observable in υ steps.

Proof: See [17].

Note that Prop. 3.3 implies observability in υ steps, where

υ > n.

Proposition 3.4: Suppose that the pair (A,C) is observable

and let τmax < 2π/γ. Then, for any aperiodic sequence of

sampling intervals τk = dσk, the sampled-data system is

observable in r + 1 steps where

r =

⌊

2(n− 1)− 1

1− τmaxγ
2π

⌋

+ 1. (10)

Proof: Assume that (A,C) is observable and that τmax <
2π/γ. Using Prop. 3.3, it suffices to show that the number of

observations r+ 1 in any interval of time [tk−r, tk] is strictly

greater than υ⋆. Mathematically, it is enough to show that

r + 1 > 2(n− 1) +
τmaxrγ

2π

holds, where we used the fact that tk − tk−r ≤ τmaxr for

all k. Now, solving for r and using (10) corroborates the

above inequality, which, by means of Prop. 3.3 implies that the

system is observable in r+ 1 steps regardless of the bounded

sequence {τk}k∈N0
.

Remark 3.1: In [28] it is shown that if the pair (A,C)
is observable in n steps and the A matrix has distinct, real

eigenvalues; then the sampled-data system is also observable

in n steps regardless of the time intervals.

Remark 3.2: Prop. 3.4 is more inclusive than Prop. 3.1

and 3.2 as the former applies to any observable system

(recall that a-step observability, where a < n, implies n-

step observability). However, Prop. 3.4 is more conservative

than Prop. 3.1 and 3.2 in the special case of 2-step observable

systems. Note that, in contrast to Prop. 3.1 and 3.2 that always

conclude 2-step observability for the sampled-data system,

Prop. 3.4 always conclude observability in at least n+1 steps,

where n ≥ 2.

C. Bound on Estimation Error

Let ê(tk) = x(tk) − x̂(tk) be the estimation error. Using

(7) and (8) and assuming that (4) is r + 1 steps observable,

we have that error dynamics are given by

ê(tk+1) =Hr(tk)ê(tk−r) + Θr(tk)Wr(tk)

− Lr(tk)Fr(tk)Wr(tk)− Lr(tk)Vr(tk). (11)

Next we show that the error dynamics (11) are globally

uniformly ultimately bounded.

Proposition 3.5: ∃δê < ∞ and some t⋆ > 0 such that

‖ê(tk)‖ ≤ δê ∀ tk ≥ t⋆. Furthermore, if ∃t† > 0 such that

w(t) = 0 and v(t) = 0 ∀ t ≥ t†, then ê(tk) → 0 as tk → ∞.

Proof: Let us compute an upper bound on ‖ê(tk+1)‖.

First, note that the second term in (11) can be bounded as

‖Θr(tk)Wr(tk)‖ =

∥

∥

∥

∥

∥

r
∑

i=0

Φk−i+1,k

∫ τk−i

0

eAθw(θ)dθ

∥

∥

∥

∥

∥

≤

∥

∥

∥

∥

∥

r
∑

i=0

eAdNi

∫ τmax

0

eAθw(θ)dθ

∥

∥

∥

∥

∥

≤(r + 1)ηβw

r
∑

i=0

eµ(A)dNi (12)

where

η :=φ(dN), φ(τ) :=







eµ(A)τ − 1

µ(A)
, if µ(A) 6= 0

τ, otherwise

. (13)

Similarly, the r+1 step state-transition matrix can be bounded

as ‖Φk−r,k‖ ≤ eµ(A)dN(r+1), while ‖H(tk)‖ ≤ ch by design.

Now, since Ωr(tk) is full rank and bounded for all k ≥ r, we

have that its singular values are all positive and bounded. The

latter implies that ∃ MΩ < ∞ such that

‖Ξr(tk)‖ ≤
∥

∥(ΩT
r (tk)Ωr(tk))

−1
∥

∥

∥

∥ΩT
r (tk)

∥

∥

≤ sup
tk≥tr

{

ρ̄(ΩT
r (tk))

ρ(ΩT
r (tk)Ωr(tk))

}

= MΩ

Furthermore, if Ωr(tk) is a square matrix, we can define

MΩ as follows. Let SΩ denote the finite set of all possible

observability matrices and Sρ =
⋃

Q∈SΩ
ρ(Q) as the union of

all singular values. Then, MΩ = (minq∈Sρ
{q})−1.

Using (9) and the computed bounds for Φk−r,k, H(tk), and

Ξr(tk) we have that

‖Lr(tk)‖ ≤
(

eµ(A)dN(r+1) + ch

)

MΩ
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and, consequently,

‖Lr(tk)Vr(tk)‖ ≤ ‖Lr(tk)‖ ‖Vr(tk)‖

≤
√

(r + 1)βvMΩ

(

eµ(A)N(r+1) + ch

)

. (14)

Now, consider the matrix multiplication Fr(tk)Wr(tk).
Expanding the terms we can show that

‖Fr(tk)Wr(tk)‖ =

∥

∥

∥

∥

∥

C

r−1
∑

i=0

Φk−i,k−1

∫ τk−i−1

0

eAθw(θ)dθ

∥

∥

∥

∥

∥

≤ ‖C‖

∥

∥

∥

∥

∫ τmax

0

eAθw(θ)dθ

∥

∥

∥

∥

r−1
∑

i=0

‖Φk−i,k−1‖

≤ ρ̄(C)ηβw

r−1
∑

i=0

eµ(A)dNi. (15)

and finally using inequalities (12) to (15), we have that

‖ê(tk+1)‖ ≤ ch ‖ê(tk)‖+Mê

where

Mê =(r + 1)ηβw

r
∑

i=0

eµ(A)dNi +
(

eµ(A)dN(r+1) + ch

)

MΩ

×

(

ρ̄(C)ηβw

r−1
∑

i=0

eµ(A)dNi +
√

(r + 1)βv

)

< ∞.

Since the initial conditions where chosen arbitrarily, the latter

implies that ê(tk) is globally ultimately bounded with ultimate

bound δê = Mê/(1 − ch) < ∞ [33]. To prove the second

statement, notice that if w(t) = 0 and v(t) = 0 ∀ t ≥ t†,

then Mê = 0 ∀ t ≥ t† and we obtain that ‖ê(tk+1)‖ ≤
ch ‖ê(tk)‖ < ‖ê(tk)‖. The latter finally implies that ê(tk) →
0 as tk → ∞.

IV. REDUCED-ATTENTION OUTPUT FEEDBACK CONTROL

As established in Section II-B, the main control objective

is to stabilize x(t) near its equilibrium point, while reducing

the control attention and communication rate. To this end, we

will follow a similar approach to the control policy in [7].

Consider the Lyapunov candidate function V (x(t)) =
xT (t)Px(t). We say that the system in (1) is globally expo-

nentially stable if for any x(t0) ∈ R
n and ∀ t ≥ t0, we have

that V (x(t))−eα(t−t0)V (x(t0)) ≤ 0 for some α < 0 [33]. For

the case of zero input and output disturbances and the use of a

continuous control law u(t) = Kx(t), where K satisfies (3),

it is easy to show that (1) is globally exponentially stable with

α = −λQ/λ̄P . For the case of a sampled-data implementation

of the form u(t) = K(tk)x(tk) ∀ t ∈ [tk, tk+τ), it is sufficient

to enforce the following inequality [8]

g(x(t),x(tk),K(tk), τ)=V (x(t))− eᾱτV (x(tk))≤ 0 (16)

∀ t ∈ [tk, tk + τ) and for some ᾱ < 0. Then, the control

problem reduces to finding a gain K(tk) ∈ K and an update

time interval τ ∈ T such that (16) holds. Unfortunately, for the

system in question where x(t) is unknown and disturbances

are not zero, (16) cannot be directly verified. Moreover, given

that the control input to the system is an observer-based control

law, the intervals need to be carefully chosen such that they

do not compromise observability. Therefore, we propose to

evaluate a different function h(·) in lieu of g(·):

h(ξ(tk+ τ), x̂(tk),K(tk), τ) =V (ξ(tk+ τ))− eατV (x̂(tk))

+ 2λ(P ) ‖ξ(tk + τ)‖βwφ(τ) + λ(P )β2
wφ(τ)

2

where

α ∈

(

−
λ(Q)

λ̄(P )
,
1

d
ln

(

λ(P )

λ̄(P )

))

(17)

is a control parameter specifying the desired exponential decay

for the function V (·), φ(·) is defined in (13), and

ξ(tk + τ) = eAτ x̂(tk) +

∫ τ

0

eAσdσBK(tk)x̂(tk)

is a prediction of x(tk + τ) based on the state estimate x̂(tk).
The last two terms in h(·) increase robustness against unknown

bounded input disturbances (note that they become zero in the

case of zero disturbances, βw = 0). Then, the control task is

to find the control gain K(tk) ∈ K that yields the largest

admissible τk for which h(x̂(tk),K(tk), τk) ≤ 0 without

loosing observability. Mathematically, we propose a reduced-

attention control and update interval law given by (18), where

δd ≥ 2λ(P )βw/(λ(Q) + αλ̄(P )) is is a control parameter

and Tk ⊆ T denotes the set of admissible inter-execution

intervals at time tk for which observability is preserved. In

what follows, we will assume that d is chosen such that d ∈ Tk
∀ k. Note that the cases discussed in Prop. 3.1 to 3.4 not only

satisfy the latter assumption, but they also imply that Tk = T
∀ k.

Remark 4.1: Execution of (18) differs slightly from the

the standard approach of self-triggered control [8] where the

control gain K(tk) is fixed. In the proposed approach, the

control gain is chosen among a finite set K such that τk is

maximized. In addition, whenever x̂ is close to the equilibrium

(refer to second condition in equation (18)), the triggering

rule is relaxed to allow larger time intervals. In this case,

h(·) only enforces exponential convergence to a neighborhood

around the equilibrium rather than exponential stability to the

origin. Note, however, that this neighborhood can be made

arbitrarily small as long as δd ≥ 2λ(P )βw/(λ(Q) + αλ̄(P )).
These variations of the triggering rule have similarities with

the concept of minimum attention control, motivating the use

of the term reduced-attention for the proposed control law as

in [34].

Proposition 4.1: ∃τ⋆ > 0 such that the solution to (18) is

always lower bounded by τ⋆, i.e., τk ≥ τ⋆ ∀ k.

Proof: First, note that h(x̂(tk),K(tk), 0) = 0. Taking the

derivative of h(x̂(tk),K(tk), τ) with respect to τ yields (19)

and evaluating it as τ → 0+, yields that

∂h

∂τ

∣

∣

∣

∣

τ=0

≤ −(λ(Q) + αλ̄(P )) ‖x̂(tk)‖
2
+ 2λ(P )βw ‖x̂(tk)‖

which is strictly negative for all ‖x̂(tk)‖ > 2λ(P )βw

λ(Q)+αλ̄(P )
.

Therefore, by continuity of h(x̂(tk),K(tk), τ) and the fact

that h(x̂(tk),K(tk), 0) = 0 and ∂h
∂τ

∣

∣

τ=0
< 0, we can

conclude that there exists τ⋆ > 0 such that (18) is satisfied

whenever ‖x̂(tk)‖ > 2λ(P )βw

λ(Q)+αλ̄(P )
. For the case that ‖x̂(tk)‖ ≤
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K(tk) = argmax
K∈K

{τk}, τk =







max
τ∈Tk

{τ | h(ξ(tk+ τ), x̂(tk),K, τ) ≤ 0, K ∈ K}, if ‖x̂(tk)‖ > δd

max{d,max
τ∈Tk

{τ | h(ξ(tk + τ),0,K, τ) ≤ λ(P )δ2d, K ∈ K}}, otherwise
(18)

∂h

∂τ
≤− αλ̄(P )eατ ‖x̂(tk)‖

2 − λ(Q)e−2µ(−A)τ ‖x̂(tk)‖
2
+ 2λ̄(P )eµ(A)τ

∥

∥eAτBK(tk)−BK(tk)e
Aτ
∥

∥ ‖x̂(tk)‖
2

+ 2φ(τ)eµ(A)τ ρ̄(BK(tk))λ̄(P )ρ̄(A+BK(tk)) ‖x̂(tk)‖
2
+ 2λ(P )β2

wφ(τ)e
µ(A)τ

+ 2λ(P )ρ̄(A+BK(tk))βwφ(τ)e
µ(A)τ ‖x̂(tk)‖+ 2λ(P )βwe

µ(A)τ
(

eµ(A)τ + φ(τ)ρ̄(BK(tk))
)

‖x̂(tk)‖ (19)

2λ(P )βw

λ(Q)+αλ̄(P )
, note that τk ≥ d > 0 for any k by definition.

Hence, (18) always yields a solution τk that is lower bounded

by some positive constant τ⋆.

Prop. 4.1 guarantees the existence of a positive lower bound

on the sampling times. This is particularly important because

it implies that the control sequence does not exhibit Zeno

behavior and, therefore, can be digitally implemented. To

guarantee that τ⋆ ≥ d, it suffices to pick δd such that (19)

is negative for τ = d and for some K(tk) ∈ K.

Proposition 4.2: Consider the system in (1) with proposed

sampled-data control input (2) and update rule (18). Choose

d ∈ (0, τ⋆] and assume that d ∈ Tk ∀ k ∈ N0. Then, the state

trajectories x(tk) are globally uniformly ultimately bounded.

Proof: Using Prop. 3.5, we have that ∃t⋆ ≥ tr such that

‖ê(tk)‖ ≤ δê ∀ tk ≥ t⋆. Therefore, without loss of generality

one can only consider the case of tk ≥ t⋆ (note that x(t)
remains bounded ∀ t ∈ [0, t⋆] since (1) cannot have finite

escape time).

Next, let us first consider the case of ‖x̂(tk)‖ ≤ δd, where

tk ≥ t⋆. We have that the solution of (1) is given by

x(tk+1) =eAτkx(tk) +

∫ τk

0

eAθ [BK(tk)x̂(tk) +w(θ)] dθ.

Using the fact that τk ≤ τmax = Nd and that ‖x(tk)‖ ≤
δd + δê ∀ t ≥ t⋆ we have that ‖x(tk+1)‖ ≤ δ1, where

δ1 =eµ(A)dN (δd + δê) + φ(dN)ρ̄(BK(tk))δd + βwφ(dN).
(20)

Now, assume ‖x̂(tk)‖ > δd and that d ∈ (0, τ⋆]. Further-

more, assume that d ∈ Tk as in the premise. Then, we have

that (18) holds for some τk ≥ d and, therefore,

ξTPξ + λ(P )βwφ(τk) (2 ‖ξ‖+ βwφ(τk))≤ eατk x̂T(tk)P x̂(tk)

λ(P )
(

‖ξ‖2+ 2 ‖ξ‖βwφ(τk) + β2
wφ(τk)

2
)

≤ λ̄(P )eατk‖x̂(tk)‖
2

‖ξ‖+ βwφ(τk) ≤ c1(τk) ‖x̂(tk)‖ (21)

where ξ := ξ(x̂(tk),K(tk), τk) and c1(τk) :=
√

λ̄(P )
λ(P )e

α
2
τk <

1 ∀τk ∈ T (the latter inequality stems from (17)) have been

used for short of notation. Next, consider the evolution of (1)

over one sampling interval

x(tk+1) =eAτkx(tk) +

∫ τk

0

eAσ (BK(tk)x̂(tk) +w(σ)) dσ

=ξ(x̂(tk),K(tk), τk) + eAτk ê(tk) +

∫ τk

0

eAσw(σ)dσ.

Using (21), (13), and the fact that ‖ê(tk)‖ ≤ δê ∀ tk ≥ t⋆,

the above solution can be bounded as

‖x(tk+1)‖ ≤ c1(τk) ‖x̂(tk)‖+ eµ(A)τk ‖ê(tk)‖

≤ c1(τk) ‖x(tk)‖+
(

c1(τk) + eµ(A)τk
)

‖ê(tk)‖

≤ c1(τk) ‖x(tk)‖+ δ2δê.

where c1(τk) + eµ(A)τk ≤ δ2 ≤ c1(τmin) + e|µ(A)|τmax ∀ τk ∈
[τmin, τmax]. Therefore, we have that

‖x(tk+1)‖ < ‖x(tk)‖ , ∀ ‖x(tk)‖ >
δ2δê

1− c1(τk)
. (22)

Finally, combining (20) and (22) one obtains that ‖x(tk+1)‖ <

‖x(tk)‖ ∀ ‖x(tk)‖ > δ̄ = max
{

δ2δê
1−c1(τk)

, δ1

}

, which implies

that x(tk) is globally uniformly ultimately bounded with

ultimate bound δ̄.

Prop. 4.2 guarantees convergence of x(t) to a ball of radius

δ̄ centered at the origin ∀ tk, k ∈ N0. It does not establish

any bounds for x(t) between sampling times t ∈ (tk, tk+1);
a consequence of evaluating the triggering function h(·) at

discrete intervals. Between these sampling times, x(t) may

increase. However, given that the control input is a linear

function of the state at tk, which is bounded and decreases

over time, and the fact that disturbances are also bounded, we

can conclude that ‖x(t)‖ remains bounded ∀ t ∈ (tk, tk+1)
since (1) cannot exhibit finite escape time. Moreover, given

that the system is linear and the input decreases over time,

deviations of x(t) will also be smaller over time. In fact, in

[14] it is shown that the behavior of x(t) under a self-triggered

implementation is exponentially stable regardless of the size

of the sampling intervals.

V. EXAMPLE

To illustrate the effectiveness of the proposed reduced-

attention output feedback controller, consider the following

NCS, modeled as in (1), with matrices [24], [25]

A =





0 1 0
0 0 1
1 −2 −2



 , B =





0
0
1



 , CT =





1
0
0



 .

The pairs (A,B) and (A,C) are controllable and observable,

respectively, and the A matrix has eigenvalues λi ∈ {1, 1
2 +√

3
2 j, 1

2 −
√
3
2 j}. The set of control gains K = {K1,K2} is

chosen as

K1 =
[

−2.4 − 0.9 − 4.6
]

, K2 =
[

−3.2 − 2.6 − 4.4
]
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which satisfies (3) with Q = 0.65I3×3 and P =
[2.04, 1.58, 0.35; 1.58, 2.88, 0.72; 0.35, 0.72, 0.47]. The

exponential decay (17) for the self-triggering control law is

chosen as α = −0.15 [s−1] and the minimum sampling time as

d = 0.04 [s], which satisfy Prop. 4.1 for δd = 0.3 and βw = 0.

The maximum sampling time is taken as τmax = 0.76 [s].
Then, using Prop. 3.4 it can be shown that the sampled-

data system is 5-step observable (i.e., r = 4). Note that this

step number is significantly lower than the one found using

the methodology in [24], [25], which requires r > 23. We

construct the block-form observer (8) using the gain matrices

H(tk) = 0.02I3×3 ∀tk. Since the observer requires r + 1
samples of the output to generate the first estimate, we set

the first four sampling intervals to d and let u(t) = 0

for t ∈ [0, 4d) = [0.16) [s]. Moreover, to allow the error

of the estimator to converge faster and properly compare

the performance of the proposed aperiodic controller with

a periodic implementation, we define an initialization phase

for the observer as t ∈ [0, 0.48) [s] during which 12 initial

samples are collected at intervals of τk = d.

We simulate the closed-loop system for t ∈ [0, 40] [s]. For

t ≤ 20 [s], the input and output uncertainties w(t) and v(t)
are set to zero in order to evaluate the response of the system

under no disturbances. For t > 20 [s], w(t) is simulated as a

random noise with uniform distribution in the set W := {w ∈
R

3, ‖w‖ ≤ 10 = βw}, while v(t) is simulated as a normal

distribution error with zero mean and 1.0 of standard deviation.

The plant and the observer are initialized at x(0) = [4 −1 0]T

and x̂(0) = [0 0 0]T , respectively. Fig. 1 illustrates the

evolution of the 2-norm of the state vector, the estimate, and

the estimation error. Note that the estimation error quickly

vanishes for the case of no disturbances (Fig. 1 (top)) and that

the state of the plant gradually converges near zero, below the

threshold line of δ = 0.3. The quick decay of the estimation

error in the case of zero disturbances is due to the choice of

H(tk) matrices, which implies that ||ê(tk+1)|| ≤ 0.02||ê(tk)||
∀ k > r, reducing significantly the error after the first r + 1
samples. Once input and output disturbances are introduced

into the system (Fig. 1 (bottom)), the plant’s state vector and

estimation error are perturbed from their equilibrium. Yet, both

x(t) and ê(tk) remain stable and bounded.

Fig. 2 depicts the sequence of non-equal sampling inter-

vals along with the sequence of control gain matrices that

maximized the inter-execution times. Observe that after the

observer’s initialization phase, t < 0.48 [s], the sampling

intervals τk are equal or greater than 0.40 [s], which is

significantly higher than the minimum sampling interval τ⋆

computed using Prop. 4.1. In total, only 80 samples were used

in the interval t ∈ [0.48, 40] [s], which represents a 91.9% re-

duction in the number of samples when compared to a periodic

implementation with a sampling period of τk = d ∀ k ∈ N0.

Finally, we compare the performance of the proposed con-

troller with the performance of three controllers:

• A periodic controller with K(tk) = K2 and τk = d ∀ k;

• The proposed controller with K(tk) = K1 ∀ k; and

• The proposed controller with K(tk) = K2 ∀ k.

Fig. 3 illustrates the evolution of the Lyapunov function for

all cases. Note that decay rates of V (x(t)) for all imple-

Initialization Phase
of Observer

No Disturbances
w(t) = 0, v(t) = 0

δd = 0.3

0 5 10 15 20

t [s]

0

2

4

6

2-
n
or
m

||x(t)||
||x̂(t)||
||ê(tk)||

Disturbances:
||w(t)|| ≤ 10, ||v(t)|| ≤ 1

20 25 30 35 40

t [s]

0

30

60

90

120

150

2-
n
or
m

Fig. 1. Evolution of ||x(t)||, ||x̂(t)||, and ||ê(tk)|| for t ∈ [0, 20] [s]
under no disturbances (top figure) and for t ∈ [20, 40] [s] under disturbances
(bottom figure).

0 5 10 15 20 25 30 35 40

t [s]

0

0.2

0.4

0.6

0.8

τ
k
[s
]

K1 K2

Fig. 2. Sequence of sampling intervals τk and control gains K(tk) ∈
{K1,K2} .

0 1 2 3 4 5

t [s]

0

10

20

30

V
(x
(t
))

Proposed Controller K ∈ {K1, K2}

Proposed Controller K = K1

Proposed Controller K = K2

Periodic Controller K = K2

Fig. 3. Decay of Lyapunov function V (x(t)) for different control implemen-
tations.

mentations are similar, yet the proposed controller utilized

about 91.6%, 9.1%, and 18.4% less samples than the periodic

implementation with K(tk) = K2, the proposed controller

with constant K(tk) = K1, and the proposed controller with

constant K(tk) = K2, respectively.

VI. CONCLUSIONS

In this paper we have presented an observer-based, reduced-

attention controller for linear systems with bounded input

and output disturbances. The observer is based on the block-

input-block-output state space representation of the plant and

exploits previous results in observability under irregular sam-

pling to guarantee that the sequence of nonuniform sampling

intervals is nonpathological (i.e., preserves observability). We

showed that the estimation error is bounded under bounded

disturbances and that it converges to zero for the case of
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no disturbances. The state of the observer is then used to

close the control loop with a time-varying state feedback law

and to determine the instance of the next sampling update.

This control approach is based on self-triggered control ideas

and aims to maximize the time interval between samples

while guaranteeing closed-loop stability and global ultimate

boundedness of the state vector. It is shown via simulations

that the proposed estimation and control approach can reduce

the utilization of communication resources by increasing the

time interval between samples and is able to stabilize the

process within some bounded neighborhood of the desired

equilibrium despite the effect of unknown bounded input and

output disturbances. Future research work will consider the

effects of transmission delays in the closed-loop system and

explore the use of Kalman filters to reduce the complexity and

order of the proposed block-form observer.
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[34] M. Kögel and R. Findeisen, “On self-triggered reduced-attention control

for constrained systems,” in Proc. IEEE Conf. Decision Control, Los
Angeles, CA, Dec. 2014, pp. 2795–2801.

Erick J. Rodrı́guez-Seda received the B.S. degree
in electrical engineering from the University of
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