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Irradiance fluctuations of an infrared laser beam from a shore-to-ship data link ranging from 5.1 to
17.8 km are compared to lognormal (LN), gamma–gamma (GG) with aperture averaging, and
gamma-Laguerre (GL) distributions. From our data analysis, the LN andGG probability density function
(PDF) models were generally in good agreement in near-weak to moderate fluctuations. This was also
true in moderate to strong fluctuations when the spatial coherence radius was smaller than the detector
aperture size, with the exception of the 2.54 cm power-in-bucket (PIB) where the LN PDF model fit best.
For moderate to strong fluctuations, the GG PDF model tended to outperform the LN PDF model when
the spatial coherence radius was greater than the detector aperture size. Additionally, the GL PDFmodel
had the best or next to best overall fit in all cases with the exception of the 2.54 cm PIB where the scin-
tillation index was highest. The GL PDF model also appears to be robust for off-of-beam center laser
beam applications. © 2013 Optical Society of America
OCIS codes: (010.1300) Atmospheric propagation; (010.1330) Atmospheric turbulence; (060.2605)

Free-space optical communication; (030.7060) Turbulence; (290.5930) Scintillation.
http://dx.doi.org/10.1364/AO.52.007449

1. Introduction

The U.S. Navy relies heavily on radio frequency (RF)
communication networks leading to two major
operational limitations: low bandwidth and lack of

contingency capability in the event of jamming by ad-
versaries [1,2]. One possible complementary solution
to current RF systems is the use of free-space optical
(FSO) communication links, which have inherently
high-bandwidth and are highly directional, making
them hard to detect or interfere with. FSO links have
drawbacks as well: a laser beam propagating in a
maritime environment can experience significant
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random intensity fluctuations due to optical turbu-
lence along the path and this in turn can lead to
power loss at the receiver and degraded performance.
Building a hybrid RF/optical system for the maritime
environment can possibly provide the benefits of both
systems.

Hybrid RF/optical communication systems have
been considered and studied in a number of papers re-
lating to airborne andmilitary applications. In [1,3,4],
the background, overview, and details of experiments
and challenges with regard to the use of hybrid RF/
optical communication applications are presented.
In 2009, the Johns Hopkins University and Johns
Hopkins University Applied Physics Laboratory initi-
ated and executed an internal research and develop-
ment effort to assess, demonstrate, and advance
hybrid RF/optical communication links in the mari-
time environment. This research effort was successful
and has been described at length in a number of refer-
ences, see [2,5–7]. In this paper, we focus specifically
on the probability density function (PDF) of the laser
beam intensity in comparisonwith theoreticalmodels.

The PDF of the fluctuating intensity is critical for
estimation of the fade statistics of an optical signal
and the bit-error rate of a communication system.
Understanding PDF modeling as it relates to dis-
tance, scintillation level, detector type, and aperture
size holds great benefit for optimizing the maritime
communication link for a given turbulent channel.
Many PDF models have been developed for laser
beam propagation through the turbulent atmosphere
including the lognormal (LN), gamma–gamma (GG),
K, and LNmodulated Rician or Beckmann, as well as
others [8]. A thorough comparison of several PDF
models for terrestrial links was made by Mclaren
et al. [9]. Perhaps the two most widely used PDF
models are the LN and the GG. The LN PDF model
has historically [10] been used for the weak fluc-
tuation regime, and more recently, the GG PDF
model has been proposed for the weak and strong
fluctuation regimes [11]. In this paper we apply
the LN and GGwith modification to account for aper-
ture averaging [12] PDF models as well as a PDF
model proposed by Barakat [13], which we term
the gamma-Laguerre (GL) PDF model.

Laser beam propagation in the maritime environ-
ment has been previously studied [14,15]. In [14], a
research group with the Swedish Defence Research
Agency performedanearly sixmonth study of 10.6 μm
laser beam propagation over the Baltic Sea at ranges
of 2.5, 5.5, and 16.5 km with single and double-pass
links implemented with retroreflectors. Results of
their study included refractive indexstructureparam-
eter C2

n and scintillation index measurements, PDF
model analysis (LN, gamma, and GG), as well as
others. It was found that the LN PDF model had
the overall best fit in most scenarios from weak to
strong scintillation. In [15], the Naval Research Lab-
oratory’s Chesapeake BeachDetachment conducted a
six month study of the scintillation index and the C2

n
over a 16 km maritime link with a 1550 nm laser.

Their findings include detailed studies of the effects
of the air and sea surface temperature differences
on the value of C2

n as well as the scintillation index.
Experimental validation of several PDFmodels for

laser beam intensity on the basis of a unique shore-
to-ship continuous measurement is the main contri-
bution of this paper. Specifically, we employ three
different PDF models for an infrared (IR) laser beam
captured as a near continuous function of propaga-
tion distance in the maritime environment from
5.1 km to near the optical horizon of 17.8 km. From
our data analysis, the LN and GG PDF models were
generally in good agreement in the near-weak to
moderate fluctuation regime where the spatial coher-
ence radius was larger than the detector aperture
size and also in the moderate to strong fluctuation
regime when the spatial coherence radius was
smaller than the detector aperture size. This was
true with the notable exception of the 2.54 cm power-
in-bucket (PIB) where the LN PDF model demon-
strated the best overall fit for cases where the spatial
coherence radius was smaller than the detector aper-
ture size. Also, for the moderate to strong fluctuation
regime, the GG PDF model tended to outperform the
LN PDF model when the spatial coherence radius
was greater than the detector aperture size. These
results are in general agreement with the findings
from [16–18]. Additionally, we have observed that
the GL PDF model had the best or next to best over-
all fit to the data for the near-weak, moderate, and
strong fluctuation regime for all detectors with the
exception of the 2.54 cm PIB where the scintillation
index was highest. The GL PDF model also appears
to be robust for off-of-beam center applications.

2. Theoretical Background

The PDF W of the normalized fluctuating beam in-
tensity I, integrated between values a and b, gives
the probability that the normalized intensity takes
a value in the interval �a; b�, i.e.,

P�a ≤ I ≤ b� �
Z

b

a
W�I�dI: (1)

In our work, we constructed the PDF from mea-
sured intensities by using the statistical moments
computed directly from the data. We will now review
three intensity PDF models for laser beam propaga-
tion: the GL [13], GG with aperture averaging [8,12]
and the LN [19].

A. GL PDF Model

The approach introduced in [13] and discussed in [20],
known as the GL PDF model utilizes the gamma dis-
tribution of light intensity I, normalized by its mean
value, such that hIi � 1, and is weighted by general-
ized Laguerre polynomials. It is given by the sum

WGL�I� � Wg�I�
X∞
n�0

UnL
�β−1�
n

�
βI
μ

�
; I ≥ 0; (2)
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where Wg�I� is the gamma distribution:

Wg�I� �
1

Γ�β�

�
β

μ

�
β

Iβ−1 exp
�
−

βI
μ

�
; (3)

Γ�x� being the gamma function and the two parame-
ters, μ and β, of the distribution defined by the first
and second moments:

μ � hIi; β � hIi2∕�hI2i − hIi2�: (4)

The weighting coefficients, Un, in Eq. (2) are found
from the expression

Un � n!Γ�β�
Xn
k�0

�−β∕μ�khIki
k!�n − k�!Γ�β� k� ; (5)

U0 � 1, U1 � U2 � 0, while the generalized
Laguerre polynomials L�β−1�

n �x� in Eq. (2) are given by

L�β−1�
n �x� �

Xn
k�0

�
n� β − 1
n − 1

� �−x�k
k!

: (6)

a

c

b

Fig. 1. Shore-to-ship, bi-directional 1550 nm optical link from the
tower located at Cedar Island and research vessel traveling along
the Atlantic Coast. (a) tower location, (b) picture of boat, and (c) pic-
ture of ∼17 m tower, 1—boat starting point, 2—boat ending point
[7,22].

Fig. 2. Experimental setup of instrumentation [7]. Devices rel-
evant for the paper’s analysis are highlighted. (a) 2.54 cm
power-in-fiber adaptive optics (PIF AO) aperture, A; 0.64 and
2.54 cm PIB apertures, B and C, respectively; (b) 1.2 m× 1.2 m
white screen for IR imaging of the overall optical beam. The
cut-outs on the screen fit the detector apertures.

Fig. 3. IR spatial profiles of the propagating beam [7]. Location of
detectors is as in (a).
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It is recommended in [13] that the first five
moments of the data should be used to ensure an
accurate and stable approximation of the PDF. Addi-
tionally, as discussed in [21], caution must be ob-
served when using higher-order measured moments
so that they are not underestimated and that a suf-
ficient number of data points must be observed to re-
duce scatter. The moments are given by

hIni �
Z

∞

0
InW�I�dI: (7)

As done in [21], we looked at the fifth moment’s in-
tegrand, given in Eq. (7) by InW�I�, where n � 5. For
our case, we analyzed the data presented in Fig. 9(c)
as a high-scintillation case and one well represented
by the GL PDF model. From our analysis, the fifth
moment’s integrand increased to a maximum value
of 17.8 at five times the normalized mean intensity
value, and then decreased to a value of 1.1 at near
the maximum data collection values of 10 times the
normalized mean intensity value. From this, we
judge the fifth measured moments not to be under-
estimated. Also, the probability for the GL PDF
model at 10 times the normalized mean intensity
was approximately 1 in 10,000, and with 600,000
data points analyzed for the comparison, we judge
this to be a fair number of data points to reduce scat-
ter in the higher-order moments. We note that for a
clear presentation and comparison of the measured
normalized intensity values, plots in this paper do
not extend all the way out to the maximum values.

The significance of the GL PDF model is in its re-
liance only on the first several statistical moments of
the data. The GL PDF model is included as an alter-
native to the GG PDF model for situations when no
knowledge of atmospheric parameters or character-
istics with regard to source, propagation distance,
or atmospheric spectrum is required.

B. GG Aperture Averaged PDF Model

Perhaps the most widely used PDF model has be-
come known as the GG PDF model [11]. For a finite
detector size, as is the case for our experiment, the
GG PDF model is modified to include aperture aver-
aging (GGA) [12]. The GGA PDFmodel is given by the
formula

WGGA
�I� � 2�αβG�

α�βG
2

Γ�α�Γ�βG�
I
α�βG

2 −1Kα−βG

�
2

�����������
αβGI

p �
; I > 0;

(8)

where Γ�x� is the gamma function, as before, Km�x� is
the modified Bessel function of the second kind, I is

the normalized intensity, and the parameters α and
βG are defined as follows:

α � 1

exp�σ2ln x� − 1
; βG � 1

exp�σ2ln y� − 1
: (9)

Here σ2ln x and σ2ln y are the large and small scale log-
irradiance variances. With aperture averaging, and
for the Kolmogorov power spectrum, these quantities
are given in [12]:

σ2ln x ≅ 0.49σ21

�
ΩG − Λ1

ΩG � Λ1

�
2
�
1
3
−

1
2
Θ̄1 �

1
5
Θ̄2

1

�

×

"
ηx

1� 0.40ηx
�2−Θ̄1�

�Λ1�ΩG�

#7
6

; (10)

σ2ln y ≅
1.27σ21η

−5∕6
y

1� 0.40ηy
�Λ1�ΩG�

; ηy ≫ 1; (11)

where,

ηx �

�
1
3 −

1
2 Θ̄1 � 1

5 Θ̄
2
1

�
−

6
7
�
σB
σ1

�12
7

1� 0.56σ
12
5
B

; (12)

ηy � 3
�
σ1
σB

�
12∕5�

1� 0.69σ12∕5B

�
; (13)

Λ1 �

�
2L
kW2

0

�
1�

�
2L
kW2

0

�
2 ; (14)

ΩG � 16L

kD2 ; (15)

where D is the aperture diameter of the detector,

Θ̄1 � 1 − Θ; (16)

Θ �
�
1�

�
2L

kW2
0

�
2
�
−1
; (17)

σ2B � �hI2i − hIi2�∕hIi2; (18)

σ21 ≅
σ2RGB

3.86
n
0.40

��1� 2Θ�2 � 4Λ2
1

	 5
12 cos

�
5
6 tan−1



1�2Θ
2Λ1

�	
−

11
16Λ

5∕6
1

o ; (19)
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σ2RGB ≅ σ2B: (20)

In these expressions Θ and Λ1 are the refraction
and diffraction parameters in the receiver plane,
respectively, for a collimated beam, W0 is the initial
beam radius, L is the propagation distance from the
source to receiver, k � 2π∕λ is the wave number, σ2B, is
the scintillation index computed directly from the
data, and σ21 is the plane wave Rytov variance. As
noted in Eq. (20), σ2RGB (the symbol σ2B is used in
[12], since we use σ2B for scintillation index, σ2RGB is
used) is approximated by the scintillation index,σ2B,
as measured from the data and given by Eq. (18).
This is justified for the weak fluctuation regime
where the on-axis variance of the log-irradiance
given by σ2ln I � σ2RGB, is approximately equal to the

scintillation index, or σ2ln I ≅ σ2B [12]. For our experi-
ment, the data suggests that the optical scintilla-
tion extends from the near-weak fluctuation regime
(shorter-range data set) and into the moderate to
strong fluctuation regime (mid to longer range
data sets). We did not observe a significant difference
in performance of the GGA PDF model as com-
pared to the GG PDF without aperture-averaging
where the assumption of Eq. (20) is not made.
Additionally, the detectors were physically located
near beam center (see Section 3), and with the excep-
tion of the near range data (5.1 km), we did not ob-
serve a noticeable effect on the PDF models when
detectors were located just off-of the beam center
for the other ranges, and we judge Eq. (20) to be
reasonable.

Fig. 4. PDF models and histogram for Case I using a 2.54 cm PIF communication terminal with an IR laser at λ � 1550 nm. (a) 5.1 km,
computed scintillation index, σ2B � 0.066, ρ0 ∼ 4.1 cm, σ2R ∼ 1.0. (b) 10.7 km, computed scintillation index, σ2B � 0.123, ρ0 ∼ 3.2 cm, σ2R ∼ 3.7.
(c) 17.8 km, computed scintillation index, σ2B � 0.63, ρ0 ∼ 2.6 cm, σ2R ∼ 9.4.
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C. LN PDF Model

We use the LN PDF model in our analysis because it
is a classic and proven weak fluctuation regime PDF
model. The LN PDF model is a two-parameter model
given by [19]:

WLN�I� �
1

Iσln I

������
2π

p exp
�
−

�ln�I� − μln I �2
2σ2ln I

�
; I > 0;

(21)

where I is the normalized intensity, μln I is the mean,
and σ2ln I is the variance of the log-irradiance, respec-
tively: μln I � hln�I�i, σ2ln I � var�ln�I��.

3. Experiment Description

Figure 1 illustrates the shore-to-ship, bi-directional
optical link near Wallops Island, VA on the Atlantic
Coast. The research vessel [Fig. 1(b)], started at point
1, approximately 5.1 km from the ∼17 m tower
[Fig. 1(c)] and proceeded at approximately 2 m∕s
out to almost the horizon distance of 17.8 km at point
2. Pointing and tracking lock was maintained and
data collected near continuously over this propaga-
tion path. Figure 2 illustrates the experimental
setup, showing the location of the detectors on the
research vessel as well as the screen used for filming
the spatial profile of the propagating laser beam.

Additional fine detail of the experimental setup as
well as environmental and channel characterization

Fig. 5. PDFmodels and histogram for Case I using a 0.64 cm PIB aperture detector with an IR laser at λ � 1550 nm (a) 5.1 km, computed
scintillation index, σ2B � 0.238, ρ0 ∼ 4.1 cm, σ2R ∼ 1.0. (b) 10.7 km, computed scintillation index, σ2B � 0.129, ρ0 ∼ 3.2 cm, σ2R ∼ 3.7.
(c) 17.8 km, computed scintillation index, σ2B � 0.632, ρ0 ∼ 2.6 cm, σ2R ∼ 9.4.
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and analysis are presented in [2]; highlights are re-
peated here for clarity. Specifically, during tests, the
IR (1550 nm) laser beam center was locked between
the 2.54 cm power-in-fiber adaptive optics (PIF AO
Fig. 2, labeled A) aperture of the boat and the
10 cm PIF aperture of the tower (not shown). Addi-
tionally, two PIB detectors of 0.64 cm (PIB Fig. 2 la-
beled B) and 2.54 cm (PIB Fig. 2 labeled C) diameter
were located close to the 2.54 cm PIF AO detector.
Further, a 1.2 m × 1.2 m screen [Fig. 2(b)] was used
to capture the spatial profile of the propagating IR
laser beam. From the environmental characteriza-
tions, the turbulence conditions were estimated to
be relatively stable over each data run (see Section 4)
and in line with analysis from [2]. This atmospheric

stability for each run allows for reasonable compar-
isons of the data as a function of range.

4. Methodology

This paper presents analysis of IR laser beam propa-
gation under generally moderate optical turbulence
conditions in the maritime environment with path
averaged values of the refractive index structure
parameter, C2

n, estimated to be ∼2.4 · 10−15 m−2∕3

for Case I and ∼5.2 · 10−15 m−2∕3 Case II. Since the
beamwas actively tracked using AO, we may assume
that the beam radius is determined by its short-term
beam radius, WST, as computed from [8]. IR spatial
images were taken at 60 frames∕s and between four
and 10 consecutive images were averaged to produce

Fig. 6. PDFmodels and histogram for Case I using a 2.54 cmPIB aperture detector with an IR laser at λ � 1550 nm. (a) 5.1 km, computed
scintillation index, σ2B � 0.209, ρ0 ∼ 4.1 cm, σ2R ∼ 1.0. (b) 10.7 km, computed scintillation index, σ2B � 0.097, ρ0 ∼ 3.2 cm, σ2R ∼ 3.7.
(c) 17.8 km, computed scintillation index, σ2B � 0.417, ρ0 ∼ 2.6 cm, σ2R ∼ 9.4.
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a composite spatial image for each of the three dis-
tances presented. WST was estimated by first meas-
uring the number of pixels from both the vertical and
horizontal cross sections of the beam as measured
from approximately the first diffraction ring null.
The number of pixels was converted to meters using
the known size of the screen in pixels and then the
two diameters were divided by 2 to get the radius.
As WST is a function of C2

n, the C2
n that gave the best

fit to WST was determined and then averaged over
the three distances presented. This estimation
procedure is similar to the one utilized in [2]. Addi-
tionally, as performed in [2], we analyzed the air
temperature located at 5 m above the water and
sea water intake temperature (SWIT) located just be-
low the surface for each data run. The TAIR − TSWIT
difference varied approximately between negative 1
and negative 2 degrees Celsius for Case I and be-
tween zero and positive 1.5 degrees Celsius for Case
II. For similar air and sea temperature differences in
[15] the resulting estimated change in C2

n was on the
order of ∼2 · 10−15 m−2∕3 in the Chesapeake Bay. We
judge this variability in C2

n to be reasonably stable
over the time of our data runs. Similar conclusions
were made in [2].

The data plots (see Section 5) include scintillation
index, σ2B given by Eq. (18) and computed directly
from the measured data, propagation distance,
approximate Rytov variance σ2R and estimated spa-
tial coherence radius ρ0. Additionally, ship and wind
speed and direction as measured on the boat are in-
cluded at the beginning of each case section. The
Rytov variance σ2R and estimated spatial coherence
radius ρ0, for a Gaussian beam, are computed from
the expressions [8]:

σ2R � 1.23C2
nk

7
6L

11
6 ; (22)

ρ0 �
�

8

3�a� 0.62Λ1�116

�3
5�1.46C2

nk2L�−3
5;

l0 ≪ ρ0 ≪ L0; (23)

where

a � 1 − Θ8
3

1 − Θ
; Θ ≥ 0;

and l0 and L0 are the inner and outer scales of tur-
bulence, respectively. For the cases presented, ρ0 is
estimated to fall in the range of 2–5 cm, l0 near
ground level is typically between 1 and 10 mm,
and L0 is usually assumed to grow linearly with
the order of the height above ground [8]; from this
we assume l0 ≪ ρ0 ≪ L0 is valid. In general, σ2R < 1
defines the weak fluctuation regime and σ2R > 1 the
moderate to strong fluctuation regime. For the data
presented in Case I, near weak to moderate is
defined as σ2R ∼ 1 to 3.7 and moderate to strong for
σ2R > 3.7. For Case II, σ2R is greater than ∼3.6 for

all data points and is considered to be in the moder-
ate to strong fluctuation regime for all data.

As discussed, PDF models in this paper represent
normalized fluctuating power levels at the detectors
on or near the beam center. This condition was
achieved through a locked link. Additionally, the
LN, GGA, and GL PDF models are computed directly
from moments of the data. Curve fitting routines to
estimate the parameters of the PDFmodels are often
used in the literature, but to achieve a fair compari-
son with the GL PDF model, which is built up
directly from moments of the data, we did not use
curve fitting in this paper. The histograms and
PDF models are presented as functions of one, two,
or three different propagation distances as well as
functions of three different apertures: 0.64 and
2.54 cm PIB, and 2.54 cm PIF. Observed realizations
are one minute long to achieve a reasonable number
of observations of intensity fluctuations. The re-
search vessel’s average speed through the water
was about 2 m∕s, giving reasonably constant condi-
tions over the observation time.

Fig. 7. IR spatial profiles of the propagating beam [7]. Location of
detectors is as in (a).
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The samples of data were collected at
10;000 samples∕s or 600,000 data points for the
1 min observation time and then normalized to the
mean of the data. Normalized data is used to calcu-
late moments for the PDF models and to build histo-
grams with 100 bins per mean value of optical power.
The histograms were compared to the PDF models
and the performance measure used was least
squared error (LSE).

The LSE value was computed as follows. The value
at the histogram bin center was used to calculate the
probability of the PDF model at that intensity value,
and then the difference between the histogram data
value and the PDFmodel value at that histogram bin
center was squared and summed across the number

of bins to give the total LSE value. Additionally, the
LSE for the first 30 bins was computed to give a com-
parison between different models on the left end of
the PDF. The left tail is an important aspect for
communication applications because it substantially
affects the fade-statistics of the channel.

5. Results

A. Moderate Turbulence Case I—Path Averaged C2
n~2.4 ·

10−15 M−2∕3 (Early Morning)—σ2R ∼ 1.0 To 9.4–5.1 km,
10.7 km, and 17.8 km Propagation Distances

The images in Fig. 3 show the spatial profile of the IR
laser beam as captured at 5.1, 10.7, and near the
horizon distance of 17.8 km. The spatial profile of

Fig. 8. PDF models and histogram for Case II using a 2.54 cm PIF communication terminal with an IR laser at λ � 1550 nm. (a) 6.9 km,
computed scintillation index, σ2B � 0.172, ρ0 ∼ 2.4 cm, σ2R ∼ 3.6. (b) 8.5 km, computed scintillation index, σ2B � 0.279, ρ0 ∼ 2.2 cm, σ2R ∼ 5.2.
(c) 10.5 km, computed scintillation index, σ2B � 0.706, ρ0 ∼ 2.1 cm, σ2R ∼ 7.7.
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the beam is provided to give qualitative information
and insight on the status of the propagating beam,
including relative size and speckle structure, which
can be related to atmospheric and turbulence condi-
tions. For the following set of data, the ship was at
speed of ∼2 m∕s and on course of approximately
060 true with an average wind speed fluctuating be-
tween ∼2–5 m∕s from ∼200° true, giving a cross
beam wind profile ∼40° to the propagation path.

Figures 4–6 show the histograms and PDF models
for the 2.54 cm PIF detector, the 0.64 cm PIB detec-
tor, as well as the 2.54 cm PIB detector, respectively.
Plots on the left-hand side are on a linear x axis and y
axis to show the overall shape and plots on the right
are log x axis and log y axis are to give a picture of the
data in the left tail.

For the cases of the PIB detectors [0.64 and
2.54 cm, Figs. 5(a) and 6(a)], the PDF models display
noticeable differences at the 5.1 km distance. We sug-
gest that at this short range, the PIB detector’s—
located just off-center of beam lock—may only be
capturing the fringes of the beam [see Fig. 3(a)],
and this accounts for the observed difference. Also,
this fringing effect can be observed in the reduction
of the scintillation index of the two PIB detectors
when going from short range [5.1 km, see Figs. 5(a)
and 6(a)] to medium range [10.7 km, see Figs. 5(b)
and 6(b)]. Notably, the GL PDF model shows an ex-
cellent fit to the data collected off of beam center at
5.1 km, and especially in the left tail. For longer
ranges, in the moderate to strong fluctuation regime,
and where the estimated spatial coherence radius,

Fig. 9. PDFmodels and histogram for Case II using 0.64 cm PIB aperture detector with an IR laser at λ � 1550 nm. (a) 6.9 km, computed
scintillation index, σ2B � 0.184, ρ0 ∼ 2.4 cm, σ2R ∼ 3.6. (b) 8.5 km, computed scintillation index, σ2B � 0.273, ρ0 ∼ 2.2 cm, σ2R ∼ 5.2. (c) 10.5 km,
computed scintillation index, σ2B � 0.790, ρ0 ∼ 2.1 cm, σ2R ∼ 7.7.
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ρ0, was greater than the detector aperture size, the
GGA and GL PDF models showed generally im-
proved fits as compared with the LN PDF model.

For the case of the PIF detector (2.54 cm, Fig. 4), all
of the PDF models demonstrated generally compa-
rable fits at 5.1 and 10.7 km distance, but diverged
at the 17.8 km distance. At 17.8 km distance, where
the overall scintillation was in the reasonably strong
fluctuation regime, and where the estimated spatial
coherence radius ρ0 was greater than the detector
size, the GGA demonstrated a better overall fit than
the LN PDF model.

While all of the PDF models appear to fit the data
reasonably well across the different ranges and fluc-
tuation regimes for Case I, the GGA and GL PDF

models generally fit the data better overall as com-
pared with the LN PDF model. Additionally, as
noted, where the optical scintillation was in the mod-
erate to strong fluctuation regime, and the estimated
spatial coherence radius ρ0 was greater than the
aperture diameters of the detectors, the PDFs tended
to be more GGA than LN. This is in general agree-
ment with what was observed in [16–18].

B. Moderate Turbulence Case II—Path Averaged
C2

n ∼ 5.2 · 10−15 M−2∕3 (Mid-Day)—σ2R ∼ 3.6 to 7.7–6.9, 8.5,
and 10.5 km Propagation Distances

The images in Fig. 7 show the spatial profile of the IR
laser beam as captured at 6.9 and 10.5 km. For the
following set of data, the ship speed was ∼2 m∕s and

Fig. 10. PDF models and histogram for Case II using 2.54 cm PIB aperture detector with an IR laser at λ � 1550 nm. (a) 6.9 km, com-
puted scintillation index, σ2B � 0.436, ρ0 ∼ 2.4 cm, σ2R ∼ 3.6. (b) 8.5 km, computed scintillation index, σ2B � 0.750, ρ0 ∼ 2.2 cm, σ2R ∼ 5.2.
(c) 10.5 km, computed scintillation index, σ2B � 1.08, ρ0 ∼ 2.1 cm, σ2R ∼ 7.7.
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on course of approximately 060 true with an average
wind speed fluctuating between ∼4–7 m∕s from ∼50°
true, giving a cross beam wind profile ∼10° to the
propagation path. The detector locations are the
same as in Fig. 3(a) and repeated in Fig. 7(a).

Figures 8–10 show the histograms and PDF mod-
els for the 2.54 cm PIF detector, the 0.64 cm PIB de-
tector, as well as the 2.54 cm PIB detector. As before,
plots on the left-hand side are on a linear x axis and y
axis to show the overall shape and plots on the right
are log x axis and log y axis to give a picture of the
data in the left tail.

For Case II, the optical turbulence was greater
than for Case I, and is evident in the size of the scin-
tillation index for comparable distances between
Case I and Case II. For the PIF (Fig. 8), the LN
and GGA PDF models have reasonably comparable
fits over all ranges, with the GL PDF model having
the overall best fit.

For the PIB detectors, as with Case I, in the case of
the 0.64 cm PIB detector (Fig. 9) the GGA and GL
PDF models show a better overall fit as compared
with the LN PDF model. For the 2.54 cm PIB detec-
tor (Fig. 9), the LN PDFmodel has the best overall fit
for all ranges. This may be explained as follows, from
the theory on aperture averaging, the fastest fluctu-
ations caused by small scale sizes average out, which
leads to themeasured scintillation being produced by
scale sizes larger than the aperture. Therefore, in
stronger turbulence, if the small-scale scintillation
is mostly averaged out, this would shift the PDF to-
ward the distribution of the large-scale fluctuations,
or the LN PDF model [17]. This shift to the LN PDF
model is observed in our data and is in alignment
with findings from [16–18]. Of note, if the LN PDF
model has the best fit for the 2.54 cm PIB detector,
and the spatial coherence radius ρ0 was smaller than
the size of the detector, then why were similar results
not seen for the 2.54 cm PIF detector? The possible
explanation for this is explored in the discussion pre-
ceding Fig. 11 where we suggest the effective diam-
eter of the PIF detector could be less than 2.54 cm.

Of additional note, is that with the higher
scintillation observed for the 2.54 cm PIB detector
[Figs. 10(b) and 10(c)], the GL PDF model starts to
shift toward a negative exponential and no longer
performs as well compared with previous data sets.

A point of interest is that, as can be seen in Fig. 11,
the 2.54 cm PIF AO detector and the 0.64 cm PIB de-
tector distributions appear nearly identical for Case I
and Case II turbulence conditions (only Case I is
shown, Fig. 11). The additional aperture averaging
of the 2.54 cm PIF AO detector as compared with
the 0.64 cm PIB detector, would lead us to expect dif-
ferent PDF distributions across the ranges. This is
not generally observed in our data. One possibility
for this similarity is the effect of the single-mode
fiber serving as a spatial frequency filter for the fo-
cused light collected in the 2.54 cm PIF AO detector.
In effect, this causes it to “look” similar to the 0.64 cm
PIB detector. Spatial filtering is discussed in a

number of papers on stellar interferometry [23] as
an example.

6. Conclusions

In summary, a 2.54 cm PIF, and two PIB (0.64 and
2.54 cm) detectors were used to collect data for an
IR laser beam propagating in the maritime environ-
ment over varying distance and levels of optical tur-
bulence. Three PDF models, the GL, GGA, and the
LN PDFmodels were analyzed. From our data analy-
sis, the LN and GG PDF models were generally in
good agreement in the near weak to moderate fluc-
tuation regime where the spatial coherence radius
was larger than the detector aperture size and also
in the moderate to strong fluctuation regime when
the spatial coherence radius was smaller than the de-
tector aperture size. This was true with the notable
exception of the 2.54 cm PIB where the LN PDF
model demonstrated the best overall fit for cases
where the spatial coherence radius was smaller than
the detector aperture size. Also, for the moderate to
strong fluctuation regime, the GG PDFmodel tended
to outperform the LN PDF model when the spatial
coherence radius was greater than the detector aper-
ture size. Additionally, we have observed that the GL
PDF model had the best or next to best overall fit to
the data for the near-weak, moderate, and strong
fluctuation regime for all detectors with the excep-
tion of the 2.54 cm PIB where the scintillation index
was highest. The GL PDF model also appears to be
robust for off-of-beam center applications.

Fig. 11. Comparison of PDF models and histogram [Figs. 4(b),
4(c) and 5(b), and 5(c) are overlapped] for Case I at 10.7 and
17.8 km using a 2.54 cm PIF and 0.64 cm PIB aperture detectors.
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